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This book. Hasic Mathematics Form Two, 1s wnitten specifically for a Form Two
student in the United Republic of Tanzania. The book is prepared in accordance
with the 2005 Basic Mathematics Syllabus for Secondary Schools Form | - [V,
issued by the then Mimisiry of Education and Vocational Training.

The book consists of eleven chapters, namely Exponents and mdicals; Algebra;
Quadratic  equations;  Loganthing; Congruence;  Similarity;  Geometrical
transformations; Pythagorns’ thearem; Trigonometry; Sets; and Statistics. Each
chaprer contains activities, illustrations, and exercises. You are encouraged 1o do
ull the activities und exercises together with other assignments provided by your
teacher. Doing so, will promote the development of the intended competencies,
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Chapter One

Exponents and radicals

Numbers can hammdﬁudﬂ&mﬁmmfmﬁxﬁqﬂpmﬂddﬁrﬂmf
ﬁmu.?knrpnwcmbrwﬂrwraraﬁmﬂm An exponiential expression
with a fractional exponent can be expressed in another form called radical or
root form. There is a close relationship between exponciiy and radicaly. In this
chapter; vou will learn 1o write mimbers in exponential form, fo find square roots
mduﬁ:m:{mﬁfﬁ.mmﬂaﬁhﬁm_ﬂmm{mm
in different ways. The competences developed in this ehapier will enable you to
cxprexs mumbers in short form and apply the knowledge v describe scieniific
such as population growth, magnitude of earthquakes, rutes of
sprmdrfdi&mmwmlrcﬁ:rwﬁnrﬂw@qfﬁﬂﬂﬂfn.
|_—__-__.:n_———_—“' — -

Exponents

pearing repeatedly in the multiplication

A product of the same number up
following cxamples:

gxpression can be written 1 exponential form. Observe the

() 2%2x2x2
2 is multiplied repeatedly 4 times. In shon form, this expression is wrilten

as 2%, This means that, 2 x 2% 2 % 2= 2",
So. 2 is the exponential form of 2 % 2 = 2 2.
Likoewise, 2 % 2 = 2 x 2 is the expanded form of / o
(ii) B=x8~ Rx8xB8x8
8 is multiplied repeatedly 6 times.
In short form, 8 8 x 8 x 8% 8 x B is written as 8°,
This means that, 8 x 8 x8x8x8x8 = 8.
So. 8¢ is the exponential formof 8 x 8 x 8= B x5 = 8.
Likewisc, 8 x 8 x8x8x 8§ x8 is the expanded form of 8°,
Numbers in exponential form such as 2% and 8° are also called exponential

numbers.

HFFF—MﬂﬂZlMH-i vl 1
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Read 2* as the “fourth power of 2 or “two raised 10 exponent four™,
Read 8 as the “sixth power of 8 or “eighi raised to exponent six”,

In the number 2%, 2 is the base and 4 is the exponent,
In the number 8%, 8 is the base and 6 is the exponent.

From these two examples, we learn the following:
L. The numbers 2% and 8% are called powers.
L The numbers 4 and 6 are exponents.

Activity L1: ldentifying the power, base and exponent of an exponential expression,

Steps:

I.  Form a group as instructed by the teacher,

2. Each member inthe group has to choose any counting number and multiply
it repeatedly # times, where n is any whole number less than 10,

3. Each member has to write the product in exponential form, identify the
power, base and exponent.

4. Share your work in the group,

3. Thereafter, select one member in yout group to present to the rest of the
class. The presentation should show the number multiplied repeatedly o
times, the product in exponential form, base, exponent and power.

Generally, a” is a number written in exponential form, where 4 is a base and 1 is
an exponient. The number o is called power.

There are two special exponents commonly used in mathematics,

These are square units () and cubic units (%), The square units are usually
used to represent area and the cubic units are used to represent volume,

Write each of the following expressions in exponential form:
(a) 2x2x2

(b) k=kxkxkxk

€) (=3 =(-3)% (-3) = (-3) = (-3) % (-I)

(d) m=mxm*m.. (ntimes)

Solution

(n) 2¢ (b) & (€) (-3 (dy m"
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e

Write each of the following expressions in power form:
(1) 666666 x6%6

® ()~ (5) < () - ()

(c) 10> 10x=10=10x 10 =10

. T

(d) (<7) =< (=7) = (-T)

Solution

4
(1) 6" (b) {-i} {cy 10° dy -7

Give the power, buse and exponent for each of the following exponential numbers:
(n) 4° (b) (-10)* (e) »*

il
]

Sulution
(0) 4% is the power, 4 is the base and 3 is the ExXponEnL

(b) (—10)" is the power, —10 is the base and 6 is an exponent.
(€} % 1s the power, x is the base and # is an exponent.

Find the value of each of the following exponential numbers:

(m) 3* (h)y (-5)* (c) (-7¥ (dy 2%
Solution

(1) 3= 3Ix3x3=3=4) (b) (=5) =-5x_5x5=]2%

(€) (-TF =-Tx-T=49 (d) 29=2x2x2x2x2%x2

+ &

S F2 = RO 00 [TIUNNTY) B 4 il 3
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Exercise 1.1

Answer the following questions:

Give the base and exponent for each of the following exponential numbers:
{EI.] ﬁl i
(e) &

o

(m) (x+»)°

1.

(by
(n so°

o

(my (7+xP

@
[ |

| .

() (-1m™ (d) 3k
(g ¥y (hy 17*
(ky 19" m 15"

Express each of the following exponential numbers in expanded form:

(a)

74

(e) 9

(i)

Write each of the following expressions in c::pmmtiiﬂ form and t

(~0.35)"

(b (-3
M
G4y (0.67)

the buse and the exponent:

(n)

7 <7 =xT=7

() 10¢ d 2*
99y’ m ()
(g) (- T

hen give

(b) (-2)* (D *D)* (D* () *ED )

(c)
(d)
(el
(N
(2)
(h)
(1

(]

(k)

14 % 14 % 14

19

(x + b) (x + (e FBIxH )

(=) % (=) X (=) % (=) < (=) % (=) x (=)

§0 =50 = ...

= 50 (30 tmes)

jxﬁrﬂnjxirﬁxﬁhﬁ*ﬁ

(a = b)la + b}
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4. Find the value of cach of the following exponential numbers:

(n) & by 7 (c) 20° @ 12
ey I (N (9% (g) 30° (hy (2P
(n 3 G 2° k) (-5 n 1

Express cach of the following numbers in exponential form using the given
bases:

(a) 25 mbasc$
(c) 1728 in base 12
(e) | 000 000 000 (00 in base 10

(h) 36 in base 6
(d) 16 1nbase 2

Express each of the following numbers as powers of twe different bases:
(1) 16 (b) o4 (c) 81 (d) 625 (e) 1 00

Laws of exponents

There are three groups of exponents  which are based on positive integral
exponents, negative integral exponents and zero exponents. Simplification of
exponents with regard 1o these three categories is based on four laws of exponents
which are; multiplication law, division law, power law, and zero power.

Multiplication law for exponents

Consider the product of two exponential numbers of the same base with positive
integral exponents such as 5' = 5%, The exponentinl numbers are wrilten in
expanded form as follows:

52=5x5 und $°=5x5x5§

Therefore,

§x§ =(5x5)x(5x5x5)
C— —" T—— —

=Sx Sx5xS5x5

e — —————

i
F
i1
£
-
:
2
z
-
=
=
s
=
e
=
=

®

Scanned with CamScanner



1 J-'rrr".l'!'l::. '

L r
f =
=
E
e
*

3
-
e
e

-
o
B
=

Then, find how many times 5 is multiplied by itself. The answer is 5 times, which
gives the exponent, That is 5 multiplies by itself five times. The exponent 5 can
also he obtained by adding the exponents of cach base, That is, 24+ 3 =5,

Henee, 5 < 32 =521 =§7,
Similarly, if @ is any number, express ot x & as
=g =(axaxaxa) * (axa)

= g%

= q*

Therefore, a* x a* =a"

Generally, given any non-zero number x with positive exponents m and n,
then, ™ » x*=x""". This is called the multiplication law of exponents.

ER @200 0

Write each of the following products as a single exponentinl number:

(@) 7 x 78 (b) 6%=x6 x6

@ 3) = () (d) (0435) % (0451 * (045)"
Solution

By the multiplication law of exponents:

(@) 7*x 7 =7t =71 (b) 6*x 6"« 6* =6+ =g

@ G =G =G =6)

(d) (0.45)° = (D45 = (0.45)'F = (DAS)PH12 = (0.45)%

Suppose the éxpression (2%) is o be wrillen as a single exponent

This number can be written in expanded form as follows:
(P =DV x 2

Scanned with CamScanner
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Similarly, given the number (a*)* where a is any real number, the number can be
written as a single exponent os follows:

@V =al=xa’x g’ =g’

- T
gt
I"r
_ﬂ_-I
=gr

Therelore, Iﬂ: P=gl"d= gt

Exnmple 1.6

Write each of the following numbers s a single exponent;

@ (Gry (SN ©  (07yy

Solution
(@) ((3)°) =303 =30

o (B -6 6

(€) ((0.TYP = 0.7y = 0.7

The expression (7 = 5), can be writlen in expanded form as follows;
(7= 5)! = (T = §)=(7 = 5) = (F485)

Therefore, (7 = 5) =7 x 53

Similarly, if @ and b are real numbers, then (a * 5)* can be expunded os follows:

(a=bhY'= (axh)=<(axh)=(axh)x{axh)
= (gxgExgxag)x(b=bxhxh)
_H-'l-_hd'

Therefore, (a = by*=a™ = h*.

Generally, (a > bY' = a*" * B, where a and b are real numbers.

-
=
-
g1
—
T
B
=
™
=
e
-
=
—
e
s
£

I m
kst F2 — (T | TLARRIT) Seok 4 nid 7 'i' i
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Express each of the following expressions in ils simplest form.,

(a) (77 %) (b) (4xb*xc') ie) ((0.7) x(03y)"

Solution

'a} [T:HEII:ET?-.”[".‘ {h} 14Ih:x{'1]1=‘dl'lgh:lik['.-'l
:Tlﬂtl-" :4-1“?;' #‘-‘
=Tt T

(€} (0.7 =03
(0.7 =(0.3Y) = (0.7 = (0.3y™
=(0.7)" = (0.3)".

Write cachi of the following expressions by grouping together the letters with

the same exponents:

(a) d' by at=p* (€) 3ed = 5c°d
Soluiion
(a) 4% ={d;]' (b) o x b = gxa* xb

=a x{ab)’

= alab)’

(€) 3eod’ x5c'd* =3x5xcxe xd’ xd*
=18xc"d"

=15(cd)",

1 3
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Exsercise 1.2

Answer the following questions:

I Simplify each of the following expressions and give the answers as a
single exponentinl number:

| : : 1 (] 1 1
(a) 10¢ = 10¢ b |5 * =
| e 2
% = TY Ty
o @ () (%)
s OREECI
(&) 3aH x4’y () [m “(35) =[5 i
| 3y 1y =
i "i: 4 —_— = ..__ :'-.?
| (g) 164 = 16% = 16 (h) [4] [4]
(i 10'=10° () (DSB)* = (0.58)* = (0,58)'%
® (k) 3%x3fx3l () 107 % 107 = 0%

L3

2. Write euch of the following expressions s a single exponential number:
(0) (4% (b) (a') ) 'y (d (18P0
(&) (71 (M (@) ® (19 ) (23%
D () G (e ® @y ) [(SJ]

4

3. Write each of the following expressions such that ench base is rased (o
single exponent:
(n)  (4x3) (b)  (2a) © (3x7)
(d) 27y (€) (2°) M (op?y
(g) S(mn)’ (h)  3a'b)' (i (2a'%'y

ul {'.-'r}1 x (7x)" x (72

At 3 = (OO {ELANIY) Ty 0l =y 1 _
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Write cach of the following expressions as a single exponential number-

(0) 4% = %) (b) a'7 =« p\7 (€) (2a)* x g
(d) 12422 = 2 (¢) 2a° = B’ () 32«34
(g) 32 =24 (h) 12°% = jou (1) 4a° = pp

Division law of exponents
Consider the following exumple of div

':E‘ iding exponential numbers in the same
< base suchas 7" + 7', The solution can be obtained s follows:
e 5
E g o J_?.‘l . 7
= L s ;
< 7
- T TxTxTx7
é - TxTxT
= ? x ?
= 7"
i3 In this example, the exponent 2 can also be obtuined by subtructing the exponent
of the denominator from he exponent of the numerator while retmining the base
as follows:
Y
77
=7

I : Bl XX ey X %
Similarly, @ __ @xaxaxaxaxax

I'I‘ AxXaxgHg
-4
o
i
=
] a4 vy
Therelore, —a = d =da
i

| :
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Generally, when dividing apun:nl'i'ul numbers of the same base, subtract the
exponent of the divisor from the exponent of the dividend.

x* .
That iss — =x" ", where x20,

Simplify the following expressions:
< el a’ (0.47)™
(3= by o © o
Solution
B L a A A1
@ =3 b =a™' e) AN g7y
3 a (D4TY
L] - I -
3 =a = (0.47)

Similarly, when exponential numbers of different bases with the same cxponents
are divided, the number can be expressed as a single exponent. If @ and b are any
real numbers such that &% 0, then:
i
O - i T R
b hxhxbxh
o0 aoa o

= O —— i i —

b b b b

i
3)
b )

r. i L]
Generally, 72[5] where x, vand n are real numbers and v £ 0

y ¥y

@
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Write each of the following expressions in the form of [ i] i
"r

I " 16
® o (b) ©) 3
” Selution
.-;_: 3 3 035 (osY 16 214y
() 0. el
(03" o3 ¥ 3 \3
Simplify each of the following expressions:
@ « (L 27un A
b = 0 - gt 38
625 4 2
5.39438% 6 7. = :" 8. a' +(24" +44°)
9. (2 ) 10 = 1 Ry 12 it
J ' 27 ST " ab?t
Ayt 200 h 1 8a*
13, (mn)? g, LN 15. 16. ——
i’ ki n® Sab la
e 12a%h 15
17, & 18, — 19, —— 20, 3habe
x 3ab Sa-he ¢
3 1 dg’
3y, 30l 2, 1447 23, — 4. 6
Hﬂ:hj 360 0. 5a

©
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(3} (3 x2" 3" 25)
3 ¥

= {3"’12}&15:]:

(]
-

2 ':ﬁ";r%{:‘vf !-:Umu}‘i

Ly

<43 13! " -
o5 [3' xa xh'xe ] 2 [I?"'-'f{"'"-ﬂ ] ::.] +|’3-.

o (Hm:xn;xh’f ({Eij:xl?'

.-.
‘E
=
=
[
=
=
=
=
—
-—

Zero exponent

An expression like — can be simplified by using the division law of exponents

is follows:
T TxTx?
- = (1 _
@ T XTI .
-l
; / | il
Altermatively, =7 =7 =1 (2)

From equations ( 1) and (2),

y

. - m mm=ni=m
Similarly, if m# 0 then —J=—"—"7"" | (1
m < mx m=n

4
m i-8 L

Therefore, —=m =m i4)
|

Hence, m” =1 by equations (3) and (4)

| In general, for any non—zero number x, ¥* = |,

ihlnu, note that, »* =1 but 0" is nol defined.

o
M P2 - (AOOK] TR Sl 4 s 13 | m_
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Negative exponents

4
The expression —, can be simplified using the division law of exponents us
follows: 8
8’ Bx8 =8
B BXBXBxBx8

z TR xS
3 |
= e
- =
o
B
:
:-:: 81
= Therefore, —=— (1)
S L
=
B iy o
‘I,IH-LI —‘:H- o 111
]
|
S Ry comparing equations (1) and (2) it follows that, K== . &
. il_ i1l=j;:r|t'!.‘.
Similarly. 5= 4 k% kxkx kxk wk
i
koxkk
.l
e
g -
Therefuore, i k
1 || |
it x20,x" =— When n=l r"=x'===- |
In general, if - T |

If :#H,Liscnll:dlhemc‘rprmulnrx. which can also be written as x™', |
i

4 i

Scanned with CamScanner




@

Express the following exponential numbers using positive exponents:
(a) 4~ (b) a’ (c) l—
19
Solution
(@) 40— (g1} ) a’=(a') (& [ 1) ! _ 1 _ .
[+ 19 .| T e E
1 ! | 7 [ — It
=r-T] [J—.] _|=:,| 19
; ;
ik =1
¥ a

Simply the following expressions and give your answer in positive exponenis:
. ®
? b
() = (M =
X a b
Solution
gl i I3
e YL I
a) G ah a b
s =q b
| ath'
Ly f ah
_ i - _.]
Therefore, — = — [ i
X x '
[ b ']h
\d
il § ]
Therelore, i = 'r_’] :
ﬂlllﬂll ﬂ' |

| %

Wil P2 = (ROK) (TR P o w1 i
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Simplify the following expressions and give your answers N negative exponents:
. 0.7)
(1) 3_ (h) u
3" {n?]
Solution
. (0.7) 2
3 L o |bl—__={u.-l'}
(a) I 3 (0.7)
= =(0.7)’
: !
i :3 ' e |
Therefore, 3 (0.7)
ul_ ul
Therefore, { :1_]1 - =
(0.7) (0.7)
o
e

In questions 1 to 30 simplify the given expressions and give the answers in
positive or zero exponents:

L =
I .f‘ . et 3. F
' I-‘. .'I.J
u - | 1 . J
vy r'xr (1 4= ﬂ_:“
4. T 5- T'Hrl g xa =g
. L} i ﬂ* b1 ﬁ.f
1’ n 3‘ x.’.“.‘ E u e ﬁ Q. ] '
! P x ¥ =3 a"=a X
3 » < 4 LS
Bi %S 0, = L Al
In- "'jlﬂ - lﬁ-l- {2 }

Scanned with CamScanner



3 EEE = 8 man B |
- | L i o ! by ;;t:
p xp 4 A b dnlY 16 a o
—— - x b8 n W -
9 poxp : LR A xg'x g
P pep a* o
16. 5V g po 1. 3 L5
) 0 -
. . A= m" oxm '
Yy Ry ab en -
19 = 20, — 21 mixm™ !
¥ a xbh 5
w &) -17 = 1 -
; L =
E i— b -t—— 11 F ¥ I_,u 2“1 A — ;
- ‘I =T ‘1_— Wil p » P It'"- =
-3 Jl.l:l -, ] - =
2% iy 26, o 21. a¥xp
rox
& X s &
| 1 -5 Tpd B
.y X 9. 357 h 20, hf
o i - i i |
a xr'rh f

Exponential equations

Mathematical cquations which involve exponemts are called exponential

equations. An exponentinl equation is of the form ¥ = 14 where x, ¥ nre bases

and p, ¢ are exponents, The laws of exponents are usually used when solving

equations that involve exponents. The following should be considered when

solving such equations:

(a) If the bases are the same, then the exponents must be equal for the two
expressions to be cqual. That is, if m* =m', then x= j

(b) ITtheexponents are equal then the bases must be equul for the

IWo expressions
1o be equal. That is, if o* =#*, then a=h.

Wit 12— BN ESANNIYY Pt elly 1 .
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Example 1.14

|

Find the value of n in each of the following equations:

(a) 27'=64 (b) 4"=16
Solution
(a) 2 =64

271 = 2% (64 expressed us an exponentinl number in base 2)
n+ 1 =6 (since the buses are the same, the exponents are equal)
n=6-1
n=3

Therefore, n = 5.

(b) 4"= 16
4% =4 (16 expressed as an exponential number in hase 4)

n=2 (since the bases are the same, exponents are equal)

Thercfore, n =2,

T 0000 0

Find the value of b in each of the following equations:
(a) &'=27 (b) (b+1Y =64

Solution
(a) #¥*=27
b =3 (27 expressed as an cxponential number in base 3)
h =13 (bases are the sume therefore, the exponents are equal)

(b) (h+1) =64
(b+ 1y =4 (64 expressed as an exponential number in base 4)
h+1=4 (cxponents are the same so the bases arc equal)
h=4-1
h=3
Therefore, b= 3

@
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Solve the following exponential equations:

| w' =24 2. 2 =16 3. =16
4 r!'=,4 5- zi-l_:ﬁ ﬁ..‘l."“'flﬂ-'l-
? "1 ; HI I H h"’ =ﬂ,“| '-?, l_]'--]r =5_,
|3
10, () = (i I, 2'=4"" 12, y &
L= = [l-| =R" £
2) =
E
13, (5v) =5 14, (1-x)" =(1—x) 5. 288=2¢" E

Fractionnl exponents
Some exponential numbers ¢
the laws of exponents,

an be written with fractiohal exponenis. Dy using

L2 =]and 5" =

[l
|J|_|_

What does §¢ mean? By the laws of exponents it follows that.

-2 53
52 | =5 =5 =5

. -
! f

L 1

This means thal. when 57 is squared, the result is 5. Therefore, 5218 the square

rool of 5.

Find the square root both sides of the equation 1o get,

[
5T =5

gt 2 = (D0 (TR L) St & wwlh "

|
& =
—_
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Find the cube root on hoth sides of the egquation,

Hence, 5" = 43
Generally, 1l x 15 a positive number und » 15 a posiiive integer, then:

t‘ =x* ¥ =X

3
S

|
‘Gcﬂumlly. xt =Yy, if x>0, ‘

Find the value of 492 Simplify t ;H{; ;‘
Solution : =¥
Solution
Express 49 as a product of A
prime fictors Express the numerator angd
0=TxT=T" denominator of 3 us a product
| _ 27
i 197 7{ 7Y =7 T o of prime factors. =
® , §~ 2x2x2 2 @
Therclore, 492 =7. :E "o 1—1
(8 Y :]‘ ' 2
%) ~|3) ) =3
I
3 2
Therelore, [:—| ur

o
Find (—125p

Solution
Express —125 as o product of pritme factors,
125 = (-5) = (-5) = (-5)

(-125)5 =((=5) ' =(-5)""3 =~

Therefore, (-125)* =-5.

o
= Bl pE PR
_ g -3 |
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Lxercise 1.6

Simplify the following exponential numbers:

1 (s 2 {zﬂ&i
s (1000) 5 [%]
7. (0.01) 8 (029)
10. [lﬁf} 11 lﬂlﬁ'l
1. n,zni 14 [g]’
@ G
Radicals

|

3. (1)
]
."E_l?

\ 625,

|
9, (0027)

12. (3,:J.+)ﬂL

15. (0.001)

5 (&)

125)

Usually o base of a given exponential number has a relationship with its power or
the number which is expressed by the exponentiil expression.

| Activity 1.2; Deducing the relationship between a basc and its exponential

numiber.
1. Copy the following chart.
Number Fxpression as n Number of times | Power form of | Buase of the
product of like facrors the factor repeats | the number  power form
| 8 | 2kax2 ] 2 | 2 |
32 -
125 ., {
64 |
9
4'_9 —
=L
1 000 I
2. Fill in the blank spaces of the chart.
3. Deduce the relationship between the numbers and the bases of the power
forms you have obtained.

| il P — (RN [T Gl 4 il 11

erates Fo

-
b
-
-
'
i
-
E
g
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From this activity, a number repeatedly multiplied by itself can be expressed in
exponent form. In this case the exponent is a whole number.

Expressing a number in radical form

When an exponent is a fraction, the number can be expressed m rdical form,
Sometimes it is known as surd form, The symbol for radicals is ¥/ , where n is
called the index.

When n = 2, the radical 1s culled the square root and it 1s written as J- without
the index 2. Thus, the square root of 2 is written as 2.

When n = 3, the mdical 15 called the cube root, and it s writlen as Y. Thus,
the cube root of & is written as 4/8 .

When n = 4, the radical is called the fourth root, and it is writlen as -U“ . Thus,
the fourth root of 81 is written as 81.

When the exponent is :1 , the tadical is called the ™ root and it is written as ‘Ur- .
Thus, the o™ root of m is wrilleh as irl'.l;

e mafies e

=
L
-—

Bl

To find +/8 . express 8 as @ product of three factors, that is, §=2x2 2
Therefore. w‘.ﬁ: -U'm

7

-(2)

=2

A root can also be expressed as a power. For example, /8 can be expressed in

power form as follows:

Suppose JE=®
(VBT =y
8 = gl

Thatis, 2*=2%

ety PR o
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Theretore, v =3

I | =

r'j'
B

I
Therefore, /8 in power form is 87

O gl = g2
1=2¢
: 1
Therefore, x= =

Similarly, 481 r[ﬂl}:' and '\E: =(32)

Hu'r?r- Vot demia % Forme il

In general, gfy = [q}%. This shows that, radicals are fractional exponents.

Finding square roots and cube roots of numbers by prime
factorization

® It is easy 1o find the square oot of a simple number like 4. That s, the square of
2 is 4, therefore the square root of 4 is 2. This 18 written as J4 =2, Tofind the
square root of a large number, express it in terms of its prime factors, Then, write
the factors in terms of exponents. 1 each exponent is even, then take half of each

exponent to gel the square rool.

Find the square root of 196,
Solution

Factorize 196 in terms of its prime factors as follows:
196=2x2x7x7
=2x 7

So, 196 =P = 7°
Since both exponents are even, then divide each exponent by 2.

Express the radicals in fractions and simplify as follows:

e | M P2 (SO0 DU e | i 73 @
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Jl'liﬁ—-.‘fl_lx?:
(@ =(7)

real numbers. That 1s, \,J-—_r is not defined in the set of reql numbers.

=2x7T
=14
3 Therefore, ¥196=14.
- ”- [7\1:& that, the squarc rool of negative real numbers does not exist in the set of

-

Find the cube root of 216.

l

Batfe Muthematics F 8

Solution
Factorise 216 it lerms of its prime factors as follows:

1”.,:3,.:,;:‘3-.;]‘3721531

Therefore, the cube root of 21615 6.

e

Express 21024 in its simplest [,

Solution

Factorise 1024 m ferms of its prime factors
‘*‘!1*3‘3*21312*2

1024=2~

Scanned with CamScanner
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= {ﬂ:xlxl’]x{lxli1]*[2*3331:&2

2x2xIn]

~8¥3

Therefore, {1024 =843

]
. T

Express cach of the following numbers in its simplest form,

(W) 20 (b) 454
Solution

‘e () @:JE!IXS (b) Ysa=1Bx3=3x2 ®
Jrax s S TEET A
Y :3'-:\1""5

J5 -3

[N

4_.'

Fad

Express the following numbers under a single mdical:
() 2.3 iy
/3 by 2.3
Solution
(8) 2.3 =2 x2x 3 =37
_J} 2 x 2% (h) 204 =2 =x2Tx D x 4
= 12 =332
Therefore, 2.3 = /73 . Therefore, 243 = 437,
. &
H-r!—n'q‘iﬂltu-ﬁmw_.r_un b 4 gj."_
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Exercise 1.7

Answer the following questions:

1. Simplify each of the following radicals:

(@) 169 (h) V129 ic)
(d) 2500 (c) 1024 (f V512
(g) 413 (thy 41000 (1) HEED

[ ]

Express each of the following mdicals in its simplest form.

@ Jio (b) 250 © o2
(d) V54 (©) 270 n e

(g) 42000 () 2000 ) 000000

3. Express cach of the following numbers under a single mdical sign:

(@ s3 by 401 (€ 310
(d) 93 (@) 52 M A
(@) 23f{-1000) (e (iy 745

Addition and subtraction of radicals

Two or more radicals can be added or subtracted if they are alike. Radicals which
are alike are those with the same indices. They are added or subtracted in the
same way as nomal numbers. This means that only radicals of the same index
can be added or subtracted, just as is done with algebraic expressions. Therefore,
the radicals V2 and \E cunnot be added or subtracted. Beflore adding or

subtracting radicals, first simplify the terms if possible.

© i

= ST IRRY L
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Activity 1.3: Deducing the conditions for adding and subtracting radicals.

1. lIn pairs, simplify the following radicals: 8. 32, 27 and Bx2x2.
2. Simplify the given radicals. and idenufy the like terms.

3. Consider the like terms and express each term as a sum of 1ts roots.

4.  For each group of like terms add the values obtained in step 3.

5. Pick any two terms of unlike radicals and try to add them as in step 4.

What can you conclude?
6. Provide the condition for radicals (o be added wogether.

Simplify each of the following radicals:
() J3+42 (b)) 23433 © JR+432

Silution

; 3
® M A2 =124+12=22 ) 5 B+33=53 ®

Vit lrermetos Fiem

© B =2x2x2 =23
B2 =x2x2x2x2 =42
Thus, /B + 32 =42x2x2 = y2x2x2x2x2
=2-ﬁ+4-ﬁ
=632

Simplify each of the following radicals:

(@) 6f7-247 (®) 628283

| @

| Ml - EREIEIR) [TAAANY) B 4 ity 7 -
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Solulion

) 6S7-2J7=47

(b) 6428 - 2463
Simplify 28 and 63 as follows :
V28 = AXT 22T and V63 = OFT 23T
6428 - 2463 = 6x 27T 2537
6328 -2J63 =127 -647
6v7

) HB2-R
=42-242
=242

Eayerche 1.8

Simplify the following radicals:

b 274543 2. &
415430 5. Ji2s-as

T J§+1Jg_ﬁ 8. J15+90+135
10, 2/ 1 58642

13, Ji62-0% 14. 538 -6J63 + 4112
16. 33+‘§1‘J2_? - %Jﬁ > Je
19 8150-206-3v24 20 360 - i5+ 2460

.

-

y =
i

i

6.

9,

——
(%)

18.

il

VA5 125
24337
SRV RT3
632 - B
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Multiplication of radicals

When multiplying two or more radicals of the same index, express each radical in
its simplest form, Then, multiply numbers which are inside by numbers outside
the radical sign and then simplify where possible,

Simplify each of the following radical products:
() Bxf5 (hi J‘Ex\ﬁf ic) Jﬁxﬁ
@ Z(F B (o (243 - V3)«(+5 4 343)

Solution

(1) wﬁmﬁ= N

(both the multiplicand und multiplier arc of the sfime index )
. =\1s

Therefore, f3 « J5 = N

femeaties Eo _;I-I.w

."r"n.r?t'.t' War

@

(b) Simplity 33«5

ﬁftﬂ‘lm’!x!u!ul
=42
ﬁ“ﬁi=ﬁkd\fi
=lH4!J:1'_-:1JE
=]x4x2
=8

Therefore, V2 x i3 =3

— M) 3

—:m._.-j_;mh o

|
_—__

@
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f*r
o

(¢) Simplify V20 and V2B s follows:
nfl_'l'I:JlexS:ng
J28=ax2x7 =27

Thus, V20 %28 =25 %27
=D xnofSx4f7
=4xf5x7
=435

Therefore, +20x28=4./35

(eh) ﬁ{ﬁ+Jﬂ=Jﬁ(ﬁ+J§] by expanding Jl_z
=23 (B+45) by simplifying /43
:E\E x JJ- ¥ En.ﬁ " \E by opening hrackets

= (2x3)+2415
=ﬁ+1~.171?

Therefore, i2(3 +5) =6+24i5.

(e) By opening the brockets,

(243 —V2) x| B +342) = (2433} + (243 2342 )+ (V22 f3)+ (22342
= 20 4 6:J6 - J6 - 34
=2x3+5J6-3x2
= 4 56~ 6
—6-6+5J6
=5J6

Therefore, [:ﬁwmn{ﬁ+3\h—}=5-ﬁs,

In general, dEHQ{E:G

| = | ‘ - -\.i_.-
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Simplify cach of the radicals in the following expressions and perform the

indicated operations:
I m;,ﬁ
4 nfixfs
7. 2fixsdiz
10, (24i5)

13. 22xJlox20
1. 5xy24x a0
7. J5(VZ +i%)
19, (2454 1)x(3/5 +1)
2 (F7+5)(-6)

2. (Eﬁ-i-lr

Wil FF = (S0 | TILIRARP Ml 4 b 90

2
.

16,

IR,

ViZx\3 S
W00 6. JFixi2
(2415) o (]

- (V) «(F3) 2 (-
VN I T

(V3 Ji¥)

o2 (V2 ¥

(-¥2)

(443-12)(V3+2)

' lzﬁ—ﬁ][z-ﬁ +3-JET]

Sl Ty




0
|

| I E_l —|

Division of radicals

Two radicals can be divided by writing the divisor under the dividend in the form
of a fraction. If two numbers are sepamately under the same madical, then divide
the numbers under one radical and simplify. But if the divisor and dividend have
different radicals, 1t 18 not possible for the numbers 1o be under one radical.

Activity L4: Deducing conditions for dividing radicals
1. In pairs, follow the steps given o divide J20 by V5.

Express J20++/5 as a ratio of numerator and denominator.

1

3.  Express the numemtor and denominator in simple terms.

4. Collect together the terms with the same radicals and divide.
5

Follow the same steps to evaluate /625 = 2425 .

| —

i Express the following radicals in their most simplificd form:

I8 65 %25
4 5 T 5 —
(2) \‘rﬁ 12 (b 50 ©) J.‘![I:“.'i-ﬁT

Solution

@ _‘ﬁgéﬁ_% (divisor and dividend in the fraction form)

= 1’% (divisor and dividend have the same rool)

=1F:— (simplified fraction)

M 18T P —

i
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] ® E‘:t_
® g I8 (© 695x208 6J5x28
_'5 —--':'S:- —_ ﬁx:‘\h-; B 8
50 50 0232 J(45)x3(V3)
=8x Jﬁi— - 'E.Jg . :ﬁ
50 1£ x 3 x }_J‘
Y .
52 3 3
= ~
= §x JIJE E
5x+f2 |
_3_
Ya_fa
Generally ;,H= Ewhcrcaandhnreplmmr: numbers, —‘
b Xk 10 155
Simplify cach of the following radical cxpressions: ©
1. \_E‘E 3 ﬁ JE
ﬁ = _3_' 3r T
50
V21
4 = 225
T s 2 .« ¥
: 900
27
y 22 25 Jig
18
2] 8, 45 9. EUE
350
10. = Jﬁxﬁ
s 7 W14 245
. A2xB 12. = :E
AN

13

5\1'5-!2\!1 .Jr-—
: Idxl-\ﬁ
Vi< Rl 1. VEXNI0x V24

Exi0

M 7 — (B =
I (I I-_.l.||“||r| f-m i il 1
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Rationalising the denominator

Rationalising the denominator is the process of eliminating any radical expression
in the denominator. Rationalising the denominator involves multiplication of
the denominator by 4 suituble radical resulting in a denonunator which has no
rudical. The best choice for the mdical is obmined by considering the following:
(iy If the denominator is a single radical term, the most suitable choice is a

radical 1isell

|'I-'|I'l.|i-|. VWiarhematicos Forme W

: u
For example, rationalising the denominator of ﬁ

Choose JE to be a rationalizing foctor.
Multiply bath the numerator and denominator by -J!f_l as follows:

a _a b _alb
g

a _ah

Therefare, ——== .
Jbob @

(i) Ifadenominator has a mdical term involving the (+) or (~) operations signs,
the most suimble choice of o mtionalizng factor 15 the same denominalor
expression, but with the operation sign changed either from (+) to (-) or
chunged from (-) to (+).

|
For example, rtionalising the denominator of .
° jﬂ + 1‘:
Choose -JE-'-— Jf_? o be o rationalising factor.

Muilipl}‘ both numerator and denominator by JE - J:‘T' as follows:

U Na-b_a-b
IIJ—J—J—J_u—h

| | NaaJb_Jurdb
Ju‘f- Ja—b Ja+vb  a-b

] ;1—-@'_
Therefore,
[ § J_JE

E : = By 1|-.;'w|| "-_
_ |
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Based on these two examples, the best choice of mdical expression in the
ol lowing examples 15 as follows:

Denominator Rationalizing factor Reason

—_—

Ja Va JaxJa=a

- S A ()

A W (VG B) (-

Rationalize the denominator i each of the following expressions:
1

() 3 (b)
@ g -3 .

() \E () I+J3_
B+ 2-5

flaehe Varhematioe o = LI

Solution
(i) V5 is a denominator and a single radical expression.
Multiply both numerntor and denominator by \E

o m—— I

J5 S5
35

33
3

S

.. Qommu

-— Nda® P - (BOOK) [DURALE Ml 4 il 9 |
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|Jf[.l.\ f-‘ﬂ o

=
B

-

Z]

—

i
—_

-

-

=

——

=

{b) Jg - -J'i is o denominator involving subtracton.
Change the subtraction sign in 5 —J3 1o addition sign to obtain Sfi

s a rationalising factor.

Multiply both numerator and denominator by J5 +43 as follows:

1 S+

I = b
G- BB i
5B
(F-BNE+ )
BB
- 5-3
5B
' o

(c) J-S. + Ji is the denominator involving addition sign.
gn (o subtraction 1o oblain \E - "J'E as mationalizing

Change the addition si
factor. Multiply both numerator and denominator by Jg --.,’3- as follows:
N e
J5+403 S+4/3 -
(<5 -A)
L ik
5-3
s5-Ji5

2




.

(dy If 1.E —~.,E 15 the denominator, JE-}JE 15 the rationalizing faclor,
Multiply bath numerator and denominator by 2 +1J§ as follows:

)2
(V- )2+ )
234245+ f6 45
2-5
22564 i
3
Simplfy ench of the following ey ] i
II | R cxpressions by rationalising the denominator:

b

4 2v30

1
5 r&r 3. 7\%
- =
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.l'hnlr' Yathe ity Frll_': Ll

%
3. W2 14,

9 Tnﬁ 5 20. (2448)+(\5-+A)

Finding square roots and cube roots of numbers using
mathematical tables

The square roots and cube roots of numbers can be obtuined from mathematical
lables,

Square roots

Before taking a reading from tables ol square rools, firsl estimate the square rool of
the given number by grouping its digits in pairs from the right hand side.

For example, to find the square root of 196 from Table 1.1, first group the digits
in pairs from the right, that js, group the digits of 196 as 1* 96. Then, estimate
the square rool of  digit or pair of digils on the extreme left, In this case it is 1.

The square root of 1 is 1. Since there are two groups of digits, the square root
of 196 will be a number of two digits before the decimal point referred as mean
difference in the tables. Given the number 196, locate 1.9 in the table
rools on the extreme kefi. Look at the colump labeled 6. It
1.400. Therelore the square root of 196 15 14,

of square
meets the row 1.9 gt
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Mise P~ (R0 |[THASETY) fad 4 sl 59

In the same way the square root of 7.578 can be found from Table 1.1 by first
locating 7.5 i column x, then finding the number where the column with 7 mects
the row with 7.5 which is 2,751, Add the number obtuined under column 8 of the
mean difference to the decimal pant of 2.751 that is 751 + | = 752, Thercfore, the
square root of 7.578 is 2.752.

Table 1.1: Square roots of numbers from 1 1o 10

¥ Miean Differences (Add) |
s [0l rv[.Ter a9 [s[2]3]a]s]s]7]s]"
L0 1L000] 1008 oo [losaf[vosoTral o T T T2 T2 s A
L1 LM 1054 1077 [[Los2| Lose 1oetf 0 1 |1 :|'.:_ JEEE
i l | ]
| 18 [1.342{1343 1.3-!4&1_3*1 BITLIA375] 0 L [1pNl2 2|3 |33
.E—: 1378|1382 400 404) | 407 041D b4 213|133
: |
74 |2720|2722|2724 2730 !.E'm,l”” SR OE ik
7.5 2739|2780 |2.742 2 750 E“:_?sl_i:-..'lﬂ ss{o (oL JI 2
76 |2757[2759[2700 2768 2769 (2971 (27730 o [1 [t ]r[afr]r]2

Similarly, to find the square root of 5678 from Table 1.2, first group the digits
in pairs from the right, thut 1s 56'78. The square root of 56 is between 7 and 8.
Therelore, the square root of 5678 starts with 7 and has two digits before the
decimal point. As shown in Table 1.2, the number 7.530 is obtained at a place
where the row with 56 on the extreme left meets the column labeled 7.

Similarly, 5 is read where the column labeled 8 (within the mean difference) meets
the row with 56 on the extreme lefl. Add the 5 o the last digit of 7.530 1o oblain
7.535, Therefore, the square root of 3678 s 75.35.

Scanned with CamScanner



Table 1.2: Square roots

l - Vr . | Meun DUTerences { Add)
(x| ® [ 2 ]2 lc..] e 7 08 |9 [s[a]alafs]e]o]u]y
TREE AT 3290 axmi |l aowe [3sma| 2 [ a [ s (e[ n[w | nl2lln
W A817 | 392 | 3047 aon 1a) [lawss (aam| 1 (3 |a a7 |v|mlz]n
|
= s | 7408 7421 |74 zast ey [ 7ame (7am 0V [ |2 v 3 2l s QI
E % 74K | 7490 | 7497 :iugi_lliﬁ"'*'iti..:_ﬂi' tlalatylzlalslsTe
<~ ST 78% |7846 (7463 (7989 7396 | 703 (7609 ) |0 |3 | 0|3 |48 5
= | |
= ‘ . |

To find the square root of o number with more than four digits, first round off the
number to four significant figures. For example, to find the square root of 75678
(which is a five digits number), first round it off 75678 (o four significant digits,
to obtain 75680, Then, pair the digits from the right and estimaie the square root
@ of the number in the group on the extreme left and delermine the position of the
decimal point. Therefore, 7°56'80, shows that the square rool has three digits
before the decimal point. The square oot of 7 is between 2 and 3. By using the
square rool table, the answer is 275, 1, (sce Table [.1),

Exvreise 1.112

Use mathematical tables to find ench of the following radicals:
1. V2156 2. 1024 3. V267 4. J6.74
5. 057 6. ~/89.108 7. ~0.006 8 00008

9. 25679 10, 3367 1. V66 12, 24
13, 54 14. 5 15. 144 16. 99

pazn 10T P |
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Cube roois

The cube root of a number say v is denoted by 3/ v. This is a value which results
from its original number afler being multiplied by iself. three umes. The cube
root of a number is basicilly the root of 4 natural number which is cubad. 1t s

the reverse process of evaluating the cube of a number. Say. =y thenx= ).
Since 4 * 4 * 4 = 64, then 4 is the cube root of 64, that is Y64 =4 . However, this
approach is nol possible for all real numbers. Allematively, mathematical tables

are used 1o find cube roolx of numbers.

Finding cube roots of numbers using mathematical tables

Mathematical tables usually provide values of cube roots in four digits. The first

column (labelled x) of a mathematical table contains the numbers whose cube

mools are Lo be [bund as shown in Table 1.3,

Tahle 1.3: Cube roois ol nnmbers

Ux

Mueas Dille renees | Saldl)

| o 1 ) 3 T | a4 | s [S#¥ [z ]alal=]s]7[n]e]
1.0 | 10000 | 1,003 | 1 0066 | 10090 | 10132 | Lotes] | 1020l | 3 |« |10 a3 ]in]iei2al2e] 29
10 | nosol | poosd | pooss | 1 okia | 100 | Lerr Lashr |3 6|0 ax|08|m |2t 4
76| 196G 1L06TE | 0ETR | | O6RT | S | 1L 19738 | ) 2133|415 |86 TR

77 | 1| | 15735 1996k | 19772 | 1TIN| 1uTee|l (1o | K| 2|0 3 4|8 k]| T| K
L A b - | !

ho ] Joom | 20008 20017 {20023 | 2003 | 20042 wors e |2|zlalals]e|7)
! il r," (8 11N ]_lll‘] . ]_IJ'“.: .| :-u_“-lﬂ_ 200 1k “! 1134 :_‘ET ]_'i i'_'l ‘l b % | T I.;.

B2 | 2ot | 2401 _‘_I.hll_I| TN | 2 Ores II TN b L | = B 1 |41 A hE" T
00 | 20000 | 20088 T 2o [2ea | 2oem | 200wk yoaw o[22 ]als]elnl?

To find the cube root of 8, look in the first column o find 8.0. The cube root of
8.0 s found under column (), which is 20000, Also, to find the cube root of 8 25,
look in the first column to find 8.2, then read the answer under column 5 along
the row of 8.2, The answer is 20206, Likewise, to find the cube root of 8.258,
add the common difference obtained under column 8 along the row of 8.2 o the
decimal purt of 20206, That s 0206 + 7 = 10213, therefore the cube root of

R25R 1520213

Mtk 2 = (SO0 AT Beagl d il 41
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Find the cube root of 7.67.

Solution
Find 7.6 in the first columm, Then, read the answer under column of 7 along the

row of 7.6, The reading under column 7 is 1.9713.

Therefore 47.67 = 1,9713.

E T 20

Find 45092,

Solution
tahles of cube roots from mathematical tables or tables appended m this

Lise
mn of o table, Then, rend the pumber under column

book. Find S0 in the first colu
9 along the row of 50, that is 3.7060.
Find the number obtamed under column 2 of the comimon diTerence.

The common difference 18 3. Add § to the decimal part of 3.7060,

That is, 7060 + 3 = 7065
Thus, the cube root of 50.92 is 3.7065.

Answer the following questions:
1ables 1o find the cube oot of ea
(c) 48.23

. Use mathematical ch of the following numbers:
| 19 (b) 4 (d) 6273
tables to evaluate the

(b) «B9.4 () 41.25 (dy 3.7

' Find the length of its side.

(a)
1se mathematical

(a) V5594

3. The volume ofas

following numbers:

-2

olid cube is 1.674 m

o i

a Y A

&
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Transposition of formulae

A formula is an equation which shows how vanables are related. For example,
the formula for the circumference of a circle is C = =d, where C is expressed in
terms of xand o Here € is the subject of the formula. 1t is also possible 1o express

d as the subject of the formula. That 18, o = £

-4
Ihe procedure of expressing a formula in different ways is called transposition
of formula. The lvllowing are some examples of formulae:

. PRT

(a) A=Ib i{h) V =mgr'h ic) I=W
| - !

(dy A==la+b)h ie) =27 |— (1) y=Emrtc
B g

B 2 020

Given that v =mx+¢, make m the subject of the formula.

Solution

Given the formula 3 = mx + ¢ (1)
Subtracting ¢ from both sides of equation (1) results to v —¢ = mx (2)
Dividing both sides of equation (2) by x results to *——= m

Therefore, m==—C " srovided x £0

X

CE _h

The volume (1) of a cylinder with a base of radius r and height & is given by
" =ar'h. Make r the subject of the formula.

L
-
e
=
-
ot
_—

Scanned with CamScanner

nhemabey Form

®




]

L
-
=
c
—
T

o=
| =
'y
=
—
—
-
]
=

-y

Solution
The formula ¥ = vk p
Dividing both sides of (1) by h results to 77~

l.l
Taking the square root of (2) on both sides ‘HH =r

& = | L

(h
(2)

Given that T = EHJI. make / the subject of the formula.
E

Solution

The formula T =21 JI
g

. r§
Dividing both sides of (1) by 2 results 1o A

ENY I
by squanng both sides of (2): [E] :E

/

—

N

multiplying both sides of (3) by g- gri-[] =]
\EN
T Y M
bat ”[E] e

Themfore:J= 80
ar

i) @

(3)

I T P
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The simple interest (/) on principal (P) for time (7) vears and at the rate of R%

per annum is given by the formuln f = % . Make P the subject of the formula.

Solution

PRT
formula f 'Tﬁ* (1)
multiplying both sides of (1) by 100: 100/ = PRT (2)
dividing both sides of (2) by R: %=P (3)
1ooJ
Therefore, P= ool
refore, =

Exercise 1,14

In questions 1 to 13 muke the given letter the subject in each formula.

Formula ' Letter [ Formula Letter
PRT | b
]_ — 3 =1
100 " 2 JE =28 "
1 , P
3. |4=zbh I 2 |E=—
py
PRT W | “'.--:_z;ru- vy | W
5. |a=py
T P 6.
i 3 :
7 T=?\ﬁ [ ® V= I:n':h :
. o |
. M | o /
9. |S=3at t 10, [==—4t
g f u
. F=wPii] a 12, |7=22 |1 :
\1—a I
| |
5
13. C=—[F-~32 ¥
S(F 3]_ F
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Chapter summary
1. The laws of exponents are:
(a) 2 xx? = x4%b (b) I: e
X
@ () =yt @ =5

1 a
© rjﬂ|:€E (n _rhzww(%)a

2. The word radical means the n™ root, where n = 2, 3,4, ...
For example, if n = 2, we have the square root, # = 3 we have the cube root,

3
-
-
e
=
[
-
'
. -
b=
-—
-
o
G
E
=

3, Numbers having the same radical signs can be added or subtracted.

For example 847 and ]»ﬁ have same radical, Therefore, they can be added
or subtructed. For instance, 847 + W7 =117 or Rﬁ—lﬁ = 5-.5 .

In rationalizing the denominator, multiply both the numerator and

denominator by the rationalizing factor. The radical is a better rationalizing
factor.

L
.
®

5. A formula is an equation which shows the relationship of symbols.

6. Tochange the subject ofy fofmula solve the equation for the letier that is (o
be the new subject of the formula.

i

TUIIRE R -
v |
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Revision exercise 1

Answer the following questions:
. Write each of the following numbers without radicals:

(@) +/900 (b} /160000 (b) </8x27x5
| , . e 3
2. Wnie each of the [ullowing numbers using a radical sign: Te
1 2 1 =
(m) 7° (b 197 ¢y 2* P
3. Sumplify each ol the ollowing expressions: ;:
(@) /675 + 75 (b) 1024 + 4 —:g
(© I§ +oi (@) V175 * V28 ~+/63 '

ic) ﬁﬂﬁnﬁ (0 1000 - 440 - J63
® (® 35 V6 () 75 %3 .

4.  Simply each of the following radicals by making the number in the radical
sign as small as possible:

® <50 (b V375 (© V125 (d) 250

(€) /309 n 1024 () 729 M Yezs
iy 1296 ) 43000

5. Simplify each of the following radicals;

(1) \}‘{rr (b)  48ym’ () 4y
(dy o' (&) 7294'0'c"

i ° W

[— iy = RO (TLANNEY) gl A il o7
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6. Rationalize the denominator in each of the following expressions and

sunplily;
(u) = (b) ! 1 1
.Ji m () tﬁ' l] (d) VE‘-—""'\E
2 -,,"‘_1-+ 1 JE +4
{c) ‘J;_ . (L] Tﬁ_ {g} W
s Sty D2 +43) _(v2++3)
H'_ V) (V3-+2)

8. Expand cach of the followmg:

(a) l:«."._-__l o (E-2NE-2) © ['J-"l_*_'-}a

9. Find the square root of cach of the following:

(2) 2916 (b) 5625 (€) 025
@ : Ll
- 10, Use mathematical tables to evaluate each of the following:
(a) /1256 (b) +/0.0015 (c) /256789
(d) 75 () +0.009
11. Given tha ._-]':= l+-'l* write v as the subject of the formula.
T

12, If vV +u' —2us8= =1, wm:uasnsuhjmutthefunnutu

ather letlers.

13. Given the formula s =m+.-i-m". Express u in terms of

14, I s =w + @i, EXpress u in terms of 4. ¢ and .
: (I
w, v and ffora gpherical mirror s —= e

5. A formula connecting
| when [ = g1 andu = 54, u v

Calculate the value of v
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Chapter Two

‘ Algebra |
Algebra is a branch of mathematics which deals with manipulation of symbals E

and mumbers. In algebra, letters or symbols are used ro represent numbery
in forming and manipulating mathematical expressions. In thix chapter, you
will learn binary operations, brackets in computation. quadratic exprossions,
and factorisation. The competences developed in this chapter will enable you
to find solutions of real - life problems formulated in mathematical language
using information available on the problem. For example, you can find the
speed of a m{f}mhwtﬁﬂﬁmﬂp&mﬂdﬂm#fﬁ different poinis.

Binary operations

A binary operation is an operation that applies to two quantities of expressions.
Binary operations make use of symbols that represent one or more operations,
such s sddition, subtruction, multiplication and division.

The symbols used in binary operations are not standard, this means, they do not
represent a specific operation. A symbol may be used in a certain operation in an
expression, and yet have a different menning in another expression.

A binary operstion may be denoted by syinbols suchas A, » andsoon, depending
on the instructions given for the operation. The instructions may be given in words
or by symbols.

When two numbers are added or multiplied together in order to ohtain one
number, you perform a binary operation (Al means two). Binary operations may
involve the basic arithmetic operations such as addition (+), subtraction (8
multiplication (%), and division (=) depending on the definition given.

I H#F!—H!ﬂﬂl.'.l.ﬂllﬂl-llinﬁ il E —

| = |
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I aeh=5z-b, ind 6+9,
Solution
aoh=5%5-b
He0=5x6-9

=30-9

=31

Therefore, 6+ 9=21.

If ash=a’-b, find y giventhat 4 &2+ y)=4.

Solution
Start with the operation in the brackets,
4e(2my)=49%2°-y)

=4 ¢{4-y)

= 4§ - (4-9)

=|6~-4+y
Therefore, 16 —4 + y=4

12+v=4
y=-8,

ErEE

Given that x ® p =4x + 0y find 6+ 4.

Solution
Ged=(4x06)+(6x4)
=24 + 24
= 48
Therefore, 6+ 4 =44,
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Giventhat peg=p° - . find 7= 3.

Solution

Fe3=7-37
=49-9
=40

Therefore, 7+ 3 =40

If aeb=3a+ b, find S«K.

Solution
a*b=3a+b
§°8=(3x5)+8
=]15+8
=23
Therefore, 5% 8=23

EXE 200

If xey=x+3y, find Se(Ba6).

Solution
Start with operation in the brackets.
S5e(Beb)=5=(K+3Ixb)
=%a26
-S54 3Ix 20
=5+78
=83
Therefore, S(8«6) =83,

Wi T2 (AOMOR) | TLIAY) Tt 4ttt 11
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Giventhat p A ¢=2p+5¢. find 6 A 3.

Solution
BA3I=(2x6)+(53%3)
= |24 15
=27
Therefore, 6 A 3=27.

T—n

Given that mien = .- . find (3+2).
o n

Solution
- g I
+

Therelore, (322) =

Ja2

Led
(3]
L | —

Ly | =

Exercise 2.1

Answer the following questions:
1. Given that » and A are two binary operations defined asa « (b Ac)=alb - c).
Ifa=2 b=5 and c=4, cvaluate (a * b)) Afa * o)

Giventhat a*b=5a +2h), find 4+ 2.

I3

3. Evaluate each of the following operations:
(a) If xey=3x+6y find 2e(3nd),

(b) If peg=3p—2g, find S«(d3),
(¢) IfeAd=¢c —d°, find DAS.
() I men =mu—£;. find (3e6) e,

&
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If x# v is the operation “x cubed plus ¥, then find the value of 4e(32),

If aeh=3a +2b, find the value of (3+2)=6,

“afy

6. The operation on integers d and k15 defined by o Ak =k +5d =3k,
find the value of 3«1

7.  Civen that, uAv = ? . find the value of 4 AS.
1I

B, IF(aeby=a>+b, find ygiven thal 4e(2«3) =25,

Brackets in computations

Brackets arc symbols used o group things together If you want 1o remove
hrackets in an operation, quantities inside the brackels are operated first followed

by other operations.

For example, x+(y+2) means that y and = are to be added together and their
sum added 1o x. Similarly, ax(v+z) wrillen in short a8 a(y+z)means add
together v and =, and then the sum is multiplied by a.

In expressions where there are mixtures of operations, the order of performing the
operations 15 as follows:

1. Brackets (B) are first opened (0) followed by:

2. Division (D)

3. Multiplication (M)

4.  Addmion (A)

5. Subtractuion($)

Ihis order of operations cun be written in a short form as BODMAS so as (0

make it much easier 1o remember.

E
Qo
&

o F2 - (AOOW) (TLARUY) Fagl 4 i 35

Scanned with CamScanner

T o )

o




e

=
-
e
=
=
=
=

(.

-

.
-
-
|

g

Simplify the expression 4+ 3a +(6a—3a)-3.

Solution |
4+3a+(6a—-Ja)—-3-4+3a=3a-3 (by subtracting terms in brackets)
=4+ a _ 3 (by performing division)
Ja
=4+]-3 (by performing addition)
=5-13 (by performing subtraction)
=2

Therefore, 4+ la+(ba—-3a)-3=21

Sometimes, it is necessary to open brackets before proceeding with other
operations,

Simplify the expression  Sx+(2x—3y),

Solution
Sy4(2r—3y)=5r+2e-3y  (by opening brackets)
-Tx—3y (by performing addition)
Therefore, Sx+(2x—3v)=Tx =

ol —

Simplify the expression 3y —(» —3x),

Solution

Iv—{(y=3x)=3py=ly—3x)
=3p=yé+Ix (by opening brackets)
=2y+3x (by performing subtracton)

Therefore, 3y —(y-3Ix)=2y+lx

Note that, cvery term inside the brackets is multiplied by the factor that is outside
the brackets. Usually, n multiplication sign between a factor and brackets is

omitted.

_ &

(S ERE
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In general, when opening brackets where the sign before the bracket is negative,
a term in the brackets will either change to positive iF it is negative, or 1o negative
if it is positive. However, when the sign before the brackets is positive, the signs
in the brackets remain unchunged. The sign which comes alter a brucket has no
cifect on the signs of terms in the brackets.

Exereise 2.2

Simplify the following expressions. £

1. m+n—(m-n) 2. a+2h-4(a+2b)+ (a+ 26) <

3, 10p-4{2p+3y) 4. 6y+(7a-2y)

5. 5-4dm+2m+2 6, (Rz+3y—35z)—(3z+) ;:

7. m(2p—q)-m(3p+2q)-5(mp-mq) 8. A(m+n)-3(2m-n)+5(m-2n) 2

9. 3r-2(d—6)+2 10, (a+h)xda+2a

1, 2(m+2)+] 12. 3w+ p)+x

13. 3la+b)+a+h 14 5(3x+6p)+2(x+y) o
15, 5(x+5)+(x-2) 16: 2(p~q)+2(2p+3)

Identities

An equation which holds true for 411 values of its variables is called an wdentity.
An equation is an identity il the LHS of the equation is equal to the RHS lor all
values of the variable involved. To determine whether an equiution is an identity
or not, substitute more than one value of the variable. If each side of the équation
has the same value for at least two substituted values then the gIVen equation is
an identity.

For exumple, 2(=+ 1)= 2242 isanidentity. IFany value of = is substituted, each
stde has the same value, Thus, when = = 0, the Left Hund Side (LHS) becomes
20+ 1)= 2% | =2 and the Right Hand Side (RHS) becomes 2 % 0+ 2= 0+ 2 =2,
Also, when == 5, LHS becomes 2(5 + 1) =2 = 6 = 12 and RHS becomes
2%x54+2=10+2=]2

Altematively, to determine whether an equation is an identity or not, show that
the expression on one side of the equation is identical to the expression on the
other side. For example, in 2(z + 1) = 2z + 2, the LHS becomes 2= + 2 when the
brackets are opened. Therefore, 2(z + 1) = 2=+ 2 is an identity.

“r§‘m|u"uﬂw*m L1 @, -—
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Determine whether or not 3x — 2 = 4r — 3 is an identity.

Solution

If x= 1, the LIS becomes 3 < | —2=3 -2 = |_and the RUS becomes 4 = | —3=1,
The LHS is equal to the RHS when y = 1,

ix=0,the LHS becomes 3 %0 -2=0-2=-2 gnd the RHS becomes
4 =0-3=0-3=-3. The LHS is not cqual to the RHS when x=0

Theretore, 3x — 2 =4x - 3 15 not an identity.

E T @ _

Determine whether or not  * —]=(x =1)(x+1) is anidentity,

Solution

Il x = 4, the LHS becomes 4° —1=16—1=15 und the RHS becomes
(4—1)(4+1)=3x5=15.

RHS is equal to the LHS when x=4.

Therefore, x* <1=(x=1)(x+1) is an identity,

Determine whether or not x+3 =235 18 an identity.

Solution . -
Note that x=2is a solution 10 this equation. It is not advisable to use 1t for
testing whether the equation is an identity or not because it 18 the only value that
will satisfy it. _ _

So. if x=3, the LHS becomes 3+3=6 while RHS is 5.

Since the LHS and RUS are not equal when x=3.

Theretore, x+3=35 isnot an identity.

Determine which of the following are identities:

1. 2y+1=2(y+1) 2. Na+2)=2a+b

3. 2r+l)=2r+2

3. 2(a-b+3)=2a-2b+6

&

sy TR PW i
!
_—#
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5. 2(p-1)+3=2p+| 6. dad—6ac= a(4d —6¢)
3 =0 8 Em——imliuc

7. 3pg+lgr=tpgr . 3 3 :

g 1-1..2 jo, XL a=D
a h a+bh a=h -

Quadratic expressions

Al expression whose highest exponent of the varinble 5 2 s called a
quandratic expression. The following are examples of quadratic expressions:

(i) 4z +3, the highest exponent of 2 is 2.

(i) 63 + v, the highest exponent of v is 2.

(i) 3p" —2p+], the highest exponent of nis 2.

In general, a quadratic expression is written in the forma® + by + ¢, where a2 0
and a, b, ¢ are real numbers. If @ = 0, the expression becomes hincar. From the
expression ax® + by + ¢, the term Ay is called the middle term, ‘a’ is called the
coefhicient of x*, *H" iy called the coefficient of x, and “¢* s called the constant
term.

Thus, i the quadratic cxpression 4 —6x+4 7, the coefficient of ¥ sa=4,
the coeflicient of x is h==6 and the constant ¢=7.

Product of two linear expressions

Quadratic expressions may arise from the product of two linear expressions, For
example in Figure 2.1, if the width of a rectangle is (y + 1) unit and its length is
(2yv+3) unil, then the nrea is (2v4+ 3Ny +1) syuAre units,

P Iyl 3
= B e - B P 2y 3
¥ M B
¥+l
! C D
8] K Lo ]

Figure L1: Reciangle PORS Figure 2.2: Regions of rectangle PORS

Wb PP~ (RODK) [TLAY) Gagl 4 il 57

Scanned with CamScanner

W

R




Consider Figure 2.1, a rectangle PORS whose sides are (2y + 3) units and
(v + 1) units respectively.
When rectangle PORS 1s subdivided into four rectangles A, B, Cand D, as shown
in Figure 2.2, the following 1s true:

Area of region A = 2y * y = 237 square units,

Arca of region B = 3x p = 3y square umts,

Arca ol region C=1x2y =2y square units.

Area of region 13 = 3x1 = 3 square uniis.

The total Area of regions A, B, C, and D =(2y° + 3y +2y+3) square units.

=(2y" +5y+3) square units.

But the total area 18 (2y +3)( v+ 1) square units.
Therefore, (2y+3Nv+ =2y +5y+3.
The expression 2y~ + 5y 43 is also called the expanded form of (2v+3)0y+1).
Ench term in the first pair of brackets is multiplied by each term in the second
pair of brackets. The following are two alternative ways of multiplying two linear
expressions:

Alternative 1
® 2y+3 ©
X ¥+l
2y° 43y
+ 2v+3

2y +5y+3
Therelore, (2y 43 p+1)=2)" +5¢+3.
Alternative 2
(2y+3Ir+D)=20(yv+1)+3(v+1)
=2y +2p+3y+3
=2y +5y+3

Thus, 2v" +5¥43 is the expanded form of (2y+ 3N y+1).
Therefore, (2 +3)y +1)=2y" +5v+3.

&

BACY 1 |
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Expand (=4 2522 -3,

@.

Solution

(=+2)2z - ==2(22-3)4 2(2= 3)
=2 34426
=22 +z-6

Therefore, (z+202z-3)=22" =4,

=

'_ 11; &

Expand (6x +5)

Solution

(6x+5)" =(6x +5)6x+5)
=0x{6x+35)+5(6x+5)
=360 + 30x + J0x + 25
=361 +60x+25

Therelore, (6x+5) =36x° +60r+25.

3
K1

Find the coefficient of # and »° in the expansion of (n+9)(n+3).

Solution

(n+9n+3)=nln+3)+Nn+1)
=n"+In+0n 427
=n+12n+27

Therefare, the cocfficients of nand #° arc 12 and 1, respectively.

i 9%

Rl F P = (A0 TR Rt { el 500
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Note that, from the generul quadratic expression av +b+e. where a, band ¢
are real numbers and a = 0;

(a) If @ =0, the expression becomes linear. For example, 6x+4, in this

case, a=0, h=6 and ¢ =4,

(b) I h=0, the expression is o quadratic but without the middle term.
For exumple, 4x* + 8, in this case, a=4, b=0 and c=8.

() If ¢ =0, the expression is o quadratic but without the constant term.
For example, 10x° —2x, in this case, a=10, h==2 and c=0.

(d) The basic identities in quadratic expressions are the following:

(i) (a+b) =a' +2ab+ b

|
[
=
1

-
-
=
E

12
-
=
=]
-
—
-
._-—l-l-.._|I
-
—-
x
==
—

(i) @ —b =(atb)la—b)

A iy (x+a)(x+b)=x +(a+b)x+ab .
mngquﬂﬁmu ‘
In questions | o 12, write the expanded form of cach of the given expressions:
1 (2e43)(x+1) 2 (4x-3)(2x+1)
1. y(yp+6) 4. (3y+a)
5. (Mm-2) 6 (ath)
7. (a-b) g (4x—3)(2x+1)
9. (3p+29)(6p-29) 10, (x+y)(x=»)
1. (x+¥)x-¥) 2. (3+x)(y+d)

gy 1N P _—
_ e r

' e
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13. Find the area of a trinngle whose hase is (6ix + 1 )cm and height is (4x - 2) em.
Write the answer in the expanded form.

14, Find the amount of money required to buy 7y items if each ilem costs
{6y + 5) shillings, Give the answer in the expanded form.

15, Given three consecutive whaole numbers, write the expanded form of the

product of the first and the third if the second number is n.

3
=
=t

Factorization of algebraic expressions
When expanding nn expression, the resulting expression has no brackets. The
reverse operation is called factorization which gives an expression that contains

brackets, When foctonzing an expression. the factor which is common in all the

terms is identified and written oulside of a pair of brackets (factored out),

Consider the expression 8 + 86 The number 8 is multipliad by both letiers a and 5.
® 50, B is common to both terms, Therefore, it can be taken outside of brackets nnd

@l

the expression can be written as 8g+8b = 8(a-=h),

Sometimes, more than one number or letter can be taken ovutside the brackets.

For exumple, Syy+ 101 = Sx{y+2z)

Factorize the expression cx +¢y,
Solution

IT ¢ is the common factor, it has 10 be taken outside a pair of brackets as follows:
cx+ey=c(x+ y).

Observe that, expansion of the right hand side results to ex +cv .

o

Mai FF - (BODK) | DL St 4 il &1

:@I

Scanned with CamScanner



| I | l—

Factorize 3xy - 9xz completely.
Solution

-9z =3xy-3Ix3xc (3 and x are commaon factors)
=3x{v—3z)
Therefore, Jxy—9xz =3x(y- 32,

EEE @200

Factorize mn’ —Rum'.
Solution

Since the common factor is i, then

min® —8nm’ = mxpxn—8xnxmxm
=mnin-8m)

Theretore, mm” —8nm’ = mnin ~8m).

Factorize the following expressions:

il
@

1.  Sa+5h 2 Ta-Ty 3 2m+2n
4, am-an 5, hx+by 6. ax+ ay+az
7. 3x+6y 8 Tm—2ln 9. 15p-5q
10, 100w+ ] 000 1, 2rs+ds 12, pgr=3pr
13, 25k -35kt 14, ahc=bad +cde 15. 6py—2pi+8pm
16, %nm+£—m 17. 4oz +loxyn+8xyr 18, 03ab+0.5ch
I 1 ] " "
19, Zhm ;ﬂf - ;rr.t 20. 18pgr=24pwr 2. 0125 vu—05u

© —

BAft LErP | 2
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I'actorization of quadratic expressions
Activity: Recognizing the arca of a rectangular region
Perform the following tasks in groups:

1. Draw the following figure PORS on a plane paper.

I* X i 5

¥ A £

2 C D |

Q R
2. Calculate the arca of regions A, B, C and D separately.
1. Find the sum of areas oblained in step 2. ®
4. Write the expressions for length and width of figure PORS.
5. Calculate the area of figure PORS:
6. Compare the answers obtained in step 3 and 3. What comment can you

make about the product of (x+ 3and (x+2)?

From the activity, the expression (X + 3N x4+ 2) was expanded to obtain

©+5r+6. Hence, (x+3)and (x+2) ure factors of x° +5x+ 6.

The following are methods used to factorise guadratic expressions:
(1) Splitting the middle term

(i) Inspection

{(iii) Difference of two squares

{1v) Perfect squarcs

T . Qosmmu

| e FF = (AOO0N | DLUAMIY) Sl 4 ath 83 {.}
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Factorization by splitting the middle term

You have been factorizing expressions which have common factors. Suppose

you want to factorize an expression like ax” +bx +¢. The middle term (Ax) can
be splitted into two terms. But not all choices of splitting the middle term lead to
the required factors, A quick method of picking the correct choice 1s o observe

the cocfficients and the constant term as follows:

(1) Consider the coefficients @, b and the constant term ¢,
(i)  Find the two numbers whose sum is b and whose product is ac,

(i)  This can be easily done by finding the (actors of ac in pairs and find the

pair whose sum is b,

Factorize the expression 2¢’ < 7x+6 by splitting the middle term.
Solution

The cocfficients are 2 and 7 and the constant term is 6.

a=2 b=7ond ¢=6.50 ac=2x6=12.

The pairs of factors of 12 are | and 12, 2and 6, 3 and 4.

The sumol 1 and 12 s 13

Thesumof 2and 6is 8

Thesumof3and 4157

Therefore. the cofreet choice is 3 and 4, So the terms are 3x and 4x.

26 + Tx+6=23" +4x+3x46
={2x* +4x)+(3x +6)
= 2x(x+2)+3x+2)
={x+2H2x+3)

Thetelore, 2x° + Tx+6=(x+2N2x+3).

=
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Factorize 6x —11x+4 by splitting the middle term.
Solution

Required to find the factors of 24 whose sum s 11,

Therefore, the comrect choice s -3 and -8 since -3 + B = <] and (-3) = {-8)
Thas, - | |y=-3x-8x.
So that, 6x" ~11x+4=6x" —3Ix-8Bx+4

=(6x" —=3x)—(Bx-4)

=3x(2x—1) -4 2x-1)

={2x—-1M3x—-4)

Therefore, 6y* -1 Ly + 4=(2x~1)¥3x—4).

The pairs of factors of 24 are: -1 and -24, -2 and -12, -3 and -8, -6 and 4.

24.

i ®
.

Factorize 2x° +x—10 by splitting the middle term.
Solution
The correct choice of factors of -20 is —4 and 5; Thus, r=—4x+5x.
So that, 2x’ +x=10=2x" —4x+ Sx-10
=({2x" =4x)+ (5x=10)
=le(x—2)+5(x—2)
a(r-2N2x+5)

Therefore, 210 +x=10=(x=2)2x+5).

by o

Ml 2SSO0 [T Sl 4 il 81 .

e

Werthienathov

@
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Factorize x' +6x +9 by splitting the middle rerm.
Solution
The correet choice of factors of 9 is 3 and 3, Thus, 6x=3x+3x.
So that, x" +6x+9=x" +3x+3x+9
=(x" +3x)+(3x+9)
=x(x+3)+3Hx+3)
£ =(x+3Nx+3)
=
X =(x+3)
% Therelore, & +6x+9=(x+3).
_':__E In this example, the quadratic expression lyas two factors which are identical. A
re identical is called a perfect

in which the two faclors a
et square is the identity {a+

quadratic cxpression
square. The general form ofape

g the middle term:

orize the following expressions by splittin

Hf = t.l: +2ub -e-h1_

®

Fact

1. F+3x+2 3. 6 +Hlly+d

3. 2¢-17«+8 4. y-Ty+6

5. F+60+8 6. y -3yl

7 3d*-2-% g O6x +35x-6

9. m 4+ 11m+10 10. F-1Tt+60

“. 3-—5{!4‘3{'1 IE. .'l': -i'-l!n"—.?.ﬂ
4. y+ Sy—=36

13. < +10x+21
16. ¢ —18c+45

15. 2¢? —7x=15
18. ©-Tav+12y

17. 12x +27x-39
2. 4 +S5e+14

19. 3y -1ly+10

71, 2% +x-l

4 & T
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Factorization by inspection

Another method of factorizng o quadrabic expression is by inspection. For

example, o factorize m? + 6m + 8 by inspection, we need to fill in the brackets of
the statement m* + 6m + 8 =( ).

The first term in the given expression is m*. This can be obtained by putting m
first in each pair of the brackets. The next term to consider is the lost term in the
given expression, which is 8. This number is the product of the last terms in the
two pairs of bmckets and the correct choice is from the following pairs: 8 and |,
~8 and -1, 4 and 2, 4 and 2. The possibilities to consider are as follows:

(a) (maB)(ma1)=m" i 9m+ 8
by  (m=8)(m—=1)=m* -9m+8
(c) (m+4)(m+2)=m’+6m+8
) (m—a)(m=-2)=m"—6m+8§

Note that, the coefficient of m on the RHS is the sum of (he numbers appeiaring

in each pair of bruckets. That is, 9 =8+ 1; <9=(~8)+(~1) and s0 on.
Hence, (a), (b) and (d) can be discarded ot once.
The required result is o + 6m + 8 =[(m+4)(m + 2)

Factorize @ — 1la+ 10 by inspection.

Solution

Wrile the expression a” — 1la+ 10=( )

The first term in each pair of brackets is a

The constant term is 10

The middle term 5 - 1la

Pairs of factors of 10 are S and 2; - S and - 2: 10and |:— 10 and -1,
From these pairs, only - 10 and ~1 add up to - 11

Therefore, a®— 1la + 10 = (a - 10) (a— 1),

-
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Factorize x" +9x+18 by inspection,
Salution

The factors of 18 that add up to 9 are 3 and 6.

Therefore, x* +95+18={x+3Nx+H)

Factorize " —=4y—12 by inspection.
Solution
The coellicient of y is -4 and the constant term is —12. The two faclors of -12

whose sum is —4 are 6 and 2.

Therefore, y* 4y ~12=(y-6)(y+2).

Factorize m" +2m—15 by inspection,

Solution

The coefficient of m is 2 and the eonstont term is - 15,
The factors of —15 whose sum is 2 are -3 and 5.

Therefore, m” +2m 15 =(m—3{m+53),

Factorization by difference of two squares

An expression of the form g” ~ b is called the difference of two squarcs

It oniginated from a product of two factors (4 +b) and (a—-h),

that is, (a+bNa-b=a"-h".

Scanned with CamScanner
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actorize @ —25h",
Solution

Write @' ~250" gs a difference of two scjuares,
a =280 =yt — 5 (writing 25 as a square number)
=a’—(3h) (writing 55" as a single buse)
= (@ —5bY e + 5h)

a —25h°

Therefore,

a* — 258 «(a—Sb)a +5h),

e 00 0 0 0

actorize ' X1,
Solution
Write x* -81 as a difference of WO squares.
X' —Bl=y’ —9’

=X +9Nx=9)

Therefore, x' - K1 =(x +9(x-9),

e

Example 2.3

Find the exact value of 50 0012

| —49999°
Solution

SO001° - 49 999* = (50 001 4 49 NS0 001-49 999
=100 000(2)
=200 000

Therefore, 50 001 - 49 9g¢° _ 200 000,

L o
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Factorization by perfect squares

It has been verified thar

“Z'_i_ Yah + h‘1= la+ f}jz and H: —?,,m’n-h: =[|'_l‘-|".l]:

These two quadratic identities (a + b) and (a-b) arc called perfect squares.

M |

Factorize ¥ —6x +9 inthe form of {.‘t-l"ﬂf.
Solution
¥ —6r+9=(x-3)x—3)

={1‘—-3]1

Therefore, x° —6x+9= (x—23)°.

ez

- . i
Factonze a° +Eu+——.
5 25

Salution

Write @’ +-::a+-;—=[a+,..f (the first term in the bracket must be a)

The second term in-the bracket is obtained by taking the square root of the

consiant term.

MBJLE
*N25 5

. ) 3
Therefore, a +§ﬂ+5§=[ﬂ+g) ;

T I
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Note:
I Ina® +2ab+b* =(a+b) , the square of the sum of lwo quantitics is
equal to the sum of their squares plus twice their product.

2. Ina’ =2ab+ ¥ ={ﬂ"—b}=,lhl.‘ squire of the difference of two quantities
is equal o the sum of their squares minus twice their product.

In all perfect squares, the constant term is the square of half the
coefficient of the linear (middle) term.

:.pt

Answer the following questions:

vk Vaiheoo Hes Fr',!_': T

Factorize the following quadratic expressions by inspection:

1. x*+6x+R 2, X +3x+2
3. 2y 9y +7 i 4 +%+S
- 5, 2w +3Tm+2] 6. 2% +25a47 3

Fuctorize the following quadratic expressions by perfect squure:

7. ¢~*+:r+::l’ 8§ gl42g+12l
9. ¥y -dy+4 10, &% +34k+289
1L w'=low+64 12. 47 =12r+9
13, 9% —6x 21 14, 449 —12a

Factorize the following quadmtic expressions by using the method of difference
of two sguares.

15, 9x*—12] 16, =100
17. ax"=y° I8,  64a-2%
19, 1-a'd’ 20, 121a° —6da’

| ]

Btk F2 = (ROICIK) | TURRMYS Pl A suilly 1 -

Scanned with CamScanner



Ay

o)

. Simplify (@ +b) —3c(a+b).

22. Factorize -6+ 3w’ = Tw by splitting the middle term.

If kv +24x+16 is a perfect square, find the value of &

Factorize x° — " and hence use the results to evaluate the value of

=G+ 3w = Tw

. Find the exnct value of | 008° - 992°,

Chapter summary

A binary operation is an operation that applies to twoguantities or eXpressions.
A binary operation may be denoted by symbals soch as = or A,

In computations with brackets, remember to simplify the expression inside
the bruckets first, Work with the innetmost pair. moving outwards.

. Caleulations inside brackets (parenthesis) are done first. When you have more

than one set of brackets, do the inner brackets first.

. Anexpression whose highestexponent of the variable is 2 is called a quadmatic

expression. Fot example, 3n® + 24— is a guadratic expression.

A quadratic expression is written in the form ax® +bx+¢ where a, b and ¢
are real numbersand a 20,

Tofactorize a quadratic expression is the same as writing it as a product of its
factors.

Methods used in hctorizing quadratic expressions include splittingthe middle
term, inspection, difference of two squares and perfect squares.
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Revision excrcise 2

Answer the following questions:

Tothe sum of (2u-3h-4¢) and (4h-30-2¢), add the sum of (3=4b-5a)
and (~a+ 20 -5¢) and the sum of (2a-3b-4¢) and (-3 -20),
In @ train which has 3 class cabins, there are 3x° —13x+ 4 pussengers,

Among them, x— y+z are in the first class cabins and 2v -3y~ = arc in
the third class cabins,

(2} Find un algebraic expression for the number of passengers in the
second class cabins.

(b)  What is the number of passengers in cach class cabin if x=43, y =38

and =z =67
Simplify the following expressions:
(a)  ala - b) bk + a) {h) .I'—[:.T—I'I'I +{2x~7)
Factorize fully by grouping terms with common factors:
(a) 2ax+ 3ay —8hv - 12by (b)) 3ac +2ba +ad + 6be
(c) 6pr+bgs—Yps-Agr (d) B+ 6y —day -3y’
&) r=l-r +r ®
Expand the following expressicns:
(a) (a-4)(a+6) (b) (2x-3)(3x-3)
(€) (x+2¥)(2p+q) (d) (2a+3h)(3a+2h)

(€) (Ir-3s)(r—ds)

Find the cocfficient of x in the expansion of (4x—3)(x+2).
Find the constant term in the expansion of (a—3){6a—2).

Find the cocfficient of 1" in the expansion of (4y—6)(2y +3).

The lengths of the parallel sides of atrapeziumare (x+4)and (x+2)  The
perpendicular distance between the parallel sides is {2x—3). Find the area
of the trapezium and write the answer in the form ax” +hx+c.

Simplify (4a -6)(20+5) -(2a+5)(4a-3).

A picce of wire v em long is bent to form a square, Find the arca of the square.
Simplify the algebruic expression ¢° + g+ a+8-6xa’ .

Mt F 2= (000 [TLAMIY) flagt 4 il 79 @ —_|
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13.

14.

15,

6.
17.

IR,

19.

m - EEES

L3

Determine whether or not each of the following is an identity:

I=b _b-l
& 3B bl

(bl xy+ 2+ wix+2)=2xy+x+¥)

ad + cx
ad .
) (g+b) =a"+5
(e) ala+l)=a(l-a)

()

in 2Ax-D-42-x)=2(3x-5)
(g) xy+2)+x=xy+x+xz

Giive the missing term so that each of the following expréssions becomes
an identity:
() 6x=Tyv—Ba+9h=(6x-Ty)—( )

(b} 2p-3¢—-4r-S5s=Q2p-3¢9)-( )
[c) Ox+6-9x-d4=(r+l)=( )

(d)y Gab+2a—%c+3c=2a(3b+1)+{ )

(€)  (3a—4b)2c~3d) = (6ac—9ad)+12bd —( )

Factorize and simplify each of the following expressions where possible;

(a) 9a° 25K (D) (243 =c"  (€) 36(x+2p) =252x-pF

Verify that &® = b is not equal o (a - )" by substituting a = 2 and b = 1.
Find the exact values of the following:

() 23 756° -23 754° (b) 672°-32¢

Find the factors of |5 - 14 -8.

Which of the following expressions are perfect squares;

(8)  x"43x+3 (b) x-2x—1

(€) »-2x+1 (d) 45" +20x+25
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Chapter Three

Quadratic equations

it

piece of land and surfacey of reclangi

A quadratic equation is any alge
variable is two. The word quadratic com
wirich means square. In this chapter you
equations by fuctorization,
square. You will alyo learn to solve equationy in ihe form of difference of two

squares, and perfect squarcs.
enable you to calculate business profits, surfuce areas like floor of the room.

braic equation whose highest exponent of a
e from the Latin word “quadratus™
will learn to solve quadratic
splitting the middle term, and by completing the

fla IL Vet leprran dd iy I'II'HT’.E.' b

Campetences developed in thix chapwer will

Jar objects. You will also be able t

determine the speed of moving objects like cars and planes. Furthermore, you
will be able tn appreciate the use of quadratic expression in the manufactire @

of satellite dishes, car head lamps and ather objects with parabolic shapes.
By — —

k

e e et

Solving quadratic equations

Let, axr +hy+c be a quadratic expression whe
and b are real numbers (a# O called coelficients, and ¢
constant. When the expression is equal to zero, it hecom
§o. v’ +bx+c=0 is a quadratic equation, where a is the coe

b is the cocfficient of x, and ¢ 15 @ constant

re r 15 an unknown variable, a
is 2 read number called a

es o quadratic equation.
Micient of ¥,

rerm. For example, in the quadratic

equation 8¢ +bx+2=0,
& is the coefficient of x2,

& is the coefficient of x and,

2 is the constant Erm.

Similarly, for the equation 2x° —32=0,

equation 41" —l6r=

1 [ —CROICHCH [TLAALYY St 4 nin ™

a=2.b=0and ¢ =—32 and for the

0. a=4, h=-106 und ¢ =0.

o
. |
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Noite that;
(i) 3 = ~7x - | can be written in the form of ax’ +x +¢=0 as
Irt 4 e+ 1=0, wherea=3, b=7 and ¢= 1,
Also, 7x = 4(x2 + 1) can be written as 4% — Tr+ 4 =),

(i)  When a quadratic equation is factorized, then either one of the factors
or both faclors must be equal to 0. In general, (x + a)(x + b) =0,
if x=a=0 or x+h=0 or both arc zero. This is called the zero

factor theorem.

Therefore. if the product of two algebraic factars is 0, then one of the factors
(or possibly both of them) must be 0. This concepl is used to solve quadratic

=

s

B
-]
=

-

equations given as o product of factors.

Solve the equation (x + 4)(x - 3) = 0.

e

Solution
fix+4)x-3)=0, theneither x +d=00r x-3 =0,

Therefore. x=-4 and x= 3.

Solve the equation a(a + 3) = 0.

Solution

ITala + 3)= Othen, either a=0 or a+3=0

Therefore, a=0and a=-3.

'i' (DU INRE Ll

—
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Solving quadratic equations by factorization

The following are steps for solving quadratic equations by [actonzation:
1. Write the given guadnitic equation in standard form ax® + by +¢ =0,
Factorize ax’ +hx+ 0 =0 inlo two linear factons,

Equate each lincar factor to zero (zero product rule),
Solve these limear equitions to obtain the two roots of the given quadmtic

£ W

equation.

Solving quadratic equations with no constant term

In general, a quadratic equation of the form ax” +br=0, where o £ () can

be solved as follows:

=
=
=
7]
=
-
S
]
E
=
=
=
)
T
=
:
WL p—
g
=

av +he=1{.
rav+b)=0.
Either, x=0 or axr+h =0,

Ihen, x=0 or ar=-h.

. h
® Thercfore, x=0 and .t=—:—‘. o

Consider o quadnitic equation «* — 6 = 0. This can be wrilten as x(x-6) =0
which meuns that, the product of x and x — 6 is 2ero. Given x(x=6)=0, then,

cither x=0 or x - 6=0, Solving x—6 =0, gives x=06. Hencee, the solution is

=0 and x=6.

Solve the guadraric equation 3x° —x = 0.
Solution

3 —x=0,

x(3x=1)=0

either, x=0 or 3x-1=0.

Therefore, x=0 and r=_:.

| = Wi 2 — (RO | TLAKREY) Bt | il 77 o
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Exumple 1.1
—
Solve the quadratic equation x” + 8y = (.
Solution
x +8x=0
Xx+8)=0
- cither, x=0 or x+8=10
"':. Thetefore, x=0 and x=-§
=
g
= Exercise 1,1
Salve the following quadratic eguations:
@ . x(x-5)=0 2. x+7x=0 3, h(h-3)=0 @
4.  SkP=24. 5. 4 -1l1f=0 6. 3p +5p=0
1. 5x =7y, 8. 7 =4x"+6x 9, rF—4r=0
10, Tx—x =x"+3x 11,  =(3x-7)=0 122 328 +4x=0
13. 3x=5¢ 14, x*=S5x=0 15. 2x(x-7)=0
16, xx+2)-Hx+2)=0 17. 2p=2p 18. x'=6x

19. x*=lax=1) 20. 14x*+6x=0

&

LR E N ——
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Solving quadratic cquations by splitting the middle term

The middle term of a quadratic expression may have a positive or negative
coefficient. To split the middle term is to find two terms whose sum is equal 1o
the middle term, and whose product is the same us the product of the coeMicien

of ¥ and the constant term.

The following are useful steps for solving quadratic equations by splitting the middle

term: =

. Write the given quadratic equation in standard form ax® + brx +¢ =0,

2. Split the middle term by finding two terms whose sum is equal 1o the
cocfficient of the middle term and whose produet is the same s the product

ol the coefficient of * and the constant term.

3. Fuctorze the resulting equation in step 2 into two linear factors.
4. Lquate each linear factor equal to zero.
5. Solve these linear equutions to obtain the two roots of the given quadratic
cquation.
@ Solving quadratic equations with positive coefficients of the middle term @

Let the quadratic equation ax’ + Ay + ¢ =0 have positive coefficients @ and b,
The equation can be factonzed by splitting the muddle term “bx™ as shown m the
following examples,

F vample 3.4

Solve the quadiatic egquation 10x° +9x+2=10.

Solution

Comparing 10x° +9x42=0 with ax" +bx+c=0

ge= 0 hePr=P

The product of ge=10x2=20.

Factors of ac = 20 are 1, 2, 4, 5, 10, 20,

Among these factors, 4 and 5 give a product of 20 and sum of 9.
Now use 4 and 5 (o spln the middle term;

10x" +5x +4x+2 =0 (splitting the middle term "9y = Sr+4x")

- : Mah T = (000K (TR Fd 4wl T8 @' ‘ _

- ]
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Sx(2x41)+2(2x+1)=0 (factonizing into two linear factors)
(2x+1)(5x+2)=0.
FEither, 2c+ | =0 or Sx+2=0 {applying the zero factor concept).

- 1
Therelore, ¢ = == pd r=—

Solveforif v“  +6e+8=0.

Solution
I+ 60+8=0.
r4+4i+48=0, (splitting the middle term)

ilr+4)+2{r+4)=0 {factorizing into two linear factors)

(r+4r+2)=0.
Fither, t +4=10 or 1+ 2 =0 (applying the zero factor theorem).

Therefore, r=—4 and r=-2.

Fvercise 3.2

Solve the fMollowing quadratic equations by splitting the middle term:

. x'4+7x+6=0 2. 2¢+1lx+5=0

3. 2T 49x49=0 4. CA4lle+30=0

5 P +10x+21=0 fi. Tx*' +22x+3=0

7. Ax'+12x+5=0 B, x'+36x+35=0

9. 2 +5x=12=0 1. 3 +4x+1=0,
11, & =-2x-1 12. 2t 15=-

@
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Solving quadratic equations with negative coefficients in their
middle terms

Quadratic equations with negative coefficients in the middle terms are solved in
the sume way as those with positive coefficients in the middle terms

onee

Solve the quadratic equation 12" —22x +8 =0,

Solution

Comparing 12x" =22x+8=0 with ax’ +hx 4+« =0, results o
a=12, b==-22, ¢=8§.

te =12 x §=0p,

Rasse Vaerfiemaones Form

The factors of 96 are 1,2, 3, 4.6, 8, 12, 16, 24, 32_48 96,
Thus 6 and 16 should be considered with negative signs,

That 18 - 6and — 16 50 as 1o give a sum of - 22 and product of 96.
S0 -22 = —6x+—16x.

]

The quadratic equation 125"~ 22¢ 4 8 =0 can be re-written as:
12x* - 16 - 6x + 8=0, (splitting the middle term).
(12x" - 16x)—(6x—8)=0,

4(dx-4)- HIx -4 =0 {lactonizing into two linear factors)
(Ax -4} (4x-21=0

Fither 3x—4=00rdx=2=101 (by the zero factor concept).

Tha:n.:lhn:.j_% and 1=%.

e 2 — (SO0 | DLURALTY) Sl 4 sl 0
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Solve the quadratic equation 24" ~ 74 = 39.

Solution

2h -Th-39=0

20" +6h—13h-39=0 (splitting the middle term)
2hth+3) =130k + 3) < 0 (lactorizing into two linear factors)

(h+3IN2h=13)=D

Either, h +3 =0 or 2h =13 =0(bhy the zero fuctor concept)

l

=
S
-
 —]
=
=
-
=
o]
==
—
—_
=
=
£
=
-

Therefore, i=-3 and § = ”
3

ey

Solve the equation ‘r: -2y-24 =0,

Solution

¥ =2y-24=0

¥ —6y+dy-24=0 (splitting the middle term)
Wy=6)+4 v~ 6) = 0ffactorizing into two lincar factors)
(¥=06)(y+4)=0 (by the zero factor concept)

Either, y—6=0 or v +4=0,
Therelore, y=6 and y <-4,

| H l- =

-
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Solution

6 - 3le- 105=0

6"+ 14 -45¢ - 105=0
203+ T)—15(3e +T)=0
(3e+T)(2e-15)=0

Either, 3¢ +7=0 or 2e-15=0

7
Therefore, ;-:l; and t’=—§.

-

Solve the [ollowing quadratic equation 6™ —105 =3 le

Solve the following quadratic equations by factorization:

. ' -10x+9=0

3 v  =10xr+8

5. 2 -Tx+6=0

rf c =10r+21=0
9. 105" —3x—1=0

1. I —15x~18=0

13,  dg" -dg-24=0
15, o' -Tn-120=0
17. 2¢°-129=14

19. 1242y =2x°

Blah PP = (AOW0 | TIURAREY) Peagl 4 sy RO

i,

&

x —Sx+4=0

¥ -x=12=0
' +17= 19u
v =5=ldx
" =20x+6=0

4" —13x+3=0
Ix(3x=2)+1=0

205 =Tx+6
2+ 1) = (3x-2)°

W+ 12=|3v
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Quadratic equations which lead to the difference of two squares

A quudratic equation of the form ¥ —=¢” =0 (¢ is a constant) involves the
difference of two squares. Such equations can be solved by the faclonzation

method of the difference of two squares, that isx =¢ =(x+chx=c)=0.

BSOS 00

Solve the quadratic equation g -9 =,

Solution

¥ -9=0
=3 =0

(x+3Nx-3)=0
Either,x +3=0 or 1-3=0

Therefore, x ==3 and x=3.

o

Salve the quadratic equation 9x” —4 =0,
Solution
Oy ~4=0

(3x)'-2" =0
(3x+2)3x=2)=0

Either, 3x —2=00r 3x+2 =0.

Therefore, x = -% and =2
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Perfect squares
A quadratic equation s a perfect square if it has identical factors.

Consider the general equation ax” + hv4+c =0,

It implies that x* +£_1r+E =0, where a# 0 (dividing by a through out)

o il
( bY ¢ &
Then, | x4+ — ] pe =0 (complciing the squanc) 3
\ 2a) a 4a B
Lipon re-writing the constant terms under one denominator; E
bY | [4ac-b .
.1'+—1J +l4m ,' ‘—[l s
2a A E
This equation becomes a perfect square ifdac — 5 =0, =
¢ h T ) . . __’* ..rc::
Thus, [ X+~ J =015 a perfect square smce 1t has identical roots ¥ = =
11'] il

Quadratic equations involving perfect squares can be solved by the method of
factorization ol perfect squares.

Solve the quadratic equation x* +6x +9 =0 by fuctorization of perfect squires,
Solution
For a perfect square dac - ¥ = 0
check if & +6x+9 =0 is a perfect square
From the equation a =1, h=6, and ¢ =9,
dac-P =4 x| x9-6

=36-136

=)
Therefore, 2* + Gx = 9= is a perfect square
Thus, 2+ 6ix +9 =[x 4 g].:=l.ri 3P =
Either, x+3=00or x+3=0

Thus, x=-3 or x=-3,
Therefore, x =-3 is a repeated root.
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Alternatively, by comparing +* + 6x + 9= 0 withax* + by + =0,
a=1,b=6, c=9
For a perfect square; (.r # h)" =)

2a

M+ e+ 9 =0 isaperfect square

Thmi[n. + "_ﬁl] =(x+3F=0

Therelore, v =3 is a repeated rool.

B 00 0 -

Solve the quadratic equation v =14x+49 =0 by factorization of perfect squares

Solution
For a perfect squure dac — b* =0
check if " =14x+49 =0 is u perfect square.
From the equationa = |, b= 14, and ¢=49,
dac-b =4 x| %49 - (-14)

= |96 - 196

=10
Thus, * - [4x + 49 =0 is a perfect square.

Thatis » — 14 + 49 = (.'l.' {._;'Ii"): =}

=(x-T7F=0
Therefore, - 14x + 49 = (x - 7) = 0 has identical roots x =17,

Alternative method s as [ollows:
Comparng x° —14r+49=10 with ax” +bx+c=0;
a=Lb==14,c=49
For a perfect square;

L
X =—
2a
-=14)

2(1)

— - T.

@

° m_________BEEN

Bl AT
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Exercise 3.4

Solve the following quadratic equations by the factorization method:

. 4 -49=0 2. 9y -6y+1=0
|
| 3. y-4=0 4. o' -8a+16=0 2
5. 254 -9=0 6. 9 +12xr+4=0
7. 16h° = 49 B. 4d° -20d +25=0
9 v =1 10. x =10x=25
@ 11 (x—3) —25=0 12 %:4 @
b |
13, (x-5) =25 R
1.2, 5% 16 9 =36=10
C F=ct—= v fx=9Y =3f=
5. T (x=9)
17.  9x'=12x-4 I8, :liu:+u £1=0
¥ .| Eﬁ
19, dr-1=4r 20. r'—SI+I=U

— (VTN s v i FIT T

&
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Solving quadratic equations by completing the square

It 15 useful to esmblish the relationship between the coefficients of different terms of
a perfect square, Engage in the following activiry to establish this relationship.

| Activity 3.1: Deducing the relationship between cocflicients a. b and £ of 2
quadratic cquation
Steps:
¥ I.1npu1ruurgrum.mﬁun_[uuuﬂngchuqiuyuu:exminm
;_-'__‘ ﬂ,‘,!‘lhfn'-lff 5 b |"h | b
0] e | = (&) |l
— @ | e e e e =l T
E . 2
= J:‘+5.\‘+§E 1 | § = i ! { [_'r+§]
1 4 2 4 2
(b) ' —hx+9 |
(€) | 2 16x + 64 :
® )
|, 3 9
X ——x+—
2 16
i
19 | 2 rdxed
|
.lﬁ X -2x+1 |
w, |
X=X+ '
|, 3 9
3 .9
X =2 |
M| ¥ $10x+25 |
_U_J ] v =20x+100
2. Fill in the cmpty spaces in the chart. Part () has been done as an example,

Note that, the coefficient of ¥ is 1 in all cases.

‘ 3. Study the chart carefully then give the relationship between g, b and ¢,

i © i
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If the chart is comrectly filled, the relatonship ¢ = {“ﬁ_] can be established.

2a

The relationship helps in completing the square when ax® + by is given.

In general, if ax® + by + ¢ = 0 is a perfect square then it should be possible to
express il in the form (x + kY = 0.

In order for @x* + hx + ¢ = 0 to be equated to (x + &)* = 0 we first divide the

v Fripree L

equation ax” + by + ¢ = 0 throughout by a (a £ 0) to get 1~ + E"" " E -

We can now equate the two sides of the equation x + %x + fl- = (x + k).

d
o]
=
o
=
=
-
I_._
-
w2
=
+
o
]

Expansion of the right hand side term gives (x = k)" =x +2kx + £,

We equate this to x= + bes€ und get ¥+ bt ER i+ B,
@ a  u e a @
Comparmg cocllicients on both sides of thus equation we get

b €
o a

= &,

Therefore, k= .;h
o

Henee, if ax® + by + ¢ =0 is a perfect square, (.‘l.' 4 ;) =1

E'i=

and the two roots of the equmiunm: + hbx+¢c=0 are x= == (repeated root).
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What must be added to «* +10x o make the expression 4 perfect square?

Solution
The term to be added mus be the square of half the coeficient of x.

The coefficient of x is 10,

I
Half ol 10 15 EI,I'IJ] = §,

The square of 5 1s 25,

Thus, 25 must be added to x* +10x to make it a perfect square.

Therefore, x* + 104 inlo o perfect square is x +10x+25,

: 5 .
What must be added to x” - Jx w make ita perfect square”

Solution
The coeflicient of x is “% :
Halfof -2 is ’_[_EJ=_E.

2 2y 2 4

_EI fos\ 25

The square of ~3 !l—: =6
Thmﬁ:ut.%mus:beaddcd o x* ;: to make it a perfect square;
that is ¥* =2 x4 2>

2 16

This process of making an expression a perfect square is known as completing
the square.

Scanned with CamScanner



)

Exercise 1.5

To cach of the following expressions add a term which will make it o
perfect square and write the resull in the form (x+k }' .

] u 7 :-4
. 2 3 S X
. % =12k 2, a +3¢ 3. X +—x 4 5
, . B
e 6, ' +5x 7. p +12p 8 sy
1,1 3
9. 1 +'; 10, x 43¢

Th-: tollowing are useful steps for solving

quadratic equations of the form
ax’ +hx4+e=0 by completing the squarc:

te Vitie ooy B

I, Divide each term by 4, that is. ensure

k
2. Move the term a 10 the right side

@ . 3

the coefficient of 2 is 1.
of the equation

Complete the square on the left side ol the equation and balance this by o
adding the same value 10 the right side of the equation,

4. Take the square root on both sides of the equation.

Subtract or add the number that re
order to determine the values of .

Solve the equation ' + 5,

mains on the left side of the equation in

~14=0 by completing the square.
Solution

The equation x* 4 Sx~ 1420 hus 10
(LHS) is converted 10 o perfec
 +5r—14 =0,

be rearranged so that the lefy hand side
| square.

X +5r=14 (adding 14 to bath sides),

o

[TPE] F’—|"l.'n',"lm "i.n.ru'nl.'-u-i il

@
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. 25 25
CASx+==14+2,
X :r+4 =

(adding %:itu both sides to make the LHS a perfect square),

Factonsing the LLHS to obtain,

4

srﬁg
[I+z 3

A (taking the square root off both sides),
4

( 5)‘ 56+ 25
-] = -

e
"
C
=
=
E
=
-
=
=
—
-
)
. o
=
M

I
H

P | L
H
Nl RO WS

@

e

il
|

b |

14
and x=-==1.

1l
L]

"
|
| 2

Therclore, x= 2 and

/
O i

gy VI | o
= |_
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Solution

X -5x4+2=0,

X =Sy ==2,
. 25 25 ( 5V s _
x =5x+—=—2+— (adding S 1o both sides),
FAy
[ sY —8425
(== = ;
\" 2J) 4
I‘ 5]* 17
L} - ¥
)4
LS. [T
2 4
5 I'7
't""_':-l:i ..-:1-.
5 17
X = s
2
. , 5 17
Iherefore, ;:p‘fj and 1=;_g_
p. - -

Solve the quadratic equation & —Sx+ 2 =0 by completing the square,

Al PP - (A0 | FUAARY) Pl A il W91

r!‘l
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Solve the quadratic equation 3x* —7x~6=0 by completing the square.
Solution

It =Tr-6=0,

(dividing ench term by 3),

6 16 36

7 121 11

o - :_'|_' -
s

7 11
In‘ﬁ_..ﬁ-

7411 =?_”.
= h End X ﬁ

Thﬂ'ﬂ'tﬂ'lf. r= 3 II"I-l.i r=-

i | b

@
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Solve the quadratic equation =3w” =9w+2=0 by completing the square.
Solution

I’ =Pw+2 =0

.‘-'u“-_%;n (divide cach term by -3)

y 2
we o Iw==
3

P 9 32
WA A —=—F—.
4
f 3V O35
W —-| =t
| 2) 12
s
Wh—=% [— -
2 12 -
3 i3
WeE——=F f—=
2 12

Wes——t——=——t :
2 2 2 [
5 3 W05
Therelore, ul:.-.—.'i_g. 103 F | ——— —
276 2 6

Maih F2 - (BO0K) | TR Pl 4 sl 68 ;_.,,,
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Exercise 36

Saolve the following quadratic equations by the method of completing

the square.

. x'42x—15=0. 2 4 —Be+3=0
3 WaTv-6=0. 4 6-20-c'=0
5, X +2x-2=0, 6. 12x" —13x+3=0,
7. s -dx+2=0. L8 p+ll=6p

9. 3T +10x+6=0. 10. n*bn+2=0.
1. x"4S5x+3=0, 12 ll-a—-a"=0

@ 13, x45x42=0, 14, 13-2¢ =-2g @

15, wm4llm+20=0, 16. 9N =6h-1,
17. £ —Tx+11=0 I8. -3 =6y+l=0
19. £=llx=3=0, 20 441N -57 =0

General formula for solving quadratie equation

The method of solving quadratic equations by completing the square can be used
to derive the general formula for solving any guadratic equation.

The following are specific quadratic equations 1o illustrate the derivation of
quadratic or general formula using the method of completing the square.,

Fme ©

L E
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Solve the quadratic equation 2x" + Tx+6=0.
Solution

2" 1+ Tx+6=0,
Divide each term by 2,

.1';+-}J;+3=rn.

= |
2 -
Subtract 3 from both sides,
i B L
2
Add[%] on Bt sides,
2 4 4,
[ 7y E
T,,_] P st i) ®
i 6 16
{ 7]' |
X4—| =—.
\" 4) 16

Take the square root on both sides:

x+i=:t Jl_:tl.
4 16 4

Subirmet % ot both sides
T 1 =7#]

=i e,
4 4 4

=7+l _=3 and 1-=_T_I=7H=-:.
4 2 4 4

Therelore, x = —% and r=<=2,

-

T o

Wb F2— §ERDa0n | TUREAY) Sl 4 Sth 67
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Solve the quadratic equation ax® +he+¢ =0.

Solution
Divide each term by

x© +£.t+£=11.
i “

Subtract — from both sides,

!

i

.."

e

=

-

=

-

=

-

=

—

-

i

-

—

a a
i p Y 1
Add [—] on both sides:
2a
t?+hr+[ h }-":‘irl‘[_h ]?
; a 2a a \2a/)’
® ['IH b }'.__—:" bt b —dac @
“Ta) a 4 da’
Tuke the square root on both sides
r+-b—=i b— ‘!ﬂc.
2a 4a

h A b* —dar
24 28 Ao

Subtract 11 from both sides
a

R

@ parry ET | —
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~b 4+ b’ ~dac ~b= b —dac

Thercfore, x = 7 and = %

s where a=0).

This gives the general formuln For solving the quadratic equations,

That is, if ax” +be+e=0;then, x = =42 ":J S provided that &° = dac.

The following aresteps for solving quadratic equations of the form ax® +hx+c =0
by the general formula:

1. Write the given quadratic equation in standard form ax® +bx +0 =0,
2. Compare the given quadratic equation with the standard form ax® <br+e=0

l-EI
=
o,
"
ia
-t
o
=
=
—
-
-
R
=
=
-
!

Lo identify the values of a, b and ¢.

3. Substitute the values of a, » and ¢ in the formula = :

get the value of X. &

Solve 6x° +11x+3 =0 using the genernl quadratic formula.

Solution
Comparing ax’ + by +c=0 with 6x° +11x+3=0, gives the result:

a=6b=1lunde=3.
Jb’--t
Substituting these values ino x = s = ur. we get
2a

o ~NE 1) - 4x6x3
= - ,

t:—llfq“!l-'ﬂ

12

— Wi 72 = (B0 | LAY St 4 el B0 -8
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12
18
X = _l_:-'. and I.Z-E.

|
Therelore, ¥=—7 and y—- é_
3 2

S
=
=

=
AL
-
L
=
e
-
=
£

L
-
=
—

=

e
-
—
T

&

-
=

I \umﬂr 1.23

Solve Sx* —6x—| =0 using the quadratic formula.

Solution

Since 53" -6x=1=0.thena=5. b=—b6and ¢ = -1,

~h4 b —dac
2

X =

L]

_(-B)2(6) —4x5x(-1)

%5

Izﬁtﬁuzn _ 6456

1 10

.t_—'ﬂ ll.'l‘II;I -t-ﬁ_j

g+2via _, _6-2J14
x= A==
10 10

-
3+;’ﬁ and y== :,fﬁ

Therelore, =

&

Ji
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Solution

-1mr+3m-au=u.

. I. -—4[}{1.3:=3|?.und1-=~m.
¥ using the generg] formula,

ke b+ b dac
2a ‘

Substitule the viluesof g, b and ¢

k= GBI+ 317y —H-400) -60)

2(-400)

= —JITi,ﬂm 489 - 96 000

800
317+ faax9 _ 317467
—800 ~800
. =317 +67 a
k== g 4 2317-67

800

Therefore, k== and k=12
16 25°
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Solve the following quadratic equations using the general formula:

x ~4xr+3=0
' -6x-2=0
2 —~Tx+3=0
v —2x-2=0

3x(x—1)=4

X +2x=3=0

AN+ 200~ =10

6y +12y =0

-

14.

16,

I8,

P 43x+1=0

2y +3x-2=0

(x+3) =10
-22n =15 +27=0
x(x+3)={(x-1)(2x~1)
—-!45;.!: +97p—-6=1)
=12m" 4+ 36m—27=0

20" +e=6

Ward problems involving quadratic equations

The following are steps for solving word problems which involve quadmatic
equatons:

:J...'.-.-I- [t

f I

-
- [(SF IR

Read the given problem carefully and choose a variable to represent the
unknown quantity
Formulate the quadratic equation from the given problem,
Solve the quadratic equation obmined.

Verify the solution.
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The difference between two

Positive numbers is 8 und their product s 105,
Find the larger number

Soliution

Let the larger number be X,
Then, the smaller number s g
Their product is Mr=R)=105.

X" ~8x =105,

x* ~8x- 105 ={,

x=15)x+7 =0

Hence, v =15 and y= ~7.

But, since the required number is positive,

-7 _i% rejected.
Hence, x = |5

If the larger number i< 15 then the smaller number i 15

~y=8 y=7
Checking: Their product is 15 « 7 < 105
Therelore, the larger numiber i 15,
Exam e 3,26 |
e —— _H
A rectangular garden i 6 metres wide and & metres long, Whay length should be
added to the shorigr side and reduced from the

longer side 1o torm a rectan
garden with un are

gular
4 0 45 square metres?

Scanned with CamScanner

i Ll

r iy
Varhemaiios F i,




&
L.
-
£
—
=
-
-
=
s
-
2
—
-
e
S
-
=
-
=

Solution

Let v metres represent the added length. Then, the sides of the reclungular

garden will be:

Width = (6 + x)m and length= (8 - x) uy shown in the following figure

Arca=45m? {6+ xim

(¥=x)m

Area of the new rectangular garden s given by: (8 - x) (6 + x) = 45,

(B—xX6+x)=45
48+Bx=6x—x"' =45

' =2y-3=0

© -3x+x-3=0
xix=3)+l[x=-3=0
(x=3INx+D=0

x=3=0 and x+1=0.

r=3 and r=-I

But length cannot be negative.
Hence, x =1 isrgjected

Therefore, x =3 melres

Verifving: New width = (6+ 3) metres =9 metres
New length = (8 — 3) metres = 5 metres

Therelore, area =9 metres x § metres = 45 sguare metre,

L

L1

I
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Juma bought a cenain number of mangoes for 3 600 shillings, 1f each mango had
costed 50 shillings less, he could have bought six more mangoes for the same

amount of money, how many mangoes did he buy?

Salution
Let ¥ reptesent the number of mangoes bought, Then the price of ench mango
3 600

X
Therelore, each mango would cost

wis shillings. Six more mangoes correspond to (x + 6) mangoes.

x+6
This price per mango is less than the previous one by 50 shillings,

Then, 3-‘.}[!!]__ 1 600
X x =

= 5():

3 600(x +6)—3 600x = 50x(x + 6),

3600y + 21 6003 600x =501 + 300y
21 600 = 50x° + 300x

Divide each term by 50 1o obtain the following:
¥ +6x—432=0
(r=18)x+24)=0

¥ =18=0 and x+24=1),
r= |8 and x= -24.

Theretore, the number o mangoes bought was |8 beciuse it is impossible 1o
have a negative number of mangoes,

Checking: With 18 mangoes each costs 200 shillmgs. Six more mangoes each

costs 150 shillings.

The difference is (200 — 150) shillings = 50 shillings,

Tl '

Mhar P = (SO0 DTSR Pl A dulls  W0A
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Answer the lollowing questions:

I.  The base of a triangle is § cm less than the height and the area is 33 cm’.
Find the length of the base.

2. Thelength of a classroom floor is 4 metres more than the width and the areq is
221 square metres. Find the dimensions of the floor,

3. Find two positive numbers which differ by 5 and whose product is 126,

4. The perimeter of o reclangular garden is 60 metres and its area is 209 square
melres. Find the dimensions of the garden,

3. Find two consecutive numbers whose product is 132

&
-
.
i
=
=
=
=
=
.
=
==
=
=
-
-
]
)
=
-
=

6. Find two consecutive even numbers whose product 1s 80.

7. The ages of a man and his son are 35 and 9 years, respectively. How many
years ago was the product of their ages 87 vears?

A square garden of side 20 metres is surrounded by a puth whose area is the
same as that of the garden. Find the width of the path.

L)
oe

9. A piece of wire 40 cm long 5 cut into {wo parts and cach part is then bent
ko @ square, IMthe sum of the areas ol these squares is 68 square centimetres,
find the lengths of the wo preces of wire.

Chapter summary

. Tosolven quadratic equation means to find its solutions.

!‘n.l-

The solutions of a quadmtic equation are also known as roots. To find the roots:
(a)  Arrange the equation in the form axv® +bx+c=0
(b) Factorize the left hand side if possible,

3. If the quadratic equation ax’ + hx+e=0 cannot be factorized, solve the

cquation either by completing the square or by applying the quadratic
formula

=i VR
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Revision exercise 3

Answer the following questions:

1. Solve the following quadnitic equations by the factorization method:

() x*+3x=0

() x=3x*

(¢} x(5-x)=0

gl x +3x-40=0
(i) 12x" +13x+3=0
(ky x —10x+ 24= 0

im) 3x=+ =9y

(0) 4x =25

(@ (x—8) =36

(s) %' -6y+l=0

2
(n) X +6r+T=0
©) £=Ix-7
{e) m+5m=|
(g) 2 =8b+ll

(i) Sn” =20n+ 28

—

il PP = (ROM0 | TR et 4 el AT

=

ib) 3¢ =15x=0

() 2x"=3x

(h  Ta -3x=0 i

th) I -7x=6=0 :3

() ¥ 4+3x+2=0 _:

(1 2 —x—6=0

(m)  3x° 4 1lx-10=0

(M ¥ -36=0

ir) 4x' =20x-25 .

() (x+3) =49=0

Solve the following quadratic equations by completing the square:

(hy & —=lx+1=0
(d) 26 ~10x+7=0
(n p -10p+5i=0
(hy 3¢ -12a=2
() ¢ —8c+13=0

I—
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3. Use the quadratic formuln to solve the following equations:

(a) 4x*-4x+1=0 (b) 5x" +12x+3=0
() (3x-2)(2x-5)=5x(x-2) (d) 3x° =4x+4
() 2x —5x+2=0 (N 5 -x-18=0

4.  Aman 184 times as old as his son. In4 years to come the product of their ages
will be 520, Find the son’s present age.

LA

Sada has 1 800 shillings to buy pencils. There are two types of pencils whose
prices differ by 40 shillings. If she buys the cheaper type she will get 12 more
pencils than if she buys the expensive type. What are the prices of the two
types of pencily?

6. Find two consecutive numbers such that the sum of their squares is equal to 143

7. Apicture measures 12 cm by 9 emand is surrounded by a frame whose area 15

|80 square centimeires. Find the value of.x as shown mn the following figure.
— 1@&

in number. the result 18 the same as when 5 18

&  When 6 is divided by u certa
¢ number,

added to the number and that sum divided by 6. Find th

st . I
9. Find the whole number such that twice its square 18 11 more than 21 times

tle number.

10, A piece of wire S6cm long is bent to form a rectangle of arca 171 cm®. Find

the dimensions of the rectangle.
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Chapter Four

Logarithms

There are several wavs of simplifving mathematical expressions. A simple
way of adding one number many times repeatedly is to use multiplication.
Similarly, a simple way of multiplving one mumber many times repeatedly
is to use exponents, Likewise, the simple way of dealing with exponents is
to wse logarithms, The word logarithm originates from two Greek words;
“logs™ means ratio and “arithmos" which means number: In this chapter
vou will learn {0 write numbers in standand form (sclentific notation), use
laws of logarithms in calewlations, and to find values of logarithms by using
a table of common logarithms. The competences developed in this chapter B
® will enable vou to simplifv a process of solving different scientific and
engincering problems, including evaluation of complicated mathematical

expressions involving numbers,
& Ea

sy f.l‘-':l;'ﬂ:f'-'- ,LI.IJ

=
B
T
-
=
]
-

—

ok
-
-
e
=

Standard form
When a number is expressed in the form A= 107, where | = A < 10 and » is an
ileger, it is said 1o be ina Standard form or Scientific notation. For example,

the following numbers are expressed in the standard form:
(4) 200=29x100=2.9x10°
(b) 20=29x10=29x10

(¢) 29=29x10"

(d) D29=29x0.]1=29x II[I =29%10"

Mt £ - (OO [TIAIEY) Sagt 4 ol 100 @. —_
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When writing numbers in the standard form, the following should be noted:
I.  For numbers between U and 1, the decimal point is moved to the right and

the exponent of 10 is negatve.

Pl

left and the exponent of 10 is positive.

1. The sign of the exponent of 10 is determined by the number of places where

the decimal point moves to the right or to the left.

4. For numbers which are greater than or equal 1o | and less than 10, the

exponent of 10 is 0.

5. Inmultiphcation of exponeniial numbers, the exponents are added, while in

division the exponents are subtracted.

Write the following numbers in the standard form:

(a) 230 D00 OO0 (b) 245 (c) 0.00045
Solution

(@) 230 000 000 = 2.3x100 000 000 =2.3x10"

(b) 245=245x100=245x10",

(€) 000045 =4.5x 00001 =4.5x107".

For numbers greater than or equal to 10, the decimal point is moved to the

Write each of the following standard forms in decimal numerals:

(a) 4.8%10° (b) 3.5x10" () 1.4x104
Salution

() 4810 =482 1000 = 4800

(b) 3.5x10" =3.5=0,000001 = 0.0000035

fc) 14=107 = 1.4=0,0001 =0,00014

Scanned with CamScanner
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Esmmple 4.3

Simplify each of the following and give the answers in the standard form:

(a) (7 = 107) (8 = 104) (b) (7% 1038 =104

Solution
(@) (7x107)(8x10") =(7=8)x(10°=x10")
=56x10°

=5.6x10x10"

=56x10
Therefore, (7 = 10°) (8 = 104) = 5.6 < 107,

(b) (72107 )(8x10*)=7x8x 107 %10 =56x10*
~56%10"
= 5610 <107

=56x=10"
Therefare, (7 = 103) (8= 107Y) =5.6 x 1072,

e Iil-l-‘-

Ml 2 — EAC O [TLAINTY) Pl 4 ol 171
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Calculate the following numbers giving the answer in the standard form:
(a) th-l[]? by 3 848x10
S=10 20=10°
Solution Solution
4um’_iI£ -I.B,-I-ﬂulﬂ'l;'lﬂ';ﬂzi"‘
s<100 5 10° 20 10° 20 1
~0,8x10 =2424x10"
=8,0x10" x10' =2424x10"
=8.0x10° =242 =10 <107
= 2424107
herefore, 2210« §0%10° |
Sx |l Therefore, 3 348x10 H#ﬂ? —2424%107"
2= 10r

Answer the following questions:
I.  Write esch of the following numbers in (he standard form:

(n) 31065 (h) 951 (c) 9999 (d) &

(e) 1 (N éoo3 (g 253009115 (h) 5.4
100

(1)  ooo0d068 () 7245 (k) 1983 (1 0.000008

(m) 3 (n) 30 (o) 463.18 P 265x«10"
4

2. Wnite in decimal numerals each of the following:

() 9.10 = 10° (b) 74 =10 (c) JI=10"

(d) 265 =10¢ () 274x=10 n 42=10*

(2) 3.68 =107 (hy B.67=10° M 25=100

(i) 9.18 = 10¢ (k) 4.0 = 10" (h 1,06 = 109

= s 1A P
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Evaluate each of the following expressions and write your answer in the
standard form:

@ (225%10° )= (4x10°) (h) (2.75%10" )x(8x10° )
(€) [B5x10")x[24x10°) (d) (25=10")=(8x10")

(e) (222x10")x(5.5%10°7)

Thy

Evaluate each of the following expressions, giving your answer m the form
Ax 1, (where | <A< 10, and # is an integer):

9x10" 7= 10" 3
@ 2y S g BIE g 3
210 1.4=10 Sx10° 5x10°
192x10" . 3 Sx10* 2 :
©) :!xu_. ) mm:m:l g 35x10 ) |..5:-=n3
3x107 400 %10 7=10° S=10°

Find the area of a circle of radius 20 em giving the answer in the standard
form (use m=3.142).

|_:§".

The distance of the Earth from the sun is about 1 404 10" kilometres.
Write this distance as a decimal numeral.

The diameters of certoin molecules have been calculated in cenlimetres as
Tollows:

(a) Hydrogen: 247=10™"
(b} Oxygen: 3.39=10"
Wnite these diameters in decimal form.

ey
&
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Logarithms

When a number is expressed in power form, 1t is written as o base raised to an
exponent, For example, if a = &* then ‘o’ 15 writlen in terms of base “b° raised w
an exponent “x” or “x" is the logarithm of @ to base b,

The exponent x is the number that shows how many limes a base is multiplied by

iself o produce a product. Thus x is called the logarithm of a to base 4.

Ul

In short form, it is written as log, @ =x where @ >0, and this is called the
logarithmic notation.

For instance, 64 in exponential form can be expressed as 2. The exponent 6 is

e
#
g
E

called the logarithm of 64 1o base 2. In short it is written as 6 = log, 64.

For example:

25=5" is writlenus 2= log, 25
1000=10" is written as 3= log, , 1000
0.0001=10"" is written ns —4 = log,, 0,000 ] ©

In generul, a=5" is written os x = logy @ wherea >0, x is o real number and b = 0,

Nn_m that, when stating the logarithm of a number, the base 1o which it is
raised should be suted.

Consider the lullowing:

= 7* s i o 1 .
< means & is the logarithm of 64 to base 2 written aslog. 64 = 6

64 = 4" mecans 3 s the logarithm of 64 to base 4 written a8 log, 64 = 3
v " -

64 =8 means 2 is the logarithm of 64 to base 8 written as log, 64 =2
] Sl

o L S
=

BT o e
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Example 4.5

Express each of the following expressions according to the given instruction:
{a) log,8=3in exponential form
4 l
(b} 5 =—in logarithmic form
125
) n.1=10" in logarithmic form
Solution
{a) hg: 8=3 in exponential form is »=8
st e
(b) 125 0 loganthmic form 1s —3 = log, |L E]

(¢) 0.1=10" in loganihmic form is -1 =log,, (0.1)

T 000

Solve for x each of the following expressions:

(@) x=log, 100 (b) -S=log, (0.00001)  (c) log, x=2

Solution

(a) x=log, 100 wnting in exponential form, which gives 100 = 107 and 10° = 107
Therefore, x=2.

(b) —S=1log 0.0000] writing in exponentinl form, which gives x * = 0.0000]
Bul 0.00001=10"

Sothat x * =10
Therelore, x=10,

(€) log, x=2, writing in exponential form, which gives 8 =x

Therefore, x =64,

= Vatdiericbies B9

Wit 2 - OO [SLRARIYY Pl A dilln 118 @‘J’ .m_
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Special cases on logarithms
The following are some special cases on logarithms of numbers:
1. If log,a=x, then, @' =a which gives x=1.

Therefore, log,a=1.
Thus, log,, 10=1 and log,2=1.

F A

2. If log. (@) =x lorapositive number a; then «" =a", which gives x=n

Therelore, log, (@) =n.

Base 10 logarithms
Base 10 logarithms are logarithms of numbers to base 10, sometimes known as
common logarithms. The base 10 is usually left out when wnling logarithms

to base 10. For example, instead of writing log,, 315, it is simply written as log

315. In general, instead of writing log,, x it is wriltten as log x.

The logarithms of numbers which are powers of integral exponents of 10 can be
found as follows:

log 100 = logl0" =2

logl0=loglbd' =1

logl=logl0" =0

log0.1=log 107" = -1

log0.01=log107 = -2

log 0.001 = log 10~ =—3

In general, log 1 =n

.ﬁ; B )P —

__
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Exercise 4.2

Answer the following questions:
1. Complete the following:
(n) 2°=16,50 4=log...
(b) 5=25s02=log..
fc) 3'=243,s0 5=log...

2. Write the [llowing exponentinl forms in logarithmic forms:

E
i
-
- -
£
=
=
£
E
=
-
=
=
e
.
-z
-
=
=
=

n) 4'=p4 (h)  10% =1 D00 000 (c) ;r'.E
(d) 10"=1 (e) 13'=13 (f) 107" = 0,001 —
I 41 16 . 1
(@) 10=— W [=] == Ml
¥ 10" v [3] 9 ¥ B
@ 3. Write the following logarithmie forms m expanentinl forms: @
(@) log, 121=2 (b)  log,10000~4 (c) log,0.0=-1
(d) zvl ()] log.025=22 0 log !—1— 3
log, 2= ) : =2 g 115J"
4. Find the value of x in cach of the following equations:
(a) log,x=2 by logl=x ey log, x=1
() log,x=-3 (c) log,256=x () log,10=1
l2) luu:[-,ﬁ]ﬂ (hy log 100000000=8 () log 1000=3
) 3
u* M%H.ME=I (k) l“ﬂ-ﬂ‘=5 (h lﬂEmll_T=“3
(m) log,25%6=x  (m) log,l=x ©) log,x=2

5. Delermine the number whose logarithm to base § is -3,

Rl P — SO0 [TLARY Bl 4 il 117 .Ii'i. -
| '_ a
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Laws of logarithms

There are rules which guide us to write expressions involving logarnithms in
ditferent ways. These rules are known ns the Laws ol logarithms. The lows apply
(o loganthms (o any base, However, the same base must be used throughout for
all steps. The following are the four rules of logarithms:

| I' Prm mlc hﬂﬂ:{"r-r‘= I“ﬂ- X + hﬂ# r‘l'
‘ 2. Quotient rule

lns..[%]= log, x~log, y

3. Power rule or Rule of exponents log, x" =nlog, x

F4. Roots mle

log, ¥x" =log, x* =Liog, x
i

where m £ 0, m and w1 are integers,

——— e —

Derivation of the laws of logarithms
Product law

Letp =log, x and g =log, ¥ (1)
Expressing equation (i) in exponential form gives

x =a" and y=g* (2)
From the rules of exsponenls o x g = g™

It follows that xv=g" xa" = ™" (3)
Expressing equation (iii) in logarithmic form gives
log (x)=log, o™

=(p+qllog, a

=p+yq

log, (x¥)=p+q 4

Substituting the expressions for p and g from equation (1) in (4) to obtain

log, (xy) = log, x+log, v

@' Lo R L0
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Exnmple 4.7

Evaluate
() log,(81x9)

Solution

(n) log,(81=9)=log, 81 +log,9
=log, 3' +log, ¥
=4log,3+2log, }
={4x1)+(2%1])
=442
=i

Therefore, log,(Blx9)=6.

(b) log, (125 %

(b) log.(125x 625)

=log. 5 +log. 5§
+4log, 5
(4=1)

= 3log, 5
=[{3=])4
=3+4
=7
Therefore, Jog, (125 x625) = 7.

Find: (a) log,(4x8)

Solution

=log. 4 +log, ¥
=log, 2° + log. 2
=2og, 243 log, 2
=[x 1)+ (3 =)
=2+3

=3

(@) log.(4x=8)

Therefore, log,(4x8)=5

(b) log, (0.01x100 000)

(b) log  (0.01=100 (M)
=log,, 0.01+log_ 100 (K10
log 107~ +logl0’
—2logl0+Slog 10
=(-2x1)+(5x1)
=-1+58
=3

Pherefore, log,, (0.01x100000) = 3.

R P = (R0 | SRR B o il 108
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Power law

——
=

Let, p = log m"
=log, (m *m = m %% m) (upton times)
=log m +log m+ log m+-- -+ log S (by using logatithm product law)
= nlog_m

Therefore, log m" = nlog_m

i

§ Find log, 9’
:.f_ Solution
oy log, 9" =2log, 9
= =2log, ¥’
=22)log, 3
=4(1)
=4
@ . .
Therelore, log, 9° =4.
I-.mm@cd.lu s,:'l v,
Find the value of:
() log, (64) () log (100)" () log (0.1)°
Solution
(0) log,(64) =5log, (64) (b} log(100)” = 25log100
=Slog, 4 =25log10°
=5x3log, 4 =25x2logl0
= |3 =25x2 x|
Therefore, log, (64)" =15. =30
Therefore, log(100)* = 50.

& i ol

'i' - T |-
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(€) log(0.1) = 6log(0.1)
=fHlogl0'
=6x(-1)logll
=Hx(-1)xl
=—6

Therefore, log(0.1)" =-6.

L

Quotient rule

Let, p=log xand g=log, y (1)
Fxpressing equation (1) in exponential form, gives
r=a"and ¥ =q" (2)
From the rules of exponents a” +a* =a" *
From equation (2) divide v by v, 10 oblain 8
B, g .
=a” +a" =a"" (by laws of exponents)
-
1 =g " (3
)
Express equation (3) in logarithmic form Lo oblain
X
log | =log, a”™
L .L' I
= (p=g)log, a
=p=q (4)

Substitute the expressions for p and g from equation (1) (4) 1o obtain
jog, x—log, ¥

: [ x|
Therefore, log, i= log, x ~log,_ -
L ¥

i 2 — (SO0 PR Sl b w1 EE
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27
Find the value of Iug,[ F]
F

Solution
27
lug;[;]ﬂnﬂj 27=log,9
=log.3" - log, ¥’
=3ID‘E13" :Iﬂg;3
= 3(1)=2(1)
= |

5

Therefore, [ng_,[ §]= 1.

T

Fvalunte the following:
(a) log,(9+243) (b) logll0+(LO0Y)
Silution
(a) log,(9 +243)=log,9 - log, 243
=log, 3" —log, %
=2log,3=Slog, 3
= 2(1) =31
=3
Therelore, log, (9+243)=-3.

i
lh] l:ﬂg“ﬂ + 'Ilﬂl]'l] — [l}g]n{ ul_ml

=log,, 10-log,, 0.00]
=log,, 10' - log,, 107
=llog,, 10— (-3)log, 10
=143=4

Therefore, log(10+0.001) =4,

._- .

sl

@
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Roots law

Let, p=log, Ux.
I

From the law of exponents, Y=o
It follows that,

p=log, x”

I
=—log_x
"

Therefore, log, ¥/x = % log_ x.
"

i @200 0

Find the value of each of the followmg:

& Vrhemra ifes B

() log, J729 (b) mgt.-‘u.mmm
e

(¢) log V100000 (d) log, E

Solution

. i 4
@) og, 79 = log, (129)F (b)  log Y0.000001 = lou(0.000001)

fiyt
I - =Inmlﬂ :]
= — 0
8, - log10°*
= Lx3log,9 = log 107
; =-2logl0
=E :—zll!l
=_ﬁ
Therefore, log, V729 =§ Theretore, log Y0.000001 = 2.

I o i
_— | Nl P — D) [T St s 133 .@
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1 (1
-i..;smgm Emg"[i
l !
=—x5x] 'E"jluﬂ-i[i]
. | ;
I :-ix.'-!-lng,E
= 2x3x(~T)log, 3
=-Il—x3H{-“'-"=l
.
2

| 3
ey tl'l'gj er—__i"n —-i—.

E X

Determine the value of x i log, x = log, 2-log, 3.
Solution

log, x=log, 2~log, 3;

2
I 7 =h i(_]
Og, B 3

X =

Ld | B2
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Given that log2 =0.30103 and log3=047712 calculate the value of log 48
and write the luws involved at each stage of finding the answer.
Solution

log48=log(2'x3) (factors of 48)
=log2' +log3 (logarithm of a product)
=4log2+log3 (logarithm of a power)
=4(0.30103) + 0.47712
= | 6R124

Therefare, logd48=1.68124.

T

Find the value of x if log, x = %mg 4+ émg_ 27.

Salution

log, x= % log, 4+ -._li log, 27

i
i

¥
=log, 4" +log, 27

log, (2')7 +log, (3')
=log, 2+log, 3
=log, (2x3)
= log, 6
log x=log, 6
SLx=0
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log 6
log216°

Simplify

Solution
logh _ logb
log 216 logh'
~ logb
= Tf_nﬂt‘:-
1

3

logé |

Therefore, log 216 =

Answer the following questions:
1. Find the value of each of the following:

log, (Sx 25x625)
log, (49-+343)

log. (5+125)
log. V8

log 0.001°

log, 28=log, 7

log 20+ log 50

log ¥4
log ﬁ

(@) log, (9x81) (h)

(¢) log (100+0.0001) (dy
2. Calculate each of the following:

(@) log, 49’ (b

(c) Ingbﬁ.l'mi (d)

(e) log¥ 1000 (n
3, Simplify cach of the following using the laws of logarithms:

m (b)

log4
(c) log, 10+1og, 8.1 ()
10
. — (f
() log3 “"glm]

o

FETSEE 1
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4. Find without using tables or i calculator, the value of 2log$ + logd6 - log9.

5. Determine the value of x in ench of the following equations:

(1) log, x=log, 4+1og, 5 (by logx = log2+logs
6. Find the value of x in each of the following equations:

(8)  Jogx = log20-log200+ log 50 (b) logx=log2—log20+log5
7. Find the value of x in each of the fullowing equations:

(a) log, v=log, 5+2log,3 (b) log, x=3log, 15-2log 13

8 Given thatlog2 = 0.30103, log3= 0.47712 and log 5 = 0.69897,

Find the value of log90.
9. If logy+2logx =13, cxpressy in terms of x.

Logarithms of numbers which are between 1 and 10
d form and then using the laws of logarithms,

By expressing a number in standar
0 can be found.

the logarithm of any number between I und |

For example, the logarithm of 347 is calculnted as follows;

log 347 =log (3.47x107)
=log 3,47+ log10°
=log 34742

Since log 1 = 0 und log 10= . then the logarithm of 3.47 is between 0 and 1.

That is, D<log 347 <l1.

he wable of common logarithms which
of mumbers between | and 10 only.
in standard form.

The value of log 3.47 can be read from |
gives the approximate values of logarithms
That is why it is necessary 1o expressd number

=

frawle Veahemaed Formg T

Rl 2 — (PR | DALIARNTY) i 4. el e

|
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Tables of common logarithms

The four figure logarithmic tables are wadely used to find values of logarithms.
These tables gives the approximate values of logarithms from the equation
y=log,x,forl <x< [0

In order 1o find the loganithm of 3.47 from the table of commeon logarithms, first
locate 3.4 on the extreme left hand column with x values (see Table 4.1). The row
with 3.4 mects the column labeled 7 at 0.5403.

o log347 =05403 (since log 3.47 lics between 0 and 1)
Therefore, log 347 = log 3. 47+ 2 = 0.5403 + 2 = 2 5403,

Table 4.1: Common logarithms

Ini,u.t or log x

| Mml‘.lﬁlmm:lﬂ
x|l o | 1| e | 7 8|9 [a]2]3T%]s]6l2[8]"
| | 1.0 0,00000.0043|... 0.02530.0204(0,0334(0.0374] 4 | & |12 (172125 [29 |33 |37

——— b e e

® | &
33 DSIBS05198  0.5263 alos2x9j0.5302( 1 |3 4[5 6 8|9 |10]12.
|34 05315,0.5308.10,53910 5403]0.541610,5428) 1 |3 |4 |5, 618 |9 |10]11]
(35 3540105453 (0.5514)0.8527 0553900.5551) 1 |2 |4 15161319 (10l

The logarithm of o number is formed by two parts, an integral part and a decimal
part. The integral part is called the characteristic and the decimal part is called

the mantissa. For example, log 347 = 2.5403 , the characteristic is 2 and the
muniissa s 5403,

The logarithm of 34.75 can be found from logarithm tables as follows: First. read

and record the logarithm of 3.47; then continue moving hornzontally along the
row that contnins 3.4 on the extreme left until you reach the column with 5 at the

top in the differences column, The number 6 obtined is added to the lnst digit of
3403 (the mantissu) (o obtain 5409,

Therefore, log34.75 = 1.5409. Here the characteristic is | and mantissa is 5409,

Fimm ©
__ ®
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To find the logarithm of a number with more than four figures, first write the
number in standard form, then round up the number to four significant figures
and then follow the procedures of finding the logarithm of & number by using

common logarithm mbles,

e s —

(a) log 356 = log(3.36x 107 )
=log1.56+log 10° (logarithm of a product)

=0.5514+2 (logarithm of a power)
=2.5514

Therefore, logis6=25514,

(b) log 2534 =log(2.534x10")
=log2.534 + log 10¢ (logarithm of & product)

= (.4038 + 3 (loganthm of a power)
= 34038

Therefore, log 2534 =3.4038.

(€) log 62.94 = Im[ﬁ.l‘}d x10')
= log 6.294 + log 10 (logarithm of & product)

=0.7990 + | {logarithm of a power)
= |.7990

Therefore, log62.94 =1.7990.

Find the logarithm of each of the following numbers:
(a) 356 (b) 2534 (c) 62.94 (d) 75 648 (¢) 64.667
Solution

Scannex d with CamScanner
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(d) log 75 648 = (7.5648x10")
= log 7.5648 + log 10" (logarithm of a product)

=0.8788 + 4 (logarithm of a power)
= 4 B78Y

Therefore, log 75 648 = 4 R788.

(e) log 64.667 = log (6.4667 = 10")
= log 64667 + log 10" (logarithm of 4 product)
= 08107 +1 (logarithm of a power)
= L8107

Therefore, log 64,667 =1.8107.
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Antilogarithms

Since 1.7990 is the logarithm of 62.94, then 62.94 is called the antilogarithm

of 1.7990. This can also be said that the antilog of 1.7990 is 62.94, Tables of
- antilogarithms can be used to find a number whose logarithm is known, For

example, © obtin the number (antilogarithm) whose logarithm is 1,7990, the

[ollowing steps should be followed:

Step 1: In the extreme left column of Tahle 4.2 locate the number 79,

Step 2: Move horizontally along this row unti] it coincides with the muin column
headed 9. The numnber at the intersection is 6,295

Smee in log 1.7990, 1 is a charscteristic and 7990 is the mantissa then,

the antilog of 1.7990 is 6295« 10' = 62.95.

In general, the anti - logarithm of & number x is denoted as log ' x.

Also, unti — logarithmic tables can be used to find a number whose loganthm is
0.5514 as follows:

tn the extreme left hand column of the anti - logarithmic Table 4.2, locate .55.
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Table 4.2. Anti-logarithms
{1
i
| ;
r . I T N » B Dy
. 1(safs]|s[7]n]0e
00 | 100 | 10w Lot | vone | 10wy (1ot [o o [0 (o jt|rjal2]2
| 'n:r:}lum o3& | 1040 | G043 | Lods |0 0 |J| Plala2lzla
|
| |
: -
|34 | 3407 | 347 256 |3s2e 3332 (3sm | 0 |2 |23 |45 6|67
L] |u-m 3 %50 0w | 3606 | 3614 (dEm [y |2 l2lalal=]|e]lT]7
EREIEED m.ijm 369 3207 |1 233|415 8 7%
]
1 | !
™ | BO36 | 6,040 ol |wi2e foiss (e | [ aJabePrlsllnuln
79 | 666 | 6180 6343 | 6208 | 6281 | 6298 | 1 1":7 AR
. .

The row with .35 meets the column labeled | in the maim column part at 3.556,
Continuation with this row (horizontally) meets a column labeled 4 in the
difference column at number 3, This number 3 is added to the last digit of 3.556
to obtain 3.559.

Since the reguired number lies between | and 10, then the requited number is
3.559. On rounding it to 2 decimal places, we get 3.56.

Therefore, log 3.56 = 0.5514. The number 3.56 is known as the anti — logarithm
(or antilog) of 0.5514.

- it 2 = (RCRCIRY | TLUBANTY) Sa 4 sl 131 @
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(a) 1.8R10 (b) 37515

Solution

(#) Let. log v =1.8810 (logarithm)
_‘r=lug"'{l.ﬂﬂlﬂ]{nntilugnriﬂlml
¥ =7.603x10' (standard form)

y=T76.03

(b) Let, logx =3.7515 (logarithm)
x =log ' (3.7515) (antilogarithm)
= 5.642x10° (standard form)
x=5642

Therefore, 3.7515 is the logarithm of 5642.

(c) Let, loga =1.2466 (Logarithm)
a = log ' (1.2466) (antilogurithm)
u=1764%10" (standard form)

a=17.64

Therefore, 1.2466 18 the logarithm of 17.64.

Use mathematical tables to find the numbers whose logarithins an::

Therefore, 1.8810 is the logarithm of 76,03,

fc) 1.2466

©

il 1. A _—
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Answer the Tollowing questions:

I, Use the table of common logarithms to find the logurithms of each of the

following numbers:
(a) 1583 (b) 29K fc) 4088 (d)y 8541
(e) 9007 (Hh 6 (g) 3444 (b 75348

[

Write the mantissa and the characteristic of each of the following logarithms:
(1) 0.0423 (b) 58181 (¢) 26230 (&) K4894

1. Usemathematical ables to find the logarithm of each of the following numbers:
(a) 8725 (b)  700.1 (¢} 76408 () 4300000
c) 837 (M 111327 (@ 20 (h) 1986
(iy TROBS9 () 354 (k) 43.657 {h 493 000

4. Use mathematicul tables to find the number whose loganthm is:
() 2 {b) 0.73 (<) 1.4533 (d) 5.9899

(@ 10043 (07783 (g 4608 (w29
() 36721 () 28567 (k) 46755 (D 06842

5 Determine the mantissa and charagteristics ineach of the following logarithms:

(a) log4 127 (b) log 78.29
(¢c) log2.828 (dy log 100 000 000

Logarithms of numbers greater than 0 but less than |
The logarithm ofa number which lics hetween 0 and 1, can be found by expressing
the number in the standard form and using the luws of exponents.
Consider finding the logarithm of 0.00347
Jog 0.00347 = log(347x107)
= log3.47 + log10™"
=log3.47 +(-3)

From the table, log 3.47= 05403,
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The mantissa is 3403 and the charactenistic is 0.
1t should be noted that for the loganthm of o number which lies between O and |, only
the charactenistic is negative. This is shown by putting a bar over the chamcteristic

number. For example, log0.00347 = 3.5403 (3 isread us “har three’),

Note that, 35403 und -3.5403 are different numbers because, 3,5403 is not

a decimal mumber. It is a combination of two numbers 3 and 5403, where 3
is the charucteristic and 5403 is the muntissa. These numbers are independent,

which means that, 5403 is nol a decimal part of 3. But 3 represents the
exponent of 10, In general, the charicteristic can be positive or negative, while
the mantissa is slways positive. The number —3.5403 is o decimal number
which consists of two parts, an integer part and a decimal part.

Basic operations with logarithms

Operations of addition, subtraction, multiplicationand division with logarnthms o

can be done as illustrated in the following examples;

Addition of logarithms

EEE
E e ——

Find 15371+ 2.2436.

Solution
l.ogarithm Waorking Result
1.5371 140.537! 15371
+2.2436 + 2 +0.2436 + 22436
1+0.7807 1.7807

T
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Find:
37379
+ 13436
Solution 3
= |
=
Logarithm Working Result | = .
L . e
17379 3+0.7379 37379 Z
+ 1.3436 + 1+03436 + 13436
4+1.0815 3.0815 :
.,.t- P—

Subtraction with logarithms

®
Find: :
25463
-13236
Solution
Logarithm Working Result
?.Hﬁ."- 2+0,5463 2.5463
~1.3236 (1403236) -1.3236
m 2-(-1)+0.2227 _33_11?
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Solution
Logarithm Working Result
2.5466 3 +0.5466 3 5466
~1.3796 ~(1+40.3796) ~1.3796
=3+0.1670 3.1670
Examphe 4.24
Find
15863
~2.394]
Solution
Logarithm Working Result
1.5863 I + 05865 1.5863
S (3 + 0.3941) e
=2 3041 —_— e F oy
=3l 1 -3 +0.1922 o
Find:
0.5371
~2.7436
Solution
Logarithm Working Result
0.5371 | +1.5371 0.5371
> 7436 (2 +0.7436) ~2.7436
S 7-2+0.7935 37935
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Exerclse 4.5

J| Answer the following questions:

1. Find the sum of each of the following logarithms:

| (a) 0.5371 (b) 1.7301 (c) 1.7391
+ 27436 + 26426 + 26426 %
-
| (d) 2.3413 (e) 28871 (f) 1.7391 :
- — -
+ 26738 i 04531 e L
| 5
2. Find the difference of each of the followmg logarithms: ‘3
ia) 17:.““ (h) 0.7301 (<) 43700
| 4496 - 25196 — 26455
@ 317 € Zomn 0 34301 )
- £ L4
2.2942 ~.4531 —36426
Multiplication with logarithms
Find the product of each of the following:
i (1) 1.7301 (b) 22721 (€) 39324
‘ * 3 % 2 x ¥
Solution
() 1.7301 (h) 22721 \e) 19324
:‘: ] o : x 2
5.1903 4.5442 38648

il P2 [AOCHC) [TLRAAY) R il 131 .l'-'i.‘j.
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Division with logarithms

I & dividend has no negative characteristic, division s done in the same way a8
for ordinary decimal numbers. But, when the dividend has o negative characteris-
tic, increase the number under the bar to the next integer exactly divisible by the
divisor. Then, balance the mantissa part by adding the appropriate whole number
to the decimal pant and divide.

Find the quotient of each of the following logarithms:
() 18934 (b 56812 €} 72134
2 7 5
Solution
() 1893 o oer () S6812_T+26812 (c) 72134 10432134
7 7 5 5

=1+0,3830 =2 +0.64268
— 13830 =2,6427

Given that jog x = 4,7321, etermine log ¥x.
Solution

|
Eﬂg{!';:ilug.r

_ 47321

3

_ 6+21L7321]
3

= 29107 Therefore, log ¥x = 2.9107.
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Exercise 4.6

Answer the following questions:

I Use mathematical tables to find the logarithms of cach of the following
numbers:
(a) (0.682 (b 0008 {c) 0.74 (d) 0.0000449

(e) 0031199 (N 001478 (g) 0.125 (h) 0.00981

2. Use mathematical tables to find decimal numbers whose logarithms are: :-;
(n) 2.7050 (b) 1001 (e} 6006 (dy 13614 _;
(e} 24000 (N 29600 (g) 5.8282 (hy 12000 '-':
(i 47711 (1) 48486 (k) 38825 (h 14310

3. Determine the characteristic and the mantissa in cach of the following:
(@)  log0.0209 (b} log0.61825
® (c)  log 0.00000752 (d)  log 0.07088 -

4. Find the sum of each of the following logarithms:

(a) 23413 (b) 34364 ) 0.8453
+ 13876 + 27153 + 36738
5. Find the difference of the following logarithms:
(@) 17943 ®) 36173 €) 23416
=2.606] = 1.429] —{1.9874
6. Find the product of the following loganthms:
@ 3 ®) jasis (<) 6.0089
“ 3 -'H 4 x 2

B > — EE0CMH TLNMY) Soid 4 culls 138

A
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Find the quotient of each of the following loganithms:

(1) S888R=4  (b) 1440943 (¢) 3772742  (d) 513437

8. Iflog.x=3.1425, determine log v/x

9. IF log x=2.5543, determine log 4.

10. 1f logx=4.3217, find the value of log Y,

Il. Find x in each of ihe following:

(a) logxr=20285 (b) logx=1.6990

Calculations using logarithms

Logarithms can be used 1o evaluate products, gquotients, powers and roms of

mumbers. To multiply numbers, first obitain their logarithms, add them and then
find the antilogarithm of the sum.

Find the product of 3.62 and 24.2 by using logarithmic tables,

Solution
362 x242=
Number | Standard form Logarithm |
3.62 3.62 = 108 ‘ 05587
242 242 100 13838 |

1.9425 |

Use mathematical tables to find the anti-logarithm of 0.9425, then multiply the
answer by 10" 1o oblain 8.76 = 10", Therefore, 3.62 = 24.2 = 87 6.

Scanned with CamScanner

[ T

i

B=lF1 70N P




=
=
]
B
0

Find the product of 0.000056, 5279 and 0.35 by using loganithm tables.

Solution

(0.000056 = 5279 = 0,35 =

! Number _ﬁtludnﬂ:l form Logarithm

0000056 5.6 10° 5.7324)

- :5.1?-1 <100 | 3722544

035 355101 1.5441 |
2 9990

Use mathematical mbles wo find the anti-logarithm of 0.9990, then multiply the
answer by 1077 to obtain 9977 <107

Therelore, 0.000056 = 5279 = 0.35 = 0.09977.

Find the value of 3.25 + 0.071239

Solution

. Number Standard form Lagarithm

- BAx 107 0.5119)

| — 5 257> B

0.071239 7.1239 » 10 38527
|.6592

Lise mathematical tables to find the anti-logarithm of 0,6592, then multiply the
answer by 107 that is 4,562 = 10", Therclore, 3.25 + 0.071239 = 45,62

bl FF — (RO [T Bl o el 350 .|.i',‘|.
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Evaluate [ﬂ.SHﬁI'.
Solution

Remember that: loga' = x log a.

Number Standurd form Logarithm
0.5816 5816 = 107! 1.7646
(D.5816) i 1.7646
= 3
1.2038

Use mathematical tables o read the anti-logarithm of 0.2938; (hen multiply the
answer by 10! that s 1.967 = 101,

Theretore, (0.5816) =0.1967

& i
Evaluate 8281
Solution
L

JR281 = (8281):

Number ' Standard form Logarithm

8281 8281 = |0 3.9181

(8281)7 19181 +=2=1.959]
Use mathematical tables (o read the anti-logarithm of 0.9591_ then multiply the
answer by 10! that is 9,101 = 10", Theretore. JEEE =91.01.

© s 5
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Exercise 4.7

Use logarithms to calculate each of the following expressions:

I, 37.51 = 584 2. 52.6 % 98451 * 0,00324

3, 3.72 % 0064808 4, 0000895 x 243

5. 0.01193 = 0,707 6. 288 128000+ 723.5

1 DR +0009]4 5. 1.789 = BE5.3

9. 549+ 0.00907 10, 612+ 1224 1. (0.0201)

12, (39.07F 13. (3.142)° 14, (1075710 <
1S, (0.007809)° 16, 3125 17, (721.3) 3
18, (9 380 600)° - 20, 0.00229 E
More calculations using logarithms

Calculations involving expressions wilh mixed operations are given in the

following examples

Cilulaie e valoo ot oot
pleulate the value ol ———— -~ =
: " 0.086x41750
Solution
Number Standard form Logarithm
9804 9.804 = 10° 39914 |
| Numerator 23.19 2.319 = 10/ 13653 |7
A 1%
- |
0.086 8.6x10° 2.9345 |,
Denominator 41750 41750 % 10" 4.6207 |
‘ 3.5552
Logarithm of a numerator 53367|
Logarithm of o denominator ‘ 3.5552
' Logarithm of  quonent ‘ 18015

iy 2 = SO | TR Bl 4 il 1
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Use mathematical tables to read the anti-logarithm of 0. 1815, then multiply the
answer by 10" that is 6.331 = 10,
9 R(Mx23.19

Therelore, =
0,086 41 750

1
1

(38.1) = 0.005678

Simphity
¥62
Solution
Number Standard form  Logarithm
(38.1)° (3.81x10') 15809 ‘
3. 1618
— 3.Iﬁlﬂl
S e = i
0.005678 5678x10"° 137542
Logarithm of a numerator {L‘.JEU_
862 ﬁﬂﬂﬂ'—'__ | 20355 |
[ 1935543 =09785 |
(B62)*
Logarithm of a denonufiatos 3 09785
[ .L'l]._l;u'l_lhll-l ofp numerator ﬂ_'-HHIl I
[ oaeh 0.9785 |

Logarithm of & denonminalor 0.9 |

L Ao o
Logarithm of a quotient 19375

Use mathematical tubles 10 read the unti — loganthm of 0,9375, then multply the

answer by 101 that 18 66« 10°%
’ 5
(38.1) uU,{leJ-ETS _ 0.8660.

Therelore. - {ﬁ&_l —
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The volume of n sphere is given by the formula I = ;.rr.-' . Use logarithm

tables to find the volume of a sphere with mdius 20.06 cin (take m = 3.142).

Salution
4 3

V==
3.fn"

I*:%leZH[!ﬂ,ﬂM'

V. 43,142 %(20.06)’

3

Nunmber IStnud:ui form 1.ng-ri'|hm L
r [4 % 100 0.6021

3.142 et | e

Q006 (@006 10 | e

20. - _ P | 50062

Logarthm of & numerilor I

) 310 04771
 Loganithm of 4 denomimater 04T
Logarithm of i numeraior 50062
 Logarithm of # denominator 0.4771 I[—
' Logarithm of a quoticnt 452901

Use mathematical tables to read the anti-logarithm of 0.5291, then multiply
the answer by 10° that is 3.382 = 10% Therefore, the volume of the sphere is

33 820 cm’.

=
r
=
-
=
=
=
=
=
—
-
>
e
oy
.
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Answer the following questions:

In questions | to 10, evaluate each of the following expressions using logarithm

tables,
- -
L. 432x0.059% 2. 3277x0.097 b [y
2 0.00797 540 R
= 14.4
4. 723x63.72 :

0. (_Jn_f}“

'y

15.

16.

7.

*(093) ¢ [C&s
0.21x 723520 0,088 217 8.647x3.204
§76' x0.0537 - . ((4039yY §EEEZEL
J0.0009505 (3.35) "+ = o2 17200

713.4)
1425

11, Use logarithm table o calculate to 3 significant figures the value of R, if

p (.000402 x 286
: 0.95
The volume of a cylinder is given by 1"= - h. Find Vif r=53cmand

h="T785cm (take xm=3.142).
2rh -
=7 _find d when r=6370 and h=265.
Ir H’:\'I{HI i

<155 85126

Find the value of p if Eum .

3.1
Taking xm as 3.142, compute 2 ]E ,

- . t
Calculate the radius of a sphere whose volume is 37.648 cm

(V= i:r‘, a=3.142).
3

A rectangular box contains 256.8 em? of air. If the length of the box is 7.35

cm and the width is 4.83 cm, find 113 height.
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I8. Given that | = 49 0.4597

9B1x0.76 ¢ logarithm tables to find the value of 1.

19, The volume of cone is given by v = %.lr"f.l. Determine its volume, given
that r =32 em and h= 26,54 cm (Take = 3.142y,
20. Find the number corresponding to each of the following logarithms 1o base 10, r'-:':
(@) 03614+ (-1 (b)  0.49134 (=2 3
e 04000+ (-2) (d)  3.6508 %
21 Find the logarithm of each of the following numbers (to base 10) =
(a) D412 by 7.00 =
(c) 14.3 (d)  0.000449
= e
Chapter summary

L. A number in stundard form is wrillen a8 A * 10" where | < A< 10 and » 150
positive or negative whole namber.

2. A number in exponential form can be expressed in logarithmie form.

For example:
_E.:pnnthl‘hl form | Logarithmic form
Tﬂﬂﬂ-lﬂ-‘ hé,ulmﬂl=3
1=10" log, 1=0
0.01= 102 log,, 0.01 =-2

Generally, if x=a", then log, x= b,

I M P S0 IRRAYS B i b & -
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3. The laws of logarithms are:

Logarithm of a product: log, (MN ) =log, M +log, N
Loganthm of u quotient: log, [ %] =log M —log N
Logarithm of a power: log, (M)" = plog, M
Loganthm of identical power and base: log, a =1

Logarithm of a root: log, d;_" =L log, x
n

The logarithm of a number is written in two parts numely, the charactenstic

and the mantissg.

. The charactenistic of a logarithm may be found by expressing the number in

standard form, A 107, where n is the required characteristic (either positive,
negative or 0). The mantissa of a logarithm is found in mathematical tables.

. For logarithms of numbers greater than 0.and less than |, use bar notation to

represent the characteristic. For example, the logarithm of 0,086 is 2.9345.

. The principles of calculation using logarithms depend on the laws of

exponents, That is;
(i) when multiplying, add logarithms;
(ii)  when dividing, subtract: and
(iti)  when rmsing w a power, multiply by the exponent.
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Hevishon exervise 4

| Answer the following questions:

1. Write each of the following numbers in standard [orm:
‘ (a) B 419000 {b) 45.7 () 716
| (d)  g.000123 (e} 4 (Hh o.oo0s
i 2. Determine the decimal numerals for each of the following expressions:
(m) 905 = 1P (by 8= 10°
(¢) 1.06x 107 (@) 2.5x10

3. Compute each of the following expressions, giving your answers in
standard form:

@ (8%10%)x(275x10%) () (12:5x10%)x(8x107)

favle ‘arhematioy PO .:h'y

Bx107 1. 728 %10’
® € e @ et

L

4. Given the formula 0= % use mathematical tables to calculate Q@ when:

(#) R=5x=10", V=2x10" h) R=4x10°, P=2x10",

5. Find the value of ¥ in each of the following equations:

|
| =4 bl o =3 {c) log x=3
(a) log, x (b} 3,[13]

6. Determine the value of v in each of the following cquations:
(a) log(x" +3x—44) =1 (b) log(2x+1)=0

‘ 7. Determine the number whose logarithm in:
\ (n) base l0is6 (b) base 6 is 6.

8. Given thatlog.x =8.0524 , find log/y .

Rl P2 = (SN | DAAAATY) Gomc 4 ol | 0 ;i:l, -
|
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9.

10,

13

4.

15.

16.

i

Giiven that log2=030103, log5=0.69897, and log7=0384510,
; : {35
calculate without using mathematical tables the value of log | =i

Without using mathematical tables, determine the value of
log5-logB+4log2.

Simplify each of the following without using mathematical tables or

calculators:
(a) hg—‘ﬁaxluglm (b) log, 176—log, 11
logl0
Use mathematical tables 1o find the logarithm of each of the following
numbers:
{a) 0.RDOK (b) 724079 (e) 0 N2 (d) 239

Find the value of x f:
(v) logx=43217 (b) logx=25543

If 3" =8 find the value of x.

By using matherntical tables evaluate the following eXIressions:
(a) 40.5 x 300 = 0.008904 (b) 0.632 = 3.456

Use mathematical tables to determine the valuc ol
@) (209)° (b) (0.5216)

Compute each of the following expressions by usmng mathematical tables:

§.802 % 0.00123 ®) 11_2_.1&]__
(M) 501252 % 352080 0.534 %3333

T i

=T IR T ]

i |

Scanned with CamScanner




IR.

19,

. Given that tan

In two concentric circles, if R is the radius of the larger circle and rthe radius
of the smaller circle, the area of the nng between the two
A=7(R* -r*) mm’, Use mathematical tables to find th
R=1205mm and r =10,05 mm. (Take 7= 3.142)

circles is given by
¢ aren of the ring if

Use mathematical tables to calculate the value of T from the formula

T=IIJI.gifmF=ﬂ.325 and g = 9.81 (use % = 3.142),
¥

w v

= } use logarithm wbles to find u if v= 47.9 cm and
S =1028 cm.

- By using mathematical wbles nnd the formuls v =" + s . caleulate the

value of s if it is known that u = 18,5, v = 36, and a=13.8

- The formula for finding the volume ofa night circalur ¢ylinder is given by

V' =smr'h. Use mathematical tables to find the value of r, given that
V=64.91 cmond h=3907cm (uses =3,142).

. Given that, %xr‘ =234.5, use mathematical tables to calculate 477

(use 7=3142),

- Find the value of x, if (log, x)(-3+log. x)=4.

- Solve forx, given that log, v+ 3log_3=4.
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Chapter Five

Congruence

The objects and geometrical figures found in our surroundings can have

the same shape and size or same shape but different sizes. Congruence is

the cancept used to describe an object and {1s mirror image. Two obfects or
Sfiggures are congruent if they are of the same shape and size. In geometry,

shapes are congruent when they are exactly the same. In this chapter, you

will learn about postulates, proofs and theoremys on congruence as well as

congruence of triangles. The competences developed in this chapter will ®
enable vou to determine distances without doing actual measurements. You

will also be able to identify replacements of worn—oul parts of machines.

A

Congruence of triangles

The term congruence is derived from the Latin word congruentiam wh ich means,
agree or fit together exactly, Two tmangles are congruent if all their corresponding
sides and angles are equal. However, it is necessary 1o find all six dimensions
(3 sides and 3 angles) of each riangle. Thus, congruence of triangles can be
determined by knowing three out of the six dimensions, The mathematical symbol

for congruence is =.

= Ry -um‘__
_ =
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Activity 5.1z Identifying congruent objects ]
- Materials required: Rulers, textbooks, and mathemartical sets.
Perform the activity by doin & the following wsks in pairs or groups.
1. Match the following objects and observe if they fit exactly or not:
(@) Two rulers of length 30 cm of the same design
(b) Two Mathematics textbooks
(c) Two mathematicul sets

2. Mention other things or objects in your school which fit exactly.

3. Isit possible for two parallelograms to have corresponding sides equal but
different corresponding angles? Draw the diagrams to support your answer,

Postulates, proofs and theorems
Postuluates are basic statements of feets which are assumed 1o be true.

J'f.-;'|.|-l|' Viaehe e iles f'{.rrﬂl; M

The following statements are examples of postulates:

(a) IF two straight lines intersect, the sum of wo adjscent angles is equal o
8 180 degrecs. o

Figure 5.1: Infersecting lines E} and RS which make angles a, b, ¢ and d.

Figure 5.1 shows that, the sum of any two adjacent angles @ and b, b and ¢,
cand d or d and a is equal o 180 degrees.
Thatis, a+ b=b+c=c+d=d+a=180"

——————ire
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(b}  Iftwo straight lines imtersect, the vertically opposite angles formed have

the same degree measure, therefore m Figure 5.1, a=¢ and b=4d.

Aproofl isanangument for a statement which shows that the stated assumptions
logicully imply the conclusion.

Theoremsarc umportani statements that have been proven 1o be tue. For example,
the statement: The sum of interior angles of a triangle is 180°, is a theorem.

Prove that the sum of interior angles of a triangle is 1807,

Prool
Consider the following figure:

x &
- -
A —~- B

Given AABC, required 1o show that, CAB + BCA + ABC = 180°.
Construction: Draw line XY through C purallel o AB. Thus,

ACX = CAB (altemate interior anglesas XY //AB )

YCB = ABC (alternute interior angles as XY //AB )
Since ACX + BCA+YCB=180" (degree measure of o struight angle), then
CAB+BCA + ABC = 180,

Therefore, the sum of interior angles of a triangle 15 180"

(T
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Prove that the sum of two interior angles of a triangle is equal to the extenor
angle of the third interor angle.

Proof

Consider the following figure.

Given AABC with AB extended to D , required to show that
CAB+BCA = CBD

From CAB+ BCA + ABC =180° (sum of interior angles of a triangle), and
ABC + CBD = 180° {degree measure of a stright angle), it [ollow that;

CAB+ BCA + ABC = ABC+CBD
But ABC is common to both sides. Thus, CAB+BCA =CBD

Therelore, the sum of two interior angles of a wiangle 15 equal 1o the exterior
angle of the thard interior angle:

®
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Alternative proof

Coasider the following figure.

Given AABC in which AR is extended to D

5. i
£
.
-
s
=
=
=
=
=
=
-
=
[
e
-
{
=
==

It is required to prove that CAB+ BCA=CBD.

Construction: Drmw BE parallel to AC through B.

It follows that,

L

CAB=EBD (corresponding angles as AC//BE ) and BCA = CBE (alernate

interior angles as AC / /BE ).

Thus, CAB+ BCA =EBD + CBE
But EBD+ CBE =CBD,

Hence. CAB+BCA = CBD.

Therefore, the sum of two interior angles of a triangle is equal to the exterior

angle of the third interior angle.

® j—

L= |
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Prove that the bisectors of the angles formed by two intersecting straight lines
are ot right angles to each other,

Proal

Consider the following figure.

L

Given two intersecting lines AB and ©D. Leét O be the point where the
lines AB and CD intersect such that the bisector PQ bisects the opposite
angles BOC and AOD at equal angles @ cach, and the bisector RS bisects the

opposite angles AOC and BOD at equal angles b cach. Required to prove that,
i+ bh=00F,

From the figure, it is noted that;

@ + b+b + a=180° (degree measure of a straight angle)
Thatis 2a+2h = |8(F or 2{a+ bh)= 180"
Thus, a+b=90°,

Theretore, the bisectors are ot right angles 1o each other.

| Mk PP - EO0 AT Tl 0 e 15T

1 @
- ‘®
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Answer the following questions:

1. Use the following figure to prove that ABD=ACE.

A

Thu

"
L
=
=
z
=
=
£

D B C E

2. Ife=d, then use the following figure to prove that a=h,

o

-I’; "-\:T

3. Il a=¢, then use the following figure 10 prove that x= y.

| i

L

¢ |

1 r P
T p—

—
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4.  Use the following figure o prove that a=¢, il o+ y= 80"

"','-T'l-u

6. In the following figure, if AC bisects BAQ, then prove that v« =.
Q
E_ Rt F— (OO (MRS Sl el 150 =
-
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7. Inthe following figure, if x=2a prove that a=b,

[L)

x b

P Q

Prove that the sum of interior angles of a quadrilateral is equal to four right

R

8.
angles.

then a= 5.

9. Use the following figure to prove that ift x= v,

D

t0. If CAB= BEP, usc the following figure to prove that BDFE = ACB.
C J L ] [-.
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Postulates for congruence of triangles

Side - Side - Side (S55) postulate

Two trinngles are congruent if their corresponding sides are equnl, Thus, each pair
of the corresponding sides has equal length. Figure 5.2 illustrates the statement

of thiy postulate.

I A
QQ Q
R C
Figure 5.2: Two congruent figures with 585 positate

amEre

T LN

¢ Variemaiey FoF

Fipure 5.2 shows that,
3 s

AB=PQ (given)

EE - ﬁ (given)

AC = PR (given)

Since the sides of triangle ABC are equal to the corresponding sides of miangle
POR, then the two triangles are exoctly the same.

Therefore, it follows that, AABC = APQR (by S85).

SSS is the abbreviation of Side-Side—Side.

Since the two triangles are congruent, it [ollows that, their corresponding angles

are equal in measures. That 1s. CAB= Rf"‘l ABC = P[-J“ and BCA =QRP

il [ SO0K) T Dl 4 odh 100

i
e e
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Lise the following figure o prove that AABC = ACDA, and hence deduce that
DCA = BAC.

A B
Proofl

From figure ABCD, AB=DC and AD=BC.

Required to prove that  AABC = ACDA  and DCA = BAC.

Construction: Daw a line joming the points A and C.

AABC and ACDA, indicate that,
AR = ﬁ (gvin)

BC = AD (given)

AC 15 a common side 1o both inangles

Therefore, AARC = ACDA (BySSS)and BAC = DCA (definitionof congruence).
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Triangle ABC is an isosceles triangle in which AB and AC are equal. If D is

ihe midpoint of BC, prove that AABD = AACD.

A

i
Fe
=
by
]
-
LE
=
]
E
-
2

n.;i'?r- Viathe

Prool

Given the AABC such that AB=AC and D is the mid-point of BC.
Required to prove thatA ABD = A ACD.

Construction: Draw a line 1o join the points A and D,

From AABD=AACD it follows that,

E:T[gi\'ﬂﬂ
BD = Elgiwm]
AD is a common side to both triangles.

Therefore, AABD = AACD (by S858).
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Answer the following questions:

Use the following figure to prove that M:IL ADC.

=

2. In the following figure, AD and BC biscct each other at O. Prove that AR
1s parallel 1o CD.

L 1 D
T
X
|
A 1 B

3. Inthe following figure, AB=CDand ABCD is a siraight line. Prove
that BAF =CDE.

D
P
F
A
4. IfOAB is a triangle in which OA=0B. and N is the mid-point of AB.
Prove that ONA =ONB.

-
e
L
=
= ]
E
—

1
@

s. If AB and L_ﬁ are two equal parallel chords ol u vircle with centre O,

prove that AOB =COD.
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6. Use the following figure to prove that if AC = BD. then ACB = BDA.

]

7. Two circles with centres at A and B intersect at points P and Q.
Prove that AB bisects PAQ (Hint: use mangles APB and AQB ).

R, In the following figure, AD=AB and CD=CB , prove that AC bisects
AR and DCB.

9. Inthefollowing figure, AD =BC und AC = BD. Provethsl AABD = ABAC.
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10, In the following figure AD = BC and AB=CD, prove that BAD = DCB,
{Hint: Join B and D)

B D

A  t

. Use the following figure 1o find the value of ABD.

I
a =
=
=
E
;-
—-
=
-
-
Lt
-
=
e
=
—

Side - Angle - Side (SAS) postulate

Two triangles are congruent if two pairs of their cormesponding sides are such that
each pair has equal length and the enclosed angles between given sides are equal.
Figure 5.3 illustrates the slatement of the postulate,

A P

C Q

Figure 5.3: Two congruen t figures with SAS postulate

_
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Figure 5.3 shows that,
AC = FTJ(givcnl
BCA =H(:]F{gh'cnl
CB= R0 (gven)

IT the two tniangles satisfy the SAS conditions, the wiangles will fit exactly,
Therefore, AABC = APRQ (by SAS).
SAS is the abbreviation for Side-Angle-Side

Since the two triangles are congruent, it follows that. all the corresponding sides
and angles are equal,

That is, BAC= QPR. AABC = APRQ und AB-= PR,

Use the following figure to prove that  AADC = ACBA

D # i

A it H

Proof

From the quadrilateral ABCD, AB = DC and
DCA = BAC (aliemate interior angles as AB // DC )
Required to prove that  AADC = ACBA,

From AADC and ACBA it follows that,

DC = AB (given)
DCA = BAC (given)

AC is a common side to both triangles.
Therelore, AADC = ACBA. (by SAS).

e

L
E
-
=
—
=
-
—_
=
=
B
—
=
-
=
-]

B
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Use the following figure 1o prove that AD=CD.

B

A

-
-

D
Proal

Given AABC such that BA = BC and ABD = DRC roquired to prove that AD = DC.
From AABD and ACBD it follows that,

E"L_ = El_gn'cn‘p

ABD = CRD (given)

BD is a common side to both triangles.

Ihus, AARD = ACBRD (hy SAS)

Therefore, AD = CD (definition of congrucnce of triangles),
It is imporant to note that the angle must always be enclosed between the two
equal sides. Otherwise, the trinngles will not be congruent,

For example, if the triangle AB,C in Figure 5.4 is such that AC = 6 cm,
CAB, = 30° , and CB,=CH, =4 cm.

1

Figure S4: Constrnction of mon — comgrient triamgles

In Figure 5.4, the triangles ABC und AB,C satisfy the information given about
the triangle, but they are not congruent,
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Exercise 5.3

Answer the following questions:

I, Given that in the following figure, AO= OD and OB= OC.
A {_'

i n

(1) Provethat AB=CD

(b) Write the angle which is equal to BAO.

2. In the following figure, if AB = DC and ABC = DCB, then prove that

. : ®
AC= DB.

A D

3. In the followmg figure, AX= DX and BX= CX, prove that
BAC=CDR.

| - iy P = (RO | TLAIATY) Bacl 4 S 18

=
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4. Use the following figure to prove that ADB = BCA, given that
AC = BD and BAC = ABD,

A B
> (

5. Given a quadrilateral ABCD such that AB = DC and AC bisects DAB,
Prove that AD = BC.

6. Use the following figure 1o prove that E= ﬁ

L]

A
7[%\\
B F3

C
7. Citven n quadrilaternl ABCD with two line segments DC and AB

are drawn apant such that AB=DCand ABD = BDC. Prove thai

DAB = BCD.
8, A trinngle ABC is given such that AC=RBC and DC is a biscctor of

BCA. Prove that ADC = BDC,
9. IO is the centre of the circle ACB und AQC = COB, prove that

AC=CB

g i &

T IERE 0D —
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10, The cirele ABCD is centered at O 1T AC and BD are diameiers of
he circle and line segmenis AD, AB and CB are drawn, prove that
AD=BC.

11. Find the value of DAC in the following figure,
n C

Angle — Angle —Side (AAS) postulate

Two trinngles are congruent if two pairs of corresponding angles are such that the
angles in cach pair are equal, and the lengths of 2 pair of corresponding sides are
equal. Angle — Angle — Side postulate 1s abbreviated as AAS.

Figure 5.5 illustrates the statement of this posiulate.

A p

= ¢ oF ’ R
Figure 8.5 Two congruent figunes with AAS postwiate
igure 5.5 shows that,
BA = Q_Ftp\'cn}

ABC = I’{}R (given)
BCA = QRP(given)

®

'i Rl 7 — (0N | THJMRTY) St 4 il 1T
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If two triangles satisfy the conditions stated in the AAS postulate, then the
triangles are congruent,

Therefore, AABC = APQR (by AAS).

Since the two friangles are congruent, it also follows that, all corresponding sides
and angles are equal. That is,

BA = QP
FE E: PR
E
3 BAC = QPR .
-

e sr S —

In the following figure, prove that  AARC = ACDA.

n i l' -

Proof

Given a parallclogram ABCD with the dingonal AC, required to prove that,
AABC = ACDA.

From AABC and ACDA it follows that,

CAB = ACD (alternate interior angles as, AB//DC)

ACB = CAD (aliernate interior angles as, AD//BC)

AC is a common side to both triangles.

Therefore, AABC 2 ACDA (by AAS).

ﬁ (P TE 1 —

—4

Scanned with CamScanner




Exercise 5.4
Answer the following questions:
I, In the following figure, AC bisects BAD and BCD, prove that AB = AD.
B
A C
B

2. Given that X and Y are the feet of the perpendiculars from B and C to AD
as shown in the following figure, Prove that BX =CY.

3. In the following figure, line segments CB and AD intersect at O such that

AD = OD. I AB is purallel to CD, prove that AB=CD.

A . H

(8]

4. Use the figure in question 3 to prove that,
(a) AO=0D

(b) CO=0B

Rt 2 — (SO0 [ TLAAIY) B el 179 et
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5. In APQR, X is the midpoint of PQ, Y and Z are the mid - points of PR and
QR. respectively. If XYRZ is u parallelogram, prove that XY = QZ

6. In the following figure, AB = AC. Prove that BF = CE.
A

¢
7. In the following figure, AC s the bisector of BAD und B and D are the

feet of the perpendiculars from C, prove that AB = AD.
13

—_
a

B

8 In the following figure, ABC = ACB, BX bisects ABC and bisects

ACR, prove that BX = CY.
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9. Use the following figure o prove that BC = AD, if ABC = BAD and
BCA = ADB,

N

10. Given a quadrilaeral ABCD such that AD is parallel 1o BC and O

15 the point of mtersection of the diagonals, If AD=HC, prove that
AAOD = ACOB,

11, Find the value of YZC in the following figure,

4]

R 2 — FBOH) |CLMNYS Soce s 178 -
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Right angle — Hypotenuse — Side (RHS) postulate

Two right — angled triangles are congruent if their hypotenuses and a pair of the
corresponding sides huve equal length. Figure 5.6 tllusirstes the stutement of this
postulate,

L! P L L)

Figure 8.6: Two congruent right — angled triangles with RHS postulate

Figure 5.6 shows that

Al = PQ (given)

AC = PR (given)

ABC = PQR = 90° (given),

If two triangles satisfy the conditions given in the RHS postulate, the triangles will
fit ench other exactly, Thus, Figure 5.6, shows that AABC = APQR  (by RHS5),

RHS is the abbreviation for Right angle — Hypotenuse — Side.

Since the two triangles in Figure 5.6 are congruent, it also follows that, all is
corresponding sides and angles are equal. That 1s,

BC = QR

BAC = QPR

BCA = QRP

_@ B 0 PR -

—_—
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Use the following figure 1o prove that AADB = AADC and DB = DC.
D C

¥

A

Proof

Given AARC, AD is perpendicular to BC and
AADH = AADC, From AADB and AADC
ADB = ADC = 90° (given)

AD is o common side to both triangles.

Therefore, AADR = AADC (by RILIS),
of triangles ).

it is required to prove that

it follows that AB = AC (given)

and DB =DC (definition of congruence

Answer the following questions:

L Inthe following figure, AC = BD, prove that AABD = ABAC

D g

+ = 2
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Use the following figure to prove that AB is parallel to DC.
(B C

In the following figure BF = CE, prove that CF = BE.

In the following figure, prove that AC biseets BAD and BCD.
il

Use the following figure to prove that PA = PB,

2 1 l—
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6. Use the following figure to prove that BE = CD.

F
=
7. IF N s the foot of the perpendicular from the centre O of a circle 1o the
chord AB, prove that AN = NB.
8.  Use the following figure to prove that ACB =BDA if AC = BD
A ¥
. -
L] {

9. Inthe following figure AC=BC and DE = FF, prove that CD = EB.

Bl P2~ P00 | TR Seat d midh 170

-1

®
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In the following figure, D is the midpoint of BC, X and Y are
poinls on AB and AC respectively, such thu DX = DY and

DXB = DYC = 90°. Prove that ABD = ACD.
A

A‘x
B L Nby? ¢

D

Chapter summary
I

Twao figures are said to be congruent if they have exactly the same size and

shape,

Two trangles are congruent if:

(1) Three sides of one tnangle have equal lengths to the comesponding
three sides of the other triangle (SSS).

{h) The lengths of two sides and the included angle of one triangle are
respectively equal to the lengths of two corresponding sides and the
included angle of the other triangle (SAS).

{¢) (i) Two angles and the included side of one triangle are respectively
equal to the corresponding two angles and the included side of the
other triangle (ASA),

(ii) Two angles and non - included side of one triangle are respectively
equal to the corresponding rwo angles and a non — included side of
the other tiangle (AAS).

Two right - angled triangles are congruent if their hypotenuses and a pair of
sides have equal length,

To prove that two triangles are congruen! use |he above congruence
postulates,
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Kevision exercise 8

Answer the following questions:
1. Inthe following figure, BA = BC and KA = KC. Prove that
BAK = BCK.

K
2
-

H

A o

2. Aquadnlateral MNOP has the property that MN = OP and
MP = NO. Prove that PMN = NOP.

3.  Use the following figure to prove that ML = P

M

4. In the following figure, prove that ACD = CDB.

A (&)

Ml FF - {0000 | TR Sl d il 101 'il‘
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5. Use the following figure to prove that BMA = CMA = 907, given that
AB=AC.
A
p——EH—¢

6. IFABCD is s squure and AR = BR, prove that R is the midpoint of DC.

D R

@

A 3

9 Prove that the line segment from the vertical angle of an isosceles trumngle
to the mid — point of its base is perpendicular to the base.

8. In the following figlre, prove that BD = DC.

A

P i 4

et P I‘h'f"n-'l

o
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9. Prove that the biscctor of the vertical an gle of an isosceles triangle is per-
pendicular to the base at its mid - point.

L0 In the following figure AR = HB and RB = BF. Prove that:

(1) RAB = FlIB (b} AM = HM

M
R F
B
A ]

1. Use the following figure to prove that AP biscets [LAM, given that

AALP = AAMP
L
2 >A
Ml

12. Prove that the perpendicular from the vertex to the base of an isosceles
triangle bisects the base and the vertical angle.

13. Use the following figure 1o prove that BAD = BCD,

C
D®H
A

Wi I = 50000 | TLAANTY ) R sl 110 Iﬁ.
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14. If PA bisects the ungle BAC and Q is the point on AB such that
E',IF; /AC. Prove that Ezﬁ

Fie [

B

P C
I5. Giiven the trapezium ABCD such that, DAX = CBX and CX is drawn
paraliel 1o AD as shown in the fi

Mlowing figure. Prove that ABXC isan
isosceles tiangle.

16, If AB= AC. find the value of AXRB in the following figure.
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17. 1f APQR is an equilateral triangle such that PQ is extended to § so that
QS=QR. Calculate the value of QRS.

I8.  Use the following figure to find the values of @, b, ¢ und d.

e T

e Vfarthema ey Fog

L
o

Bligite P2 — (B0 ) [T P 4 sudl 8 = m
m
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Chapter Six

| Similarity

Geometrical objects or figures are similar if they have the sume shape buit mot
necessarily of the sume size. A geometrical figure can be abtained from an
existing figure by either enlarging, reducing. or by keeping the size wnchanged.
Knowledee of similarity is the basis of all measurements as it deals with map —
making, scale drawings and also explains some aspects of photographic images.
In this chapter, you will learn about similar figures including iriangles, proofs
of similarity theorems and properties of similar triangles. The competences
developed in this chapter will enable you to apply the concept of similarity in
architectural matters such as finding heights of buildings, bridges and frees

® where fape measires cannot be wsed comvenivnth
e -

b
=
r
=
=
q
B
|-
=
-
=
—
-
5
L
e
™
&
=

8

Similar figures

Activity 6.1: Recognizing similaritics between figures

Materials required: Manila paper, ruler, pencil
|. Draw three rectangles of different sizes,
(a) What is the length and width of each figure?
(b) Are the figures of the same shape? Lxplain.
(c) Is there any relationship between the lengths of the sides of the
rectangles you have drawn?

2. Take a picce of paper and make two triangles by splitting them in such a way
that. each side of the second triangle is twice the length of the comesponding
side of the first triangle. What can you say about the two triangles?

T

.@ maEr 1A P -
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3. 1s there any similarities between the following figures? Why?

— —_— s

= B

Figure 6.1: Ohjecrs with the same shape

Two geometrical objeets are snid to be similar if they both have the same shape
or one has the same shape as the smaller image of the other. More precisely, one
of the objects can be obtained from the other by uniform scaling (enlarging or
shrinking). That is, either object can be scaled, repositioned or reflected 1o coincide

T precisely with the other object. Two polygons arg similar if their corresponding
angles are equal (equiangular) and corresponding sides are proportional. Figure 6.2,
shows two polygons PORS and TUVW that are similar

4cm v 2em
Vigqe LU
| 5em) 225¢cm
4.5cm I'l" 100" o
W Iom I

Figure 6.2: Similar polygons
Polygon PQRS shows that SPQeorresponids to WTU in polygon TUVW and
cach measures 70°, PQR corresponds 10 TUV in TUVW and cach measures

96° (}ﬁ.s corresponds 1o UVW and euch measures 04°, and RSP corresponds
o vwT and each measures 100°, Thus, the polygons satisfy the condition that

corresponding angles are equil., ;\lhuﬁ}._ in PORS corresponds to TU inTU VW,

kil P = (SO0 [TUAMY) feot A madl 18T
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ds to ﬁ.

QR corresponds to UV. RS comesponds to VW, and SF correspon
Each pair of these corresponding sides have the same ratio. That is.

——

TU

-, ——— =

225 cm Uy 2cm vV 1.5cm WT 3cm

The value of the constant ratio is called the constant of proportionality or scale
factor. The constant of proportionality indicates that corresponding sides are
proportional, hence the similanty of the two polygons. In general, plane figures
ate similar when they are equiangular although they may dilffer in size. In
geometry, a polygon which has all of its sides equal and all of its angles equal is
called a regular polygon. Therefore, all regular polygons with a given number

ol sides pre similar.

Similar triangles

Trisngles are similar when their comesponding angles are equal and their
corresponding sides are proportional. Consider the pair of trangles shown in
Figure 6.3,

A beom 11

Figure 6.3: Similar iriangles

CAB of AABC comresponds to RPQ of APQR and each measures 50°, ARC

corresponds 1o POR and each measures 60°, and BCA corresponds 1o QRP and
cach measures 70°,
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Since the corresponding angles are e
AB corresponds 10 PQ. BC corre

sponds to QR, and CA corresponds to RP,
The ratios of the corresponding sides yre given by

e Ll Sem 4
PQ 45em 37 QR 3em

ﬂn ———

RP 375¢m 3

E beom 4 E_-h: 4 CA
3

Therelore, =—=— = ——=_"_

PQ QR RP 3
Since the corresponding sides are also proportional, then the two triangles are
similar. Therefore, AABC is similar to APQR, denoted by AABC ~ APQR. The

symbol- means similar to. Similar triangles (polygons) are named corresponding
to the order of their vertices.

For example, if AGHK is similar to AXYZ, then it can be deduced from the order
of the vertices that GH of the first iriangle corresponds o XY of the second

triangle, Therefore, GK corresponds to XZ and ﬁcnneq‘nnds to YZ

qual, then the two triangles are similar. Also,

Given that ASLK ~ ANFR identify all the corresponding angles and the
correspanding sides.

Solution

Using the order of vertices used to name the two similar trinngles, SLK
corresponds to NFR, KSL corresponds to RNF. and 1LKS corresponds o FRN.
Also, LS o' ASLK corresponds 1o FN of ANFR, SK of ASLK comesponils 1o
NR of ANFR, and KL of ASLK corresponds to RF of ANTR,
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Given that AABC ~ APQR, find the value of ABCif;
(a) BAC =120° and PRQ = 25°

(b) QPR + BCA = 145°

Solution

Considet the following fligures of AABC and APQR.

C it

A 4] P

(n) Since 'Uﬁ-F corresponds o BCA , then thP = BCA = 25°.

In AABC, ABC + BCA + BAC = 180° (sum of interior angles in a triangle)
ABC + 25° +120° = 180°

Therefore, ABC =35°,

(by Since QPR comespands to CAB_then QPR = CAB.

Thus. qﬁma&a:ciﬂwm=|zu=+35°=145°

But. ABC + BAC + ACB = 1807 (sum of interior angles in a triangle).

Then. 145° + ABC = 180°
ABC = 180°-145°=35°.
Therefore, ABC =357

=
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1 the following figure, name the tramngles which are similar and determine the
constant of proportionality needed 10 show their stmilarity,

- 45em
Solution
Consider APMN and ALPN

MRP = LNP (commaon)
NMP = LPN (each 907, given),

MPN = PLN (third angles of the triangles)
Therefore, APMN ~ ALPN

(1
Consider ALMP and ALPN
MLP = PLN (common)
LMP = NPL (ench 90°, given)
LPM = LNP (third angles of the triangles)
ALMP ~ ALNP (2)

Relating (1) and (2) we find that

ALPN = APMN ~ ALMP

Hicle VMashematies For

T T

— Missh 2~ ERCHOBLY | THARMEY Fone d alls 1
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Since, ALPN ~ APMN, then the constant of proportionality is given by

Ezﬁ_ﬁ Thus, 1Scm_10em 125em S
PM MN NP 6em Scm  10em 4

Therefore, the constant of proportionality ratio needed (0 show {heir stmilarity

is 5:4 or E
4

In the following figure, find the constant of proportionulity needed to obtain a

pair of similar tiangles, if CE:DE = 1.2:1, Name this pair of similar triangles.

A

I8 em

Salotion

The ratio of lengths of corresponding sides are given by;

l0em 3
_*'-E=E—|1Lm—g
' BE 10cm 5§
?ﬁmz_‘-\E:chm:g
BD I5em 5

Therefore, AACE —~ ABDE  (cormesponding sides are proportional) and 9 1s the
constant of proportionality.

e
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Exvrcise 6.1

Answer the following questions:

1.

o

it TP = (TR TR S 4 il IO}

. Qo

(a) Given that APQR ~ ATSM, dentify the corresponding angles and
the corresponding sides.

(b} Given that APQR ~ ALMN and APQR ~ AABC, idennfy
the comresponding angles and corresponding sides between
AABC and ALMN.

(1) Omne rectangle has length 10 em and width 5 cm. Another rectungle
has length 13 cm and width 4 em. Determine whether or not the

two rectangles are similar, Fxplan your answer.

= VWarliemic es Fof - T

(b) A rectangle has length16 cm and width 23 em. A second rectangle
has length 12 cm and width 9 em. Are the two rectangles similar?

Explain your answer.

Given that AABC and ALMN qre similar, find the value of ACB, when
(1) ABC = 70° and MNL = 40°

(b) ABC 4+ MLN = 130°

(¢) LNMand BAC are complementary

s

Given thal ﬂ: v E =2 and L‘E= 2,
KI. 18 SK

{a) name the tnangles which are similar.
(b) identify the comesponding angles.

In each puir of the following fgures, determine the constani of
praportionality so that the pair of the triangles are similar. In each case,
state the pair of similar triangles.

() : ¢
m /\
D Scm E A

10 émi

3]
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(c) p WOem

_. lln.'-

0 em

i}

6. Use the vertices A, D, B, C and E of the following figure to dentify all
similar triangles, and hence state their corresponding angles.

@

16 cmi

7. Does the following figure have sufficient information to determine

whether AACT and ADBT are similar? Explain your answer.
¢
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8. In the following figure, nume the (rinngles which are similar to AADC,
&
1

1
A M) 4}

LT L

9. In figure LMN, name the triangle which is similar 10 AXYZ

L
P'h
£ ®
M

10, Which of the following figures are always similor”

(n} Circles (b} Hexagons
(c} Rhombuses {d) Rectangles
(e} Squares (N Congruent polygons

R 3 — (R0 IR S 4 mielli 1R = 1 =
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Angle — Angle (AA) similarity theorem

The AA - similarity theorem states that. il a commespondence between 1wo trangles

s are equal, then the two triangles are

is such that two pairs of corresponding angle
arity theorem.

similar. Figure 6.3 shows two similar triangles by the AA ~ simil

A

Figure 6.3: Similar triangle by the Angle — Angle theorem

In Figure 6.3, we observe that, BAC = QPR, ACHB = PRQ

Thus, ABC = P(ilﬂ.{third angles of mangles)

AB_BC _AC
Therefare, AABC ~ .‘!.FOR and E: Eﬁ. = ﬁ.

Side — Side — Side (S55) - similarity theorem

Ihe SSS — similarity theorem states that, if the correspondence belween wo
triangles is such that the corresponding lengths of the sides are proportional,
then the triangles are similar. Figure 6.4 shows two similar tnangles by the
588 - similarity theorem.

L

M N E E

Figure 6.4: Similar triangle by the Side — Side — Side iheorem
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In Figure 6.4, we observe that,
M IN_ M
EE‘TH',-" ‘ﬁ" then ALMN - ADEF

Therefore, LMN = DFEF, MNL = EFD and MLN = EDF.

Side = Angle — Side (SAS) similarity theorem

The SAS — similanty theorem states that, if a comespondence between two
trinngles is such thut two pairs of comesponding sides are proportional and the
included angles are equal, then the triangles are similar, Figure 6.5 shows two
similar tnangles by the SAS — similarity theorem.

B c Q R

Figure 6.5: Similar triangles by Side — Angle — Side theorem

In Figure 6.5, 1l :—E: % and BAC = QPR, then AABC ~ APQR.

Therefore, ABC = PQR mnd ACB = PRQ.

| Wil 2 (SO0 [DUMUY) et 4y 1907
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For each pair of triangles in the following figures, delenmine whether they are

similar or not. Indicate the similarity theorem used to support your argument.

“.ﬂ lh)
. R

& cm

L

2cm

M
(=] 1
Hcm
iem
T
Solution i

In figure (2), observation shows that.
LOU = OMU = 40° (ven)
OUL = MUD = 907 (given)
ULO = UOM = 50° (third angles in triangles)
Therefore, AOUL — AMUO (by SAS - smmilarity theorem)

angles are

< are not similar because the corresponding

In figure (h), the friangle

not equal.

In figure (). observation shows that.

SW . aT W 3

SW 100 em =;1_ EI.: ﬂ_qn_sgludl= Gem _ 3
4 SU 12em 4 v Roem 4

SV 13:em

Therefore. ASVU ~ ASWT (by S55 Similanty theorem).
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Study the following figure and answer the questions that follows.

C
- D
A H o
Use the figure 1o prove that, :
() 2D _ CD -
AB  AC =
() 2B _ BA
DA AC
@ Solution

@

(#) The numerators contain the vertices A, Dand C while the denominatars
contain A, B and C. Thus, the triangles ADC and ABC sire obtained.
In AADC and AABC we have,

ADC = CAB (cach meastires 90°)

ACD = ACB (comman)

CAD = ABC (third angles of triangles)

Thus, ADCA ~ AACB (by AA - similarity theorem)
The ratios of the comesponding sides are given by
CD CA DA

=—E e =

AC CB AB

Thmihre. -ﬁE—: E nrﬂ= E

AR AC AB  AC

= | Mk P OO0 [TANY) St 4 sl LmL

R —
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(b) Vertices appearing in the numerators arc A, B and D. while in the denaminators
are A. D and C. Thus, the triangles ADC and BDA are obtained.

In AADC and ABDA  we have
ADB = ADC (each measures 907)
ABD = CAD = ABC (using the proof in (1) above)

DAB = ACD (third angles of triangles)
Thus, ABDA ~ AADC (by AA - similarity theorem)
The ratios of the corresponding sides are given by:

DB _BA _AD
DA AC CD
BA

-_—

DB
T' rﬁ |, — i
iereiore DA

Answer the following questions:

In each pair of the following figures, determine

te the similarity theorem used 1o support your argument

1.
or not. Indica

L
i F

() /*\‘% %n
ff w

,./"/ 3

m
E

I'/
}

A
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{b) R
C
1 cm ] ¢imn
4 5 cim
cm
I ( A
b em ! om )
(c) I
S 5
4cm W
4 S0
!p h‘r F
I 1 ¥ ) ®
(d)
[
em
M 2¢m N 5 frgm |
EE———

Ml T2 - (PO [TLAMIY Sepr 0 sl oL}

=
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(e) E

; AE AD _ q
2 . oE = 28 Prove thmt AABC ~ AAED.
2. In the following figure — e

A

-
-
=
3
- .
=
=
e
-
1
"
=
=

=
i

o

-
-
-

L
|—-.|-I;|._"'a

=

o

—

E

1] . o
/
B

«

3. In the lollowing figure, if OA = 8dm, BO = 6 dm,
OD =4 dm and OC =3 dm. Prove that AAOB ~ ADOC.

A

angled triangle are 3 dm and 4 dm.,

lengths of the legs of one right -
M i angled trinngle are 5 cm and 8

The lengths of the legs of another right —
cm. Ate the two triangles similar? Lxploin.

TET IR Lo | —

.
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5. In the following figure, if ACDFE ~ ACAB, prove that DE // AB,

{'1

o
-
i

A B

6. In the following figure, if DE // AB, prove that ACDE ~ ACBA.

€
L 2 F
® "
\ @
A

7. In the following figure, if CD /7 AR, then prove thai:

(a) AABO - ADCO (b) E - E—g
OD  ocC

)

 —

UL :ml:"l”uﬁ Sl oyl 3

Scanned with CamScanner



— P
i
=
r
=
e
-
£
=
L =
=
-
i
-
—
-
Lol
:
s
=

XW _ X7

9. In the following figure, AXYZ is a right — angled mangle and —=—.

e — XZ XY
Prove that ZW is perpendicular o XY.

¥
X W ¥

10. In the following figure, DEFG is a square and ACB is a right angle.

Prove that:
(a) ACFG- ADGA i(b) AEBF - ACFG
c
L 4] J F
A D I L
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I'l. Name two similar triangles in the fol lowing figure.

Z

X -
2. Use the following figure o prove that:
(#) AADC ~ ABEC (h) AF
BF
-
| i
A

2l

Wil PP = A0 | TSN fee € il 0%
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Properties of similar triangles

From the previous discussion, prope rties of similar triangles can be summarised

as follows:
I. Corresponding angles of similar triangles are equal,

Corresponding lengths of sides of similar triangles are proportional,

el

1. Two trinngles are similar if two angles of one triangle are respectively equal

1 two corresponding angles of the other.

4. Two trinngles are similar if an angle of one triangle is equal to an angle of the
other triangle, and the lengths of sides including these angles are proportonal.

enies7 ——

1 the following figure, calculate:

.

-

-
..'
=
-

=
S
]
—
-

-
e

———

-
=,
-

2

S
¥

e (1) MY (b) MN

Solution
(a) Since ZY //MN, then we have,
XYZ = XMN (corresponding angles)

XZY = XNM (corresponding angles)

Hence, AXYZ -~ AXMN (bv AA - similarity theorem)
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Thus, E-: A% B —{' this means that,
X XN N

il]cm_ﬂ::m_ﬁcm
XM 12em MN

: I0ecm  Dem 0 em=l2 em : 4
From == . M s L. 134 oY, 3
XM 12Zem 9 om ' .

Bult MY = XM—XY =13 em—-10 em =3+ em

Therefore, MY =34 em.

(6) From ﬁcqu'l:n‘l —.=ﬁcn1ﬂ2m1‘|___HmL
MN 12em 9em

Iherefore, MN =8 cm

i

E T

In the following figure, AABC ~ APQR. If AC = 48c¢m. AB = 4 ¢m and

L]

®

Fﬁ = 9 cm, find the value of PR.

Solution

Given that AABC ~ APOR. then we have,

A _AC
PQ PR

@

i ° W

Bl FP— (RO K | DIURINPYY Sl 4 Wil M7
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That is, i 1w PR =
D PR =demxPR =9 cmx4.% em
| 4.8
R S ) S can
dcm

Therefore, PR =10.8 cm.

-I-n..".m_-'hﬁl.:m

.

—

=

-t

=

=

=

=

=

-

L=

-

-
e
=]
L

=

]

(a)
(b)
(c)
(d)
(e)

()

-_—A_ 1"‘} TTIRE 1] __
1 =

Exercise 6.3

Answer the following questions:

l.  Study the following figure where DE is parallel to BC. Answer the
following questions,

A

1> N E

If AD =4dm, AB=8dm and DE = 10 dm, find the value of BC,

If AE=Scm, AC=15cm, BC =24 cm, find the value of DE.
If AD =7 dm, DE = 11 dm, BC = 22 dm, find the value of BD,
If BD=9dm, DE =20dm, BC =35 dm, find the value of AD,
If AD = 10 e¢m, DE =24 ¢m, BC =84 cm, find the value of AB.

If AE =3 cm, DE=3cm, BC =7cm, find the value of CE.
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2. Determine the values of x and v in the following figures:
(a) L_‘____,f_.-rt" (h A Bem B

-
L

12 dim
k.
k.

.

e, THE

3. In each pair of the following figures. mention the tmangle similar o AXYZ .
Caleulate the lengths of the sides and angles which are not given.

(a) X A

| % em

10 em

(c) X

Jcom

4 om £

&
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4.

5.

In the following figure, stute why AABC and AADE ore similar?

(FAB = 8dm, AC = 9dm, BC = 6dm and AD = 12 dm. calculate
the values of Eandﬁ

D »— L

Study the following figure and answer the questions that follow,

P

> X

Q
(n) Which triangle is similar 1o AYOQ?

(b) Giventhat OP = 4m, OX = 7m. PX = 6m, ﬁ = 4.5 m,
calculate the value of OY and ﬁ
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Chapter summary
L. AA Similarity Theorem

If the comrespondence between trangles is such that two pairs of
corresponding angles are congruent, then AABC - ADEF.

A n
B
N F
5

F

Wt imartion e TR

1. SAS Similarity Theorem

If the correspondence between two tnangles is such that the lengths of two

pairs of corresponding sides ane’ proportional and the included angles are
congruent, then the tripngles are similar.

A D
A * E A F
(! (
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f,

558 Similarity Theorem

If the correspondence between two trisngles is such that the lengths of

corresponding sides are proportional, then the triangles are similar,

D
L.

5 F
Similar figures have the same shape.
In similor figures, the ratios of the lengths of corresponding sides are

equal. That is, corresponding sides are proportional. The value of the fatio
is called the constant of proportionality or scale fictor.

The symbol used 1o indicale similarity between figures is " — ",

Polygons which have all sides congruent and all angl

Es congruent arc
called regular polygons.

If two polygons are similur, the ratio of theis perimeter is equal to the ratio
of the lengths of any two comresponding sides.
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Hevision exercise b

Answer the following questions:
1. Inithe following figure determine the pairs of equal angles and the

proportional sides which make AAEB ~ ADEC.

1y

n./

—

e
{1
-
=
E

=0
Fl

2. Name two trinngles similar to AABC in the following fgure,
A
i@
A D C

3. If ALMN - APQR and APQR - AARC, mention equal angles in AABC
and ALMN, hence mention all proportionsl sides n APQR and AABC.
Find the ratio of proportionality for the similarity of APQR and AABC.

4. Ariangle ABC is such that CA is extended to X and BA is extended to Y

so that XY / /BC. Prove that ~x - XY
AC CR

5. A traperium PORS ts such that ﬁf /RS. If the dingonals intersect at X,

prove that E="£_
RX SX

Sl F3 - (RO A Ty & il PYS @
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6.  Nume a riangle which is similar v AABC in the following figure.

|

7. Use similarity to find the value of ED in the following figurcs.

A (]
A b &
10 dm & dm
L I
H Oc

8 If APQR ~ ALMN and PR =20dm, NL=10dm, NM = 12 dm and
LM = 9dm. find the lengths of the other sides of APQR.

0, Prove that any two equilateral triangles are similar.

(0. In APMT and AQONS, PMT =QSN = MTP=QNS,
Prove that PM * NS = QS = MT

[T T

_@ -

Scanned with CamScanner



| T ] ®

Chapter Seven

‘ Geometrical transfurmallum| 'J I

Triangles. circles. and squares are few examples of geometrical shapes.
Transforming a given geometrical shape means to make some changes to
it. The transformation may either result in change of size of the transformed
geometrical shape leaving the shape unchanged, or may not result in change of
shape. In this chapter, vou will lecarn about reflection, translation, enlargement,
and rotation as forms of linear transformations. Figures in a plane can
he transiated, reflected, enlarged, or mwted to produce new figures. The
competences developed in this chapter will enable vou ta design, copy, enlarge,
aid diminish different objects as well as understand and appreciate the works
of carpenters, tailors, and building constrictors,

Reflection

When vou look in o mimor, vou see your image on the other side of the mirror. In
other words, you see a reflection of yourself A reflection is o transfomation which
reflects all points ol a plane m a line called the mimor — line, The image of an object
is as far behind the mirror as the object is in from of the mirror, as seen in Figure 7.1.

Bﬂ

M T M e

Figure 7.1: Reflection (v a mirmor

— Rl I = (S0W000 | TLAAMTY) it 4 il #1135

Scannex d with CamScanner



Activity 7.1: Drawing an image of a Aigure in the xy - plane
Materials required: Plane mirrors, pencils. graph paper.

Do the following activity in pairs:
1. (a) Look at yourself through the mirror. How far is vour image from
the mirror?

(b) Keeping the mirror in place move backward or forward. What
happens by doing these movements?
2 {n) DmuwAABC inthe xv - plane with sides of lengihs 6, 8 and 10 centimeters.
(h) If the tiangle AARC is reflected in the x - axis, draw its image in the
same plane.

Generally, the tollowing are the propertics of reflections:

(1) The original object and its image are congruent.

i :
Hane Varfwemanes J'-rrrrrr_u 11

(it}  The onginal object is reversed by the mirtor in the image.

(i) A line joining any point to its image is perpendicular to the mirror.
(iv) The ungle between uny line (object) and the mirror Line, is equal 1o the

angle between its image and the mirror line, That s, the mirror hine bisccts

-a the angle formed by the object and the image. s

Reflection in the x - axis

The notation M_ s used to denote reflection in the x — axis. Geperally, M {a, &)
represents a refiecrion of coordinates (a, A) in the ¥ — axis.

When o point is reflected across the x - axis, the x - coordinate remain the same,
bul the v — coordimute 18 trans formed into ity opposite sign. Thal is, the sign of the
v — coordinate is changed, Generally, M (x, y) = (x, -¥).

Find the image of the point A(2, 1) after a reflection in the x — axis.

Solution

Locate the coordinates of the point A(2, 1) and its image A" such that line AA’
that crosses the x — axis at B s perpendicular to it. For reflection, distance AB is
equal to distance BA",

-—_ R szt 1 | .
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AY
e —— -E : =
] A2 1)
- L3 -
=}-+++0 1 ? 3
; A1)
-y
Y

Figure 7.2 Reflection of a point in the 5 = axis

From the Figure 7.2, the coordinates of A’ are (2, ~1). The figure shows that the .
image of A(Z 1) under reflection in the x-axis s A'(2, ~1). Since, M_ is used to
represent reflection in the x —axis, the above results can be wnitten as M (2, 1)
-121 "'t,!

| e — PROR0AH [ TILARNE Sl A vy 7 _@ -_
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The vertices of a triangle are A( 1, 2), B(3, 1) and C(-3.2). If the triangle ABC »
reflected in the - axs, find the coondinates of the vertices of its image.

Solution

Gl-X 3 Al T
M(L2) =(1.-2) R‘A
M3, 1) = (3, 1) ' : Py

M(-3.2) =(-3.-2) i

| 0
i

Figure T.3: Refleviion of a triamghe in the v - axiv

Therefore, the coordinates of the vertices of the image are A'(1,-2), B'(3,-1),
C(=3,-2).

Reflection in the y — axis

We use the notation M e, b) to represents a reflection of the coordinates (a, b)
in the v - axis.

When a point i1s reflected across the v - axis, the y - coordmate remain the same,
but the x ~ ¢oordinate 1 transformed o ity opposile sign. That i, the sign of
v - coordinate is changed. Generally, M (v, v) = (-x, y)

Find the image of B(3, 4) under a reflection in the y - axis.

Solution

Locate the coondinate of the point B(3, 4) and its image B’ such that the line
BB’ is perpendicular to the v ~ axis and cross it at C and BC - CH as shown
in Figure 7.4,

e ©
: . o A
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L

Ay '
5 {
v(--a, 8 Cle {303, 4)
————————— *--.ﬂ--—--—---—.-.-—.--.——‘
e : -
A 0 IS I B E o R
: .3
x E
-3 = 4 =1 0 1 4 3 1 .
= ?
5 s
Flgure 7.4: Reflection of a point in the ) — axis =
From the figure, the reflection of B(3, 4) in the v — axis is B'(-3,4). 5
mﬂ'ffﬂl'l'-. M._.,[Si 4..' e {-3'| 4]r

Solution

R(-1, 2).

The vertices of a triangle are P(1, 0), Q(3, 0) and R(1, 2), If the triangle POR 15
reflected in the v - axis, find the co-ordinates of the vertices of its image.

Therefore, the coordinates of the vertices of the image are (-1, 0), Q'(-3, 0),

Ay
(=8 RO, 2 |
1
o
-
-4 -y | ] I 2 .
i e W) *i— 1, o) ML 0) s, 0]
i
I S i _3

Figure 7.5: Reflection of a triangle in the y — axix

| bt = (SC000 | CLAMIYS Fempl 4 ol PN
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e
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Reflection in the line y =x

The line y=x makes an angle 45° with the x and y axes. It 18 the lme of symmetry
for the angle formed by the two axes. By using the sosceles tnangle propertics,
reflection of the point (1, 03 1n the line y = x wall be (0, 1),

The reflection of (0, 2) i the ling v = x will be (2, 0). In Figure 7.6, it can
be observed that the positions of the coordinates are exchanged. Generally, the
reflection of the point P(a, b) in the line y = x is P(b, a).
b |
- i

=X

=
o
=
r ‘I-
-

o . ~lI‘[rl. i)
*[, i) T‘,{, i)

Figure 7.6: Reflection of pointy in the line y=x,
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Find the image of the point A(1, 2) afler a reflection in the line v =x and druw
both the point and its image.

Solution
The image of A(1.2) in the line y =x is the point A'(2, 1) as shown in Figure 7,7, -2
'Y 3
"
-~
p : e
- -, ®

Figure 7.7: Reflection af the point A1, ) in the line y = 3

Reflection in the line y =—x

When o point is reflecied in the line v = —x, the coordinates exchange positions
and their signs change as well, Generally, reflection ol a pomnt Bic, d) in the line
y==x is B(-d, -).

- | ke 7 - E00K) UML) St 4 il 224 @
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Find the image of the point A(3, 2) after a reflection in the line v = <x and
sketch both the point and its image.

Solufion

The reflection of a point in the line v = —x is as shown in Figure 7.8,

b

Al 2)

Figure 7.8: Reflection of a point A(3, 2) in the line vy =

Thercelore, the reflection of the point A(3, 2) in the ling y = <x 18 A'(~2,-3),

Scanned with CamScanner
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Find the image of B(3, 4) afier a reflection in the line v = —x followed by anather
reflection in the line y =0, Sketch the point B and the images formed.

Solution
The reflection in the line v = —x

.

B4, 3

P(-

|
8

Figure 7.9: Reflection of a point B(3, 4) In the ling v = —x followed by reflection in the
lime y = (L

As shown in the Figure 7.9, the image of B(3. 4) after reflection in the line y = —r is
B'(-4.-3). The image of B (-4, -3) afler reflection in the ling v = 0 (r - axis) is
B"(-4, 3).

Theretore, the last image is B"(-4, 3).

Important concepts to remember are the following:

(1)  Reflection of P(x, ¥) in the x - axis or y =0 gives the image P'(x, - v)
(i} Reflection of Plx, v) inthe y - axis (x= 0) gives the image P'{ —x. v).
(i) Reflection of P(x, v) inthe liney = x or v—x =0 gives the image P'( v, x).
(iv) Reflection of P(x, ¥) inthe line y = —vor ¥+x=0 gives the image is

P{=y, =x)

| M P2 00K UAMY) S i 22 =

Scanned with CamScanner



3
E
-
=
]
-
"
=
a
=
|-
N
=
—
—
e
—
I
e
=
-
&

Exereise 7.1

Answer the following questions:

e I~ T

10.

12.

13.

14.

15.

Find the image of the point D4, 2) under a reflection in the x — axis.

Find the image of the point P(-2, 5) under u reflection in the ¥ — uxis.
Point (-4, 3) is reflecied in the y — axis. Find the coordinates of'ils image.
Point R(6, -5) 1s reflected in the v — axis. Find the co-ordinates of its image.
Reflect the point (1, 2) in the line y = -,

Reflect the point (5, 3) in the line y=x,

Find the image of the point (1, 2) afier a reflection in the line y =y
followed by another refiection in the line y = —x.

Find the image of the point P(-2, 1) in the line v = -x followed by another
reflection in the tine v = 0, Sketch the positions of the image P* and the
point P indicating clearly the lines involved.

Find the coordinates of the image of the pointA(S, 2) under n reflection in the
line y=10.

Find the coordinates of the image of the point B (-6, 3) under a reflection in
the linex =0,

The coordinutes of the image of o point R reflected in the x - uxis is
R'({2,—9). Find the coordinates of R.

The vertices of the riangle PQR are P(6, 2), Q(-2, 8), and R{-5,-11).
If triangle POR is reflected in the v - nxis, find the coondinates of the
vertices of i1s image.

The vertices of s polygon are A(2, 3), B(2, 4), C(-4, 4), and D4, 3),
11" the polygon ABCD s reflected in the y - axis:

(a) Find the coordinates of ils image.

(h)  Dwraw a sketch to show the image.

Describe the transformation which moves the point (4, 2) to (-4, 2) on the
xy — plane,

The point (6. -3) is moved by a transformation T to the point (6, 3).
What is T?

Scannex d with CamScanner
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Rotation

Rotation is o transformation which tums an object through a ceram angle.
Rotation can be either in clockwise or anticlockwise direction. When an object 15
rotated about a fixed point, this means that all points of the object are rotated. In
order to describe a rotation. consideration is on the centre of rotation. the angle

of rotation and the direction of rotation.

The trunsformation of rotation is usually denoted by R. The symbol R, means that
an object is rotated through an angle 0 in the xi-plane, the value of 01s negative
when rotated in the clockwise direction, and is positive when it is rotated in the

anticlockwise direction,

Activity 7.2: Drawing angles

Materials required: Plain papers, protractor, ruler, pencil
@ Draw an angle for each of the following degree messures: o
(n) 45° (b) 60° (c) 105> (d) 150

— _—— —

Properties ol rotation
(i}  The onginal object and ns image are congruent,
(i)  The original object and its image have the same onentation,
{iii}  The centre of rotation is the only fixed (invariant) point. all other points
change their positions.
(iv)  Every point tums through the same angle.

[_ : Bl P = (0T TN Bl 4 sl FRY
|
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Find the image of the point P(1, 0) after a rotation through 90° about ibe origin
in the anticlockwise direction,

Solution

The rotation of P(1, 0) through 90° anticlockwise about the origin is as shown

3 in Figure 7.10,
.E. ( ¥/j
g PO |
o R |
< H'.'n |
| |
- P | I
® ! 2 ®
: |
Y

Figure 7.10: Rotarion of a poimt thorough S0¢

After rotation of & point through 90° about the origin, the image will be on the
y—axis. Since P is | unil from O on the x —axis, and P is 1 unit ffrom O on the
v axis. The image of Pis P (0, 1) as shown in Figure 7,10,

Therefore, g_ (1.0)=(0.1).

Cienerally, rotation of a point on the s-uxis through 90° anticlockwise aboul the

origin is given by R, (x.0)={0,x).

l—_— @ Bl e PR
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Find the image of the point B(4, 2) aficr a rotation through 90" about the origin
in the anticlockwise direction,

Solution

Rotation of point B(4, 2) through 90 anticlockwise about the origin is us shown
m Figure 7,11,

|E'
'Y -
(e |
En 24) |, E
} 3 e
; ol ok B4, 2)
- Nt |
| i |
| | .
1 g
-2 —1 olo -1 IRTRE THRNY
p Q
1 e
Y

Figure 7.10: Rowtion of point 84, 2) throsggh 907 aniiclockwise abowl the origin

From figure 7.11, OB - OB, QBO =pOB’ and QOB = PB'O
APR'O = AQOB

Hence, PB'=0Q0

R, (4.2)=(-4.2).

Therefore, K, (4.2) =(-2,4)

Al ¥ - (000 | TNV Rl A il BRY ﬁ — ‘ | ‘ o

Scannex d with CamScanner



———
. T

Find the image of the point H( 1. 3) afler a rotation through 180° sbout the
origin in the anti-clockwise direction.

Selution

The rotation through 180° about the origin is as shown in Figure 7.12.

ety Formm ¥

LR

a

<
=
L
-
b=
L]
—
-
I
e

B

 §

i
Figure 7.023 Rotaiion af a point through 180" abowt the origin

From the graph, R, _ (1, 3) = (-1.-3)

Gienerally, rotution of a point through | 807 anticlockwise nbout the origin is
givenby R, (x. ¥} =(-x, ¥)

@, B o P —
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Find the image of the point Q(2, 1) aller o rotation through 270°about the
origin in the anticlockwise direction,
Solution

The rotation of a point ({2, 1) through 270" anticlockwise about the origin is
shown in Figure 7.13.

! i, ~2)
| RS R B
Figure 7.13: Ratution of a poins through 270F anticlockwise about the origin

From Figure 7.12, R,,.(2, 1) = (1, -2)

Generally, the rotation of n point through 270° anticlockwise about the origin is
given by Rﬂﬂrh- ¥)=(y —=x).

| M - (BOOK) (DUMIY) Bt 4 i 220 B
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Find the image of the point P(2, 4) afler a rotation through 90° about the ongin
in the clockwise direction.

Solution

The rotation of a point through % clockwise about the origin is as shown in
Figure 7.14.

H.]ll.rr Wt e et |'|"|'T|'|I'E' il

{4.—2)

e
¥

N1y
Figure 7.14: Rotation of a point through 900 clockwise about the origin
From the graph in Figure 713, R, (2. 4) = (4, -2).

Generally, the rotation of a point through 90° clockwise about the origin is
miven by R_ .(x v)= () —x)

i G
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Find the image of the point L(1, 2) under a rotation through 180° clockwise
about the ongin,

Solution
F
by 3
T I - — ] -:-;.
- (101, 2) 3
5 =
160
- -
D -4 | 1
® | ®
-—E
B, R
Y

Figure 7.14: Rotation of a point through 180" clockwise about the origin

From the graph in Figure 7.14, R_ (1, 2) = (-1, -2)

Generally, the rotation of a point through 180° clockwise about the origin is
givenby R  _.lx. )= (-x, -¥).

1 it ° W

— | M PR = (ROGK) TR Dagl & =i £

a
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Find the image of the point Q(3, 2) after rotating through 2707 clockwise about
the origin.

Solution

The rotation of a point through 2707 clockwise about the ongin is as shown in
Figure 7.16.

| Ay
Q(-2.3) |

Figure 7.16: Rotarion of a poimt through 270" clockwise about the origin

From the graph in Figure 7.16, R 45, (3,2) = (-2, 3),

Generally, the rotation of a point through 2707 clockwise about the ongin is
given by R .(x, ¥)= (-3 x).

T
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A:tl-.a_t'ly 7.3 Finding the inm_gc of a puiEt rotated nbout the m-igh:_ through

the given angle and direction.
In pairs or groups, complete the following tuble for rotation of each point
aboul the origin:
‘ Point | % 10 170 lh
| Clockwive Antichockwise Anticlockwlse Clockwise
—— 3
| 6.0 | 1z - — = - g
4.3 | =
| (3.0 | £
(3, 1) E
(0, 5 5
(-6, 0) “"; "
Summary
® Rotation about origin =~ Anticlockwise + | Clockwise 1 @
Ropdx. ¥) (=¥ x) (v —x)
R (% ¥) (=) (—x. —v)
Ry (x. ¥} _ B —x) (-x x)
Answer the following questions:
I. Find the image of the point (1, 2) under a rotation through 180"
anti-clockwise about the origin,
2. Find the image of the point (6, 0) under a rotation through 90" clockwise
aboul the origin.
3. Find the image of the point (-2, 1) under a rotstion through 270" clockwise
about the onigin.
4. Point (S, 4) is rotted thraugh 270° in the clock wise direction about the
origin. Find the coordinates of its imnge.
= | i P GROEN (LAY Pl A il 535 =

== ——— — — S —
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5, Find the image of (1, 2) after a rotation through 97 about the origin.

6. Find the image of (-3, 5) after o rotation through 180" about the origin.

7. Find the image of (-5, 0) afier a rofation through ~ 180" about the origin.

8. Find the image of (-5, 0) afler a rotation through 180° aboul the origin.
Comment about the resulis in questions 7 and 8,

9, The vertices of triangle OAB are O(0, 0), A(2, 3) and B(2, 1). The mangle 15
rotated through 90° anticlockwise about the origin. Find the co-ordinates of
is image.

10. The vertices of rectangle PQRS are P(0,0), Q(3, 0), Ri(3, 2) and S(0, 2).

The rectangle is rotted through 90° clockwise about the origin,
(1) Find the co—ordinates of its image.
(b) Dmw the image.

i
—
"
L
=
=
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=
B
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-
=
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=
-
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- Translation ‘e

A translation is a geometrical transformation that moves each point of an object
or o figure by the same distance in a given direction. This means that, under
translation, a figure or an object moves from one place o another without changing
its size, arrangement, or orientation. When an object undergoes a translation, all
its paints move on a plane through the same distance in the same direction.

Activity 7.4:  Idemifyving changes on an object being translated.

Individually or in pairs perform the following tasks:
Put your Mathematics textbook on a flat table. Mark the corner points on the
tuble, push it 10 cm horizontally w the right from the first position, then answer
the following yuestions:

(8)  Did the textbook change its orientation?

(b} How far did cach comer of the book move?

e)  Did the size of the book change?

—

Bl ) P
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In Figure 7.17, ALMN slides to AL'M™" in the direction of NN’, Note that lines
LL', NN"and MM’ are parallel and are of equal length. The triangle LMN is
mapped onto L'M™N' by a translation,

Vigure 7.07: Translation af triangle LMN

HI.I'le' Viarhirmra oS J‘mﬁp} L

In Figure 7.18, move each point of the coloured object 5 mits 1o the right and 3
units downwargs,

Figure 7.18;

An object in the vy - plane

— u-rr-rﬂnr-_rlulmhqu a1
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Solution

¥
¥ &

lll ii

[ —

e i L]
i

Haste Mathemarces Form Y

Figure 7.9 Transhation of an object {o the right amd then dowmwards

® The following are the properties of translations:
(i) The onginal object and its image are congruent,

(i)  The onginal object and its image have the sarme onentalion,

(1) The hnes drawn from any point on the object to ther corresponding

points on the image are all parallel and equal in length.

() The corresponding sides and angles are equal.

Note: A translafion usually is denoted by the letter T

For mnpfl.

written as T(0, 0) = T(5, 0).

T(1. 13 = (6. 1) means that the point (1, 1) has been moved to (6, )by a
translation T. This translation will move the origin from (0, 0) 1o (5, 0), This is

S —
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Examgle 7.16

A translation tokes the origin to (-2, —5). Find where it takes (2. -3).

Solution
The translation where it takes (2, -3) from origin is as shown in Figure 7.20.

v

rerranfics EOTHG

-

=

-
-

Hasic

Figure 7.20: The image of 12, -3) by the tranviution (-2, 5

Point O is moved 2 units 1o the lef along the x-axis and 5 unils along the y-axis
in the negative direction.

Point (2, -3) must be moved 2 units o the left along the x—axis and 5 units along
the y—axis in the negative direction. So, results 1o 2 - 2 =0 for the x-goordinate
and -3 -5 =-8 for the yv—coordinate.

Therefore, the trunslution takes the point (2, -3) 1o (0, -8).

e

e | Wik P2 = R0 | A St | sl 297 _@
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The square object CDEF in Figure 7.21 is the image of ABCD under a
reflection in CD.

(a) What translation maps ABCD onto DCFE?

(b) What is the image of AB by reflection in DC?

(¢) What is the image of AC by reflection in AD?

Solution
A D |
|
|
I 4
B C F
Figure 7.21: Reflection of an abject ABCT
(2) BC=CF

BC has moved a distance CF in the direction from B to C.

Therefore ABCD is moved to DCFE by the translation through distance BC.

(h) A moves a distance AD to D and B moves a distance BC to C.
Therefore, the image of AB is DC.

{¢) D moves a distance AD to E and C moves a distance BC to F.
Therefore, the image of DC is EF.

Scannex d with CamScanner
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Activity 7.5 Drawing images of figures

Draw the images of figures in the xy - plane by following the given steps:
Materials required: Sheets of graph papers, a ruler and a pencil.

Steps:

L. Locate cuch of the points in parts (a), (b) and (c) on o separale graph paper.

() A(2,1),B(3,5), C(7.0)
(ey) *(x+2 y+4)

(b)  D(-1,3), E(-2,5), F(-2,0)
(X)) (x—4,py-2)

#
-
-
LY

- i}
=]

-

=
=
-
=
—
-
R
-
=
=

(© R(2,2).S8(5 1) F(-2, 0), T(-3,—4)
(x.¥) = (x+6,y-3)

1

Join the points located on cach graph :

i paper to form a figure. Not

lines should not cross each other when joining the puimsg in pan‘:.;,'hm e
® 3. Use the given wansformat

. on 1o obltad : .
figure, then plot and join tn the image of the points for cach

the image points in the respective graph paper, ?
For parts (a), (b) and (¢) compare the distances between
and their corresponding images.

the original points

Excreise 7

Answer the fﬂtﬂiﬂnl questions:

L. A wranslation takes the origin to (-2, §),
(#) (-6,6)

e —

Find where it wukes:
(b) (5,4)

(b} (1,1) . (©) 3.7
3. Atranslation takes the
(@) (0, 0) R iilﬁ} :;' ;—;4 =5). Find where it takes:

—_— o
=

J | M- F2 - 000 DAY St A e 230
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A translation moves the origin a distance 2 units along the line v = x
upwards, Find where it takes the following pomnts:
fa) (0,0) (b (2,=1) {ch (1. 1)

A rectangular object ABCD is shown in the following figure.
-
A B
{a) What is the image of I) by reflection in ABY

(b) What is the image of A byreflection in BC?

In the following figure, the square CDEF is the image of ABCD by line of
symmetry in CD.
A D E

B F
(a) What translation maps A BCD onto A CFE?
(b} What is the image of BD by translation AD?

A translation moves the origin to (A, &), Where does it move the point (x, v)?

Draw the triangle whose vertices are A(2, -2), B(6, 1) and C(-1, 5).
Find and draw the image of a triangle formed by the translation which moves
the origin to (1, 3).
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9. Dmw a triangle whose vertices are A(2, -2), B(6, 10) and C(-1, 5). Find and
draw the image of the triangle formed by the translation which moves the
origin 1o (1, 3) on the xy — plane.

10, 11 Q(2, 3) is trunslated by (5, 0), draw an amow on the x-plane 1o show the
point and its image under the given transformation.

11 If S(8, -2} is translated by (-6, 2), draw an arrow on the xyv-plane 10 show
the point and its image under the given transformation.

Enlargement

Ravie Varhematics Fa

Enlargement or dilation is a transformation in which a figure is made larger or
smaller. A photograph may be enlarged 1o suit @ cerlain purpose as shown in

Figure 7,22

@ _ e
- e -
L N7 =

"

Figure 7.22: Enlargement of an object

cian be enlarged by drawing the figure using a scale. Enlarged
mesponding angles are equal. The
rgement fuctor and 15 usually

An onginal figure
shapes are geometrically similar and their co

number that magnifies a figure is called the enla
a figure is a tronslonmation called a dilation, In the

denoted by k. Enlargement of !
ot ngths are enlarged by a factor & then the arca 18

cuse of closed figures, if the le

enlarged by a factor of k.

&

[T f?-lmﬁliyﬂmﬁdi-—ﬁ pat
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Aruv'l'ty 7.6: Finding the constant of proportionality
Materials required: Manila paper, pencil, ruler, proractors, pairs of scissors

Steps: _
I. Draw two similar figures of different sizes.

2. Enlurge the two figures by using different factors. Compare the figures obtained.

3. Obtain the enlargement factor for each puir of corresponding figures.

4. Take s piece of paper and draw two circles of different diamelers. Make cuts of
the two cireles to obtain two circular objects. Arc the two objects similar?

Naie the following about enlurgement:
I. When the enlargement factor is 1, that is k=1, the object and 1ts image

are equal. _ |
2. When k >1 the image will be larger than the original object. In this case
the image 1s enlarged.
3. If 0<k <L the image will be smaller than the original object. In ths

-
"
[
.
=,
w
Lo
[ =i
L
E
=
-
-
—aC i
.
=
=

case, the image is said to be dimimished.

!.wtuﬂr 7.18
1

®

@ A shadow of an object is cast onto a wall. Find the position of the object so that
the shadow doubles its size.

Solution

ADAM -ADOCN

OM _ AM _0A |

= w kR

ON CN OC 2
B
But ON = 2 AM (given) Figure 7.23: Enlargment of
o AAOB of ACOD
This implies that, Ai - 1
24M 2

| SV SO
5 i8 the similarity ratio of the sides of trinngle OAM to triangle OCN

s

Therefore, OM = E{)-q

The object should be placed halfway between the source = I :
example, O is the centre of enlargement. e shadow. In this

H h l-dc-1-|u|u,|| |_
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In Figure 7.24, rectangle ABCD is enlarged to rectangle AB'C'D" where A is
the centre of enlargement,

A 10 cm ] Iy
4 om
B [
2cm
Bl {L.

Figure 7.24: Enfargement of rectangle ABCD 1o rectangle AR CD'

otk Varhemoncs ."'-uirnﬁ bt

(#) Find the enlargement factor of the enlurgement, given tha
AB = 4cm and BB' = 2cm.

{(b) Find length AD', given that AD=10cm.

Solution

AB
(a) Scale factor= ——=—=1235
AB 4
Therefore, the scale factoris 1.5,

(b)  AD' = ADx scale facior
= 0= |.5cm

Therefore, AD = 15 ¢m.

Propertics of enlargement
(i) The ratios of the lengths of the sides of the object and their cormesponding
ratios of images is consfant.

(ii) Corresponding angles of the object and its image under enlargement are

a I

Scanned with CamScanner
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Answer the Tollowing questions:

1. Givena triangle PQR with vertices PO, 0), (0, 1) and R(3, 0), draw n
triangle P'Q'R’ with an enlargement factor of 2.

Arectangle ABCD is 4 cm long and 3 cm wide. Draw a similar rectangle
PORS whose length is 1.5 times that of ABCD,

3. The shadow of a circular object whose diameter is 10 em is 48 cm from a
light source. What will be the dinmeter of the shadow when the object is
placed 36 cm from the light source?

The line segments FG, DE. and BC in the following figure are paraliel.
What is the enlargement factor for transforming:

(a) AADE to AABC?

(b} AAFG o AADE?

b

-
-
=
o
’
=
=
=
=
-
=
=
=
-
-
-
—
-
_—l:'.p
T
=
=
—
==

A

2cm

D .
/ 4 cm \
C
K b em

has its end point at (6. 2y, If the line

5. A line segment from the ongin I
i 4. what is the new cnd point?

scgment is enlnrged by a factor o
B with coordinates A(4, 0) and B(D, 3) is enlarged to

\ The linc & ent A
’ e rA'and B'.

A'B’ by a fagtor of 2. Find the coordinates fo

ircle of radius one unit having
ransformation by a factor of 5. Hence,

7.  Find the image ofac is mn‘r;t H.ﬂ:ll:
under an enlargement raw

circle and its image on the same xV
with vertices O(
fuctor of 4. Hence draw both the 0

. - . ﬂ_l].A.LIIJJ.BILI]and
g Find the image of the square ) Al i

(0, 1) under the enlargement
image on the same pair of nxes.
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9. If the following figure is a purnllelogram,
{a) what is the image of BC by the translution through distince CD?

{b) name the translation that maps AB onto DC,
(D] i C
A/H E/

Scale of enlargement

rew £ 0T | W

Viirrfre

il
-
2 |
-

The idea of similarity can be used in enlarging geometrical figures. For example,
in maps, a large area of land is represented by a small area on a piece of paper
using a scale. Scale is a rutio between the measurement ol o drawing and the
actual measurement. Tt is nommally stated in the form of 1D n. For example, if the
scale of a map is 1:20 000, then 1 unit on the map represents 20 000 umits on the
ground. Now, consider the following two triangles:

Figure 725: llustration of scale of enlargement

In Figure 7.25, a tniangle ABC is a scoled version of mangle PQR, where the
scale is 1:2. In ratio form, scale 1s expressed as follows:

Measurement of drawing: Actual Measurement, that is,

Measurement of a drawing
Actual measurement

Scale =

Normally, the measurement on a drawing is given in centimetres (cm).

— Ml P = (AO000 | TLARAAY) Fisl A w2l
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Find the length ol a drawing that represents:
(#) 15 km when the scale 1s lem:500 000 cm
(b) 45 km when the scale 15 | cm to 900 m.

Solution

(n) The scale of 1:500 000 means | em on the drawing represents 500 (00 cm
of length.
First, change 15 km into centimetres
That 15 15 km=15 = 100 D00 cm
= | 300 000 cm
Next, find the scale of drawing:

Measurement of o drﬂwiuﬁ
Actual measurcment !

Scale=

Measurement of o dmwinE= |
1 500 00 S00 00

® | SO0 em = 3 em

3 1

M fad = :
Ensurement ol a drawing 5m

Therefore, 15 km is represented by 3 cm.

(b) The scale is | em represents 900 = 100 cm = 90 000 ¢m
Scale is 1:90 000

Actunl length = 45 km = 45 = 100 000 cm = 4 500 000 cm

Skl Measurement of a drawing
Actual mensurement

Measurement of a drawing |
4500 000 90 000

Measurement of a drawing = * 4 500 000 ¢m = 50 cm.

90 000
Therefore, 45 km is represented by 50 cm.

_ -
_

Scanned with CamScanner
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Find the actual length in metres represented by:
{n) 3.5 cm when the scale 15 1:5 000
(b) 1.8 mm when the scale is lem 1o 500 metres

Solution
Length of the drawing = 3.5 cm

Measurcment of a drawing
Actunl measurement

Scule =

35 |
Actual measurement 5000

Actusl measurement =3 5x5 (N0
=17 500 cm
_17 500 m
100
=75 m

Therefore, the actual length represented by 3.5 cm is |75 m.
(b) The scale is 1 em to 500 m. But 300 m = 500 * 100 ¢m = 50 000 ¢m
Therefore, the scale of the drawmg is 1:50 (00

Scale = 1:50 000
Length of drawing = | .8 mm = 0.18 cm

_ Measurement of a drawing

i Actual measurement

I8 =
Actusl measurement 50 000

Scannex d with CamScanner
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Actual measurement = 0,18 50 (K0em
=9 000 cm
9000 m
T
=90 m

Therefore, the actual length represented by 1.8 mm is 90 m.

Scale factor
If two polygons are similar and the rutio of their corresponding sides is a-h then
the scale factor of enlargement i1s E For example, the corresponding sides

of two similar polygons have the ratio 5:3, then the scale of enlargement 15 ;

e —

From Figure 7.26, find the scale factor of enlargement, of AXYZ and AXMN
then calculate NM.

N

Figure 7.26: Mustration of weale fuctor

Scanned with CamScanner
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Solution

Triangle XYZ and triangle XMN are equisngular

AXYZ - AXMN

n’"hlﬂ“‘. 1_.....=i:‘._{'—n.1
X ZY 12
NM _3
6 12

Therefore, NM =9 cm.

Scale Mactor lor arceas

Consider the two similar rectangles shown in Figure 7.27 with a scale factor k.

D ) C s ak R
M) L] = .

b L Ik -
1 m — =

A i P ok Q

Figure 7.27: Similar moctanylos

| e T -~ (0N DN gl A il PSR

o m
Pt - —
.=
—
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IFAB = a and AD = b, then PQ = ak and PS5 = bk,

Area of ABCD = axh=ab

Area of PORS = ak x bk = abk*
Area of PORS _ abk _ .
Aresof ABCD ab

Therefore, if two polygons have a scale factor &, then the ratio of their arcus 15 4°,

This is also called the scale factor for the arca.

ASTU is 6 ¢m’. Find the arca of AABC.

C
Ll

% om B 5 e I

Figure 7.28: Area of triangles by ratios of their lengths

Solution
The scale factor = -‘E:-I.
ST 2

4

¥

-

murms(z]’*g
Aren of ASTU

i
Theretore, aren of AABC =6 x 43 cem® =13.5 em?,

In Figure 7.28 AABC ~ASTU, with AB ~ 3 cm, ST =2 cm, and the area of

o

R B

R TER P |
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Excreise 7.5

Answer the following questions:

| Inthe following figure, BC//DE, AB = 5 ¢cm, BD = 3 em.
(a) State which triangle is an enlargement of AARC.,
(b) Calculate the scale factor of the enlargement.

A
S cm
B »\C
dem
() = I
2. Two triangles are similar but oy congruent. Can one Iriangle be the
enlargement of the ather?
3. The length of 3 reclangle is twice the length of another rechiangle,
Is one rectangle necessarily be an enlargement of the other?
Explain your answer
4. Inthe following figure, show that APOR isnot an enlargement of ADEF
[
4 em fi em
E
Som ¥

Scanned with CamScanner
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Use the following figure to find the value of x and the scale of enlargement
of the two triangles.

3.

6. Two windows are similar with a scale factor 3. If the arca of the smaller
window is 2 em?, find the arca of the larger window.

7. Triangle XYZ is similar to triangle ABC and XY = 8 cm_ If the arca of
the triangle XYZ is 24 cm® and the area of the triangle ABC is 96 em’
calculate the length of AR

=
—
-
£
=
=
=
=
| =
-
=
=
"
=
-
_——
em
.
=
-
_—

@
@

Combined transformations

Combined transformation means that two or more transformations are performed
on an object. For instance, you could perform a reflection and then o translation

on the same object.

A tnangle with vertices A0, 2), B(1,0), C(2, 1)is first reflected in the line x = 1.

It 15 then enlarged about point (1, -2) with a scale fuctor 2. Find the vertices of
its final image.

1
@‘ L O SRR -] )
‘l |
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Figure 7.29: Combined transiation of an object ABC

From the graph in Figure 7,35, the vertices of the final image are
A"(-5,6)B"(-7,2) and C(-9,4),

Exercise 7.6
Answer the following questions:

I Find the final image in cach of the following combined transformations:
(@)  Point A (4, 2) reflected on line ¥ = x and then reflected in the x - axis.

(b)  Point B (-3, 5) translated by T (3, —4) and then rotated through + 90°
about O{0, 0),

(€} PomlC (4, 4) rowted through +180° about the origin und then
ed on the line y= y,

Find the image of APQR with vertices P (3, 1, Q 4, 4)and R (2, 4) under:

(@) Reflection in the ¥ — axis and then rotation through +90° gbout the
origin.

(b} Reflection in the x — axis and then rotation through -90° about the
ﬂligi"-.

3. Triangle ABC with vertices A (LO),B(4,-2)and C (3, 2) is enlarged by a
scale fuctor 2 and then reflected in the y — axis. Sketch the object and images
on the same 1y - plane.

“| bt I — AT LY el o ety B @ —_
- |
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Chapter summary

2,

_1
E 3.
= 6.

Reflection is a transformation which reflects all points of a planc figure na
line called the mirror line. .

Rotation is o transformation which tums all points of an object sbout a fixed
point known as the centre of rotation through a given angle m a clockwise or
anticlockwise direchon. .
Transkation is a transformation which moves all points of a plane figure in the
same direction. It is the result of sliding a figure.

Enlargementdilation is a transformation in which a figure is made lnrger
{magnified) or made smaller (diminished ).

Scale is @ mtio between the measurcments of a drawing and the actual
megsurements. |
Combined transformation means that two or more transformations are
performed on one object. Far example, reflection and rowmtion, reflection and

enlargement and so on.

Reviston exercise 7

Answer the following questions:

1.

2
i
4.
5

i

List three examples of transformations.

Is enlargement a transformation?

Find the image of the point B(-3, 6) afier a reflection in thex - axis.
Find the image of the point D(2, -5) after a reflection in the y ~ axis.

Find the image of the point Q(6, -8) afier a rotation through 907 about the
origin in the anti - clockwise direction.

Find the image of the point N(-2, 3) after a rotation through 270" clockwise
abow the ongm.

Find the image of the point (6, 2) after a rotation of 180° about the origin in
the anticlockwise direction,
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& A translation takes the origin to (-6, 1), find where it tnkes (2, -3).

9 Atranslation takes the points (0, 6) to (0, 10)). Where does it take (2, ~3)?

10, Draw a parallelogram ABCD with vertices ALZ, 5), B(5. 5), C(6, 8) and
D(3, ). Draw the image of the par allclogram ABCD formed by reflection

in the v - axis.

| AT

1 IfAPOR — ALMN such that MLN =40° and QRP = 6(F, find:
(a) PQR (b) QRP + RQP

12, On the map of a cenain place, a line segment joining two pomis 15 5 em
long. The distance between the actual powmts represented is 125 km, find
the scale of the map.

13,  The length and width of a rectangular field on a map of a certain town are
10) e and 8cm, respectively, If the scale of the map is 1:400, find:
(1) the actual length of the fielkl.
(b) the actual width of the field.
4 (¢) the actual area of the field in square metres.

L1
8

14.  Iftwopolygons are similar and the ratio of their conesponding sides is 5:3,
what is the enlargement factor?

15, Aludder S metres long leans against o vertical wall. The point al which the
lndder meets the ground is 3 metres from the wall. Use a scale drawing to
find how high up the wall the ladder touches the wall.

16, Use the following figure 1o find the enlargement fuctor of A ABC and the
scale fuctor ofits area, and hence find its arca given that the area of A PBA
is |0 em’.

Mt T2 = (OO | TR Bl 4 ekl PRA =
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Chapter Eight

" Pythagoras’ theorem

Fiewe Ty

The Pythagoras ' theorem is a fundamental theorem which relares the three
sides of a right — angled triangle . The theorem bears the name of a Greek
Mathematician, Pythagoras, who was born on the Island of Samos in Greece.,
In this chapter. vou will learn abowt the Pythagoras® theorem, its proof
and applications. It is applicable in architecture and engineering science
to caleulate slopes of buildings and calewlating the distance between two
points using a reference point, or the magnitude of a vecior: The competences
developed in this chapter will enable you to obtain the lengths or heights of
objects without physically taking measurements,

® - Yo i @

’
(=
=
=
=
-
=
-
-
=
P
-
=
1
=
==

Pythagoras® theorem
Consider the night — angled triangle in Figure 8.1:

i

S

A h C

Figure 8.1 A righr - angled riangle

The longest side, which is opposite to the right angle, is called the hypotenuse,
and the other two sides which form the right angle are called the adjacent sides.
Pythagoras® theorem states that: “In o right — angled triungle the square of the
hvpotenuse is equal 1o the sum of the squares of the adjaceni sides. |

i

) | @ WSl P —
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Therefore, if two sides of a right — angled triangle are known, the third side can

be determined by using Pythagoras® theorem. From Figure 8.1, the Pythagoms'
' theorem is writien as;

(BC) + (AC) = (AB)

i

That is, a® + F = &,

Activity 8.1 Establishing a relationship between the sides of a right — angled
trinngle.

Materials required: Manila paper, ruler, pencil

Steps

I. Take a sheel of manila paper and draw five right - angled triangles of
different sizes.

. Measure the lengths of the sides of the tnangles.

Square the length of each side.

. For each triangle, compare the squared length of the longest side with the
sum of squared lengths of the adjocent sides,

5. State the relationship vou observed.

favic Varhemanos Formg iR

= Wb

® L = & °
Consider Figure 8.2 which represents triangle ABC with ACB = 90°.
c
=
A D -

Figure 8.2; Triangle ABC

Required 1o prove: (EE] ¢ [BT] - I:E]

Construction: Through C | draw CD perpendicular to AB.

° W
g 1
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Proofl:

ADC = ACB (each measures 90" )

CAB = CAD (Commaon)

ACD = ABC (third angle of triangles)
AABC ~ AACD (AA —similarity theorem)

BA _BC _AC
“AC (D AD
AC _BA

In particular, =" =

pet AD AC
{E] — ADx%AB. (1
In the same way:

AABC -ACBD

| BC

I cular, —=——
n particular, T
(AT} =BDxAR 2)
Adding (i) and (i) results into,
(AC) +(BC) =(ADx AB)+ (BD<AB)

=ﬁ[:ﬁ+ﬁ}

= ABxAB [since .Tm-ﬁ:?u]

()

Therefore, (AC) +(BC) = (AB)

9
' @ i
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Alternatively;
Consider the square PQRS with side length a + b as shown in Figure 8.3,

| : z
5 _ 2
K ( | : M =
i //1.‘ b -::
s i R <
Figure BY: Recrangle PORS.
° ®

Area of POQRS = Area of NMLK + Area of four equal tnangles

{a+bla+by=cxc+ 4( i—x{rxh]

a* +ah+ah+b =f':+4x%:‘ﬂ¥h

a +2ab+ b’ =t +2ab
a- +b' =¢" +2ab-2ab

at+b =

Hence, the square of the hypotenuse is equal to the sum of the squares of the
adjocent sides. The converse of the theorem is: If the square of one side of a
triangle is equal 1o the sum of the squares of the other two sides, then the angle

between the two sides is a right angle.

If & + B £ ¢ then the triangle is not right - angled.

P

Ml P = (RO | DLARY) el 4 fls 58

————

Scanned with CamScanner




(N

@
=

E TN C———

The adiacent sides of a right — angled triangle have lengths 5 cm and 12 cm. Find
the length of the hypotenuse,
Solution
Construct AABC with ACB = 90°, AC = Sem

E_ and BC = 12 em. Required (o find AB.

1:_ Using P}rlhﬂgﬂfll_ﬁ' Thnfr-:m {\\

< (AB) =(AC) +(BC) =5*+12° S

E ' Sem T~

& =254144=169 o

._;.%.,. AB= J169 =13 cm c T =B

Therefore, the length of the hypotenuse 1s 13 cm,

@
L

In the following figure, AC = 17 ¢m, BC = 8.¢m, and CD = 12 cm, find AD.
A

I 7ecm

I (b

8cm C 12¢m
Solution
Applying Pythagoras® theorem:

In AABC,

(A8 + (52) = (3€)




L LEEN

@

(AB) 48" =17

(AB) =289 64 = 225

AB=+225=15

In AABD,

(AD) =(AR) + (BD)
-(AB) +(BC+CD)

57 H(8412) =225+ 20"
=225 +400

;

Iafle Viarhemoilev i Ihl-!

(AD) - 25
AD = J625 =25
Therefore, AD =25 em.

In the following figure, prove that PNR = 90°, and hence calculate NR.

Jhem

Q inem XN R

Ii i P2 = (R0 SN Seal 4 il 2 ‘i‘-

|
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Solution
From AQNP.

(QN) + (PN = 107424
= 100+570
=HThH

(QP)=26" <676

since  (QP) =(QN) +(PN) =676
Then, QNP = 90° (Pythagoras’ theorem)
Hence, PNR = 90° (supplement of QNP)
Applying Pythagoras® theorem to APNR:
(PN) +(NR) =(PR)
24 4+ (NR) =30°
— 1
(NR) =900-576 =324
(WR) =328

Therefore, NR = 18 e

Scannex d with CamScanner
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Exercise .1

Answer the following questions:

I, Calculate the unknown side in each of the following triangles:

fa) X (h)
21 em
2 o
# /o\\
29 ¢m
(c) (d)
i 17 em
12 em “:
= [

S om

F
L
=
g
E
2
L
5
=
.
-~
-
==
(<]
=

lhem  Bem

o

4. ' ﬁﬂﬂ 'lh.E len ths of I 1
, | 2 'lhﬂ' Eld-ﬂﬁ 'W‘l’“ch

() AC = 26 cm. AB = 10 em
(b) AB = 20 cm, BC =21lcm
(€) AC = 25 cm, AB = 15 cm
(DHAB = 28 cm, BC = 45 em

3. Caleulate the fength of
4. Aman travels 15 km due
from his starting point”?

dingonal of & square with sides 7 em,
north and then 8 km due west. How far is he

L | T —-
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5. In the following figure, calculate the value of AC, AD, and EC.

A

[y Uy

’
6. Aquadrilateral ABCD is such that, DAB = BCD = 90, Prove that
(] + (W) - (o0

7. The sides of a rectangle are 5 cm and 7 em, Find the length of a dingonal.

—_— e
8. Use the following figure to find the length of CD. -
0
C
10 em
4 em
—
A 80} cm R

9. Find the sides of a thombus whose diagonals are 6 cmand 10 cm.

10. A ladder touches the wp of a wall 18 m high when it is 2 m away from
the wall. Find the length of the ladder.

11, Intriangle ABC, AB = AC = 13 em, BC = 10 cm. Find the length of
the perpendicular from A 1o BC and the area of the triangle ABC.

12 Calculate the altitude of an equilateral triangle with sides of 8 cm long
each.

-

T [ @ BT T
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13. Ina quadrilateral ABCD, BAD = 90°. If
(AB) +(AD)" =(CB) +(CD)’, prove that BED = 90°.

14, Ina gquadnlateral PQRS, POR and PRS are right - angled tnangles. 1T

ﬁi = 9 ¢m, und RS = & cm, find the length of PS und the urea

1

of PQRS.
I5. Inthe following figure, find the value of x.

=,
-
U
I
-]
£
E

16. The length of a dingonal of & square 1872 em. Find the length of the sides
of the square.

17. Inthe following figure, A, B and C is a roof of a godown with its highest
pomt al C. The horteomal level ol the walls AB 15 7 m above the ground.

How far above the ground is the highest point of the roof !

|
26m Lm

40 m

I8, In a quadrilateral ABCD, AB = 9¢m, BC = 12¢m, AD = 25¢m,

CD = 20 cm and ABC = 90°, Find the area of ABCD.,

- Rl P = (OO [TLBAAPY) Bl 4 el B0 @ - '

Scanned with CamScanner



@ (T

19. Determine whether cach of the following set of measures can be sides of

o right — angled triangle:
(1) 3,45 (b) 7.24,25 (€) 12,34,37
(d) ©.40,41 (e) 20,2131 (N 20,48,52

20, Consider a right - angled triangle whose adjacent sides are m” —n’ and
Imn. Show that the length of the hypotenuse side is m” + 1,
21, The perimeter of an equilateral triangle is 45 em. Find the height of the

tnangle.

Application of Pythagoras’ theorem

If two straight lines meet at a right angle, Pythagoras™ theorem allow you to
calculate the length of the line connecting the end points of the lines.

This is one example how Pythagoras’ theorem is applied in real life situanon,
- CGienerally, the Pythagoras theorem is applicable in calculating distances between
two points as well as heights of buildings and other structures.

omles s —

Given the following figure, find the value of m.
A
L
13
8 5
I...
(] 4 C

g i

= | = @r LS 1 _—
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Solufion

In order to use Pythagoms® theorem, we need to have a right —angled triangle
A

i3 e P ih’ﬂ

Hﬂ'l':ll' LY LT

Now, in the right - angled triangle ABE,
m' =3 + 4" (Pythogoms' theorem)
m =9+ 16=25

m =25

Therefore, the value of m is 5.

Mah Fi— {500 [TLEANY) Dl 4 mdh P87 Iaf,- —
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Example 8.5

@
B
ol

A ladder 3m long leans against a wall. The foot of the ladder 1s 3m from the
base of the wall. At what height from the ground docs the top of the Indder leans

against the wall?

| [

L1 |
 E—— |

m | | [
L1 1

I
L1 ]

1 11
L1 |

Solution

The above diagram can be redrawn to represent a right - angled triangle:

im

By Pythagoras theorem,
Yay=g
yi49=25
v =25-0

y=+i6

y=4m The top of the ladder reaches 4 m up the wall,

F-
L

Scanned with CamScanner
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Exercise 8.2

Answer the following questions:

I Find the unknown length in each of the following figures. Give the an-
swer correct to 3 significant figures.

@ 12 cir (b) \

15m

] []

12m

2. Aladder leans against o wall, If the ladder reaches 8 m up the wall and its
foot is 6 m away from the base of the wall. find the length of the ladder.

IJ [I I1
ETT
o [
N o B
W Bm
=1
1=
T
L s i
- -
Hm

3. Awoman walks 500 m up the side of a hill,
distance of 300 m, find the horizontal distan
travelled.

4. Arectangular field, of 80 m long, is 10 be fenced with a wire.
IFthe dingonal of the field is 100 m long, find:

(n) width of the field.

(b} length of the wire needed to fence the field,

If she has climbed o vertical
ce through which she has

et 2 - BO0OK) LAY, Toml 0 mils By

e
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5, The hypotenuse of an isosceles right — angled miangle is § cm, Is there
enough information to find the length of the adjacent sides? If so, find

their lengths. 1T nol, explain why not.
6. A painter placed o 20 metre ladder against the wall of & house so that

the base of the ladder is 4 metre away from the wall. How high does the
ladder touch the wall from the ground?

Chapter summary

B

Pythagoras” theorem states that: In any right-angled tnangle, the square of the
length of the hypolenuse is equal to the sum of the squares of lengths of the

ndjncent sides.

The converse of the Pythagoras” theorem states that: I the square of one side
of u triangle is not equal to the sum of the squares of the other two sides, then

the triangle is not right - angled.

Pythagoras” theorem has applications m architectural works such as m
construction of buildings, bridges and walls, It is also used 1o find the width
of rivers and heights of buildings.

e ST IRE 1]
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Hevision exercise X

Answer the following guestions:

I. Find the unknown length in each of the following nght — angled triangles:

(u) (b)
9 em h \
fem
1 ]

el Vathrmanes Fq__

il Tem
() (d)
5 h
cm 3 em /
-
C M "
7] 5

(e) (n RBem

L]

2. Find the unknown length in the following right — angled trinngles,
(a) (b)

h 16 em S4cm
6.5 cm

4.7 em

. Malk P2 = (ROOK) [TUANIY) St § iy 274 Lmy —
-2 s
I

L
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3. Arccmngle has the dimensions 15 em by 11 em. What is the length of its (
dingonal? F

4. The following figure is un sosceles triangle of beight 8 cm and base 6 ¢m,
What is the length of each side?

8 cm

.rl.uL Wuthemancs r'.‘ﬁ{'.l' by

5. Find the length of the diagonal of a square whose sides are 18 em.
6. The diagonal of a square is 25 cm long. What is the length of its sides?
7. Calculate the length of the sides marked with letiers in the following
figures:
{n) (b} ®

X e B

ioom

&
LLLES T o '11._-1“

% cm

-_— .
A o

B. A lodder 10m long leans agamst o wall, The foot of the ladder is 6 m
from the buase of the wall. How high does the top of the ladder reach?

9. A rope of length 39 m is tied to the top of'a flag pole. The other end of
the rope is fixed a1 a point 36 m from the base of the flagpole. How high

is the flag pole?

_ ®

|
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Chapter Nine

| Trigonometry

The relationship between sides and angles of riangles is one of the impaoriant
subject areas in mathematics. Trigonometry is a branch of mathematics that
deals with the relationship between lengths of the sides and angles of triangles.
A thix chapter you will learn about trigonometric varios, trigonometric ratios
‘af special angles. trigonometric tables as well as calculations which involye
angles of elevation and depression. Trigonomen'y is used in navigation to find
the distance of the share from a point in the sea. It is also used in caleulating
the height of tides inoceans. The competencies developed in this chapter will
enable you to find heights of buildings, trees, hills, or mountains, width of a
@ niver. slopes of moafs, and many other objects. without physically measuring @
them but only using angle measuring devices.
— ——— T i

ftavie Marhematies B .'

Trigonometric ratios

Sine, Cosne, and Tangent are the basic trigonometric tatios abbreviated as *sin’.
‘cos’, and “tan’. These are referred to as ratios because they are defined by ratios
of the sides of a right - angled triangle. Other trigonometric ratios derived from
these basic ratios are seeant, cosecant and cotangent. These arc reciprocals of the
three basic trigonometric ratios. The sine, cosine and tangent ratios are defined in

terms of the sides and angles of o right — angled triangle,

Activity 9.1 Identifying the propertics of a right - angled trinngle.
- Using a protractor and ruler;
I Draw three right - angled triangles with different sizes but the corresponding
interior angles are congrucnt (that 15, AACB, AAED and AAGF are
congruent) and name CARB = EAD = GAF.

(8) Measure the lengths AB and AC.

|--| | M R - EROIONK) | TURIAY) Bt @ il P73 @. ‘_li_
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AB
(b)y Compule the rtio o~

(c) Measure the length of AD and AFE.

h C te the ratio ﬁ__]_ie
() Compule AE
(¢) Measure the lengths AL and AG.

() Compute the ratio T:-EFE'

(g)  What do you notice about your answers from (b), (d) und (£)?

=y
-
=
=
=
=
-
=
=
=
=
=
—
-
-—
'
—
-
=
-,
-

2. What is the basic condition for a trinngle to satisfy the Pythagoras theorem?

3. Draw two similar right-angled triangles in which the mtio of their

corresponding sides is %

® 4, What are the measures of the angles in each triangle? What are the lengths e
of the sides of each trinngle?

Consider the night — angled triongle ABC shown in Figure 9.1,

C

Hyjpotetiise Crpposite sido

A Adjacent side 1]

Figure 9.1; -'I"ij.,'h! ~ o Ir‘fun_g.fp' AN

In relation to angle CAB = °, side AC is called the hypotenuse, side AB is
cilled the ndjacent side, and side BC (opposite to the angle x*) is called the
npposite sude,

- i L i @ L 1ﬂ‘-‘| __
; -
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Consider the similar tiangles shown in Figure 9.2,

A 13 5] G

Flgure 9.2 Similur trigngles
G _B_iG_
AB AD AG
where 1 is a constant ratio. This constant ratio is called the tangent of the angle
at vertex A and is written in short as tan A.

where s 15 a constant ratio. This constant ratio # is called the sine of the angle at
veriex A and is written in short as sin A.

®

Likewise, E:E:ﬂ: c,
AC AE AF

where ¢ 15 a constant ratio, This constant ratio ¢ is called the cosine of the angle
al vertex A and is writlen in short as cos A.
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Consider Figure 9.3 to obtain the trigonometrical ratios of an angle.

C

Opposite

-

A Adjacent B

Figure 93: Trhiponomerric ratios of angle A

|

=
=
-
s
' —
-
=
=
=
-
-
—
-
b
—
]
=

The length of the sides of a nght — angled triangle in Figure 9.3 are used to
define the basis tngonometric rutios as follows:

oA < Opposite side

. Ia
® adjocent side
sin A = opposite side

hypotenuse

o A= adjacent side

hypolenuse

The following s auseful way of remembering these definitions:

S0 | TO CA

H A H

(4

where S = H 15 the defimition of sin A

LB
Te= A is the definition of tan A

A
C= H is the definition of cos A

|
‘ @ s 188 |
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In a right-angled trinngle ABC, AB=3 em, BC =4 cm and AC =5 ¢m.
Find the value of the followmg:
(@) sinA  (h)cosA  (c)unA

Solution
ABC is a right - angled mangle such that,
ABC = 907, It follows that

(a) sin A = opposite side
ypolenuse

el

Scm 4 em

AB  Scm s Icm B

— | Mkl F¥ = ROOK) [TLAME Sal 4wl BTT

4
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congles:

In triungle POR, angle POR is o tight-angle. If RP=4 cm und

PQ=2 cm; find

() OR
Solution

(b) anR

&

(c) cosR

P
2em \
jm

Q
la) (ﬁ:-! -4
QR =16-4=12
QR =12

R

(b)tan Ii g BM“:E side

adjacent sade
_m
-QR
2 1
NN
=3
3"

Therefore, um R




@

Il tan x = % find the value of ¢os .y,

Solution

By definition, tan x 3

= may be represented as shown in the following triangle.

e, T

—

'|‘I

-

e

12 45 =+/ldd+25 = /169 =13

adjacent sade 12

COs X =

hypotenuse side 13

12
Therelone. cosx = [_1

Using Pythagoras’ theorem, the third side (hypotenuse) is

I °
oy

=
Ak P = (SO0R | CLARLIY Pl 4 L =

#
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If XYZ is a triangle such that XYZ = 90°, ZY= § cm, ZXY = 30°and
ZX = 10 em. Find the value of sin30°

Solution
osite side
e Hin 300 e
¥ hypotenuse
£
3 5
d = —
E 10 5 ¢t
=05
Y

Therefore, sin 30° = 0.5

e
e
B

P

e

-

=
==
-

.

Answer the following questions:

I, Iniangle LMN, LNM =90°, DM =10 cm. MN = 6 cm and LN =8 cm.
Find:

(a) anM
In o triangular plot ABC, BAC =90°, AB =8m, AC = 15m and
BC = 17 m. Find the values of each of the following:

(@ sinC (b) tanC (¢) cosC

(b) sinM (c] cosM

‘d

1. Inaangle RST, RST=90, RS=4c¢m and T5=3 ¢m. Find:
(a) TR b) cosR (c) SinR

A rectangulur field is 100 m long and 50 m wide, 17 one of its diagonals
mukes an angle x with the length, find the value of tanx.

i Bty 10 P
_ =
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5. Usethe following figure to find: () tan x (b) sin ¥
A

-
=
E 3
13 8 em 1 o
E
-
6 If sin.t=%, find the value of () tunx (b) cosx £
Is -
T I Bm.l‘=ﬁ. find the value of 2
(2) sinx ()
B. Given that sin 3IJ'=;: » find the value of cos 30°,
® 8-
9 In a triangle ABC, AB = ¢, BC = a. AT = b and ABC =9g°
Find in terms of a, b or ¢
a) sinC (b) cosC
(¢) tanC (@ SnC
cos
¢) Whatis the relationship between tan ¢ ang sinC |,
cos(
10,

In n nght-angled trinngle, the length

ol its angles is 707, Caleulate
(use cos 70° = 0.342)

of the hypotenuse i 10 em and one
the length of the shores; sidde

— hiws

ol LR Y Y Pl 4 owlly s .E:l,
I =
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Trigonometric ratios of special angles
Special angles are those angles whose values of their trigonometric ratios can be
found by using simple ratios. The special angles are 30°, 457, and 60°.

C onsider an equilateral triangle ABC shown in Figure 9.4. Let the length of each
side be 2 units. The altitude from A biscets BC st D.

Figure 9.4: A triangle with special angles 30F ol 60"

BD = DC = l{equal halves of side BC).
® BDI+ADI=22 i Pythagoras® theorem) .
12+ AD2=22
AD’=4-1=3
AD = 4
mnﬁﬂ":i:ﬂ A « _BD 1
1 5 NIl =—=—
AR 2
an30’ =22 _ 1 3
AD 3 3
cos 30’ = =n_£
AR 2

BEIFT 1 5 P
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Consider the isosceles triangle POR in Figure 9.5 in which the base angles is 45°

and PO=RQ=1.
PR=ANI+1 =2
PO |
0 = e ===
lan 45 RO |
44;u—_;.l._£‘ ; —_J_f.l.
S0 =2 ﬁ 3 2
PO 1 2

Q
Figure 9.5 Losceles triangle with
special angle 45°

These results are summarized in Table 9.1,

Table 9.1; Trigonometric ratios for the special angles,

i X . sinxy cOs X T lanx
1 é 5
- : ¥ =
I & z .
45° S 3 |
|
N, 1 i

Values of sin 90°, cos 90" and tan 90"

As B goes to 90°
Hypotenuse becomes very long
Opposite side becomes very long
Adjacent side remains the same
very long
very long
. adjacent
g E}; long
very long

tan = -Eljm:cnl

Thus, sin90° =

cos N

Mt [~ (RO [TRASY) Baci 4 mds 203

approuches |

Crpposite

Auljacent

appronches O

becomes very large (undefined).

o _
& .
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Values for sin 0°, cos 0° and tan 0"

Consider the following right — angled triangle in Figure 9.6,

Figure 9.6: Movement of AC towards AC,

When AC collapses to i['“. angle [‘,i[fu hecome 0 then, the hypotenuse and
adjacent sides overlap. This means that the opposite side becomes zero. Thus,
. i site side 0
sinl*= e i — = =0
hypotenuse side  hypotenuse

Theretore, sin 0° =10

_adjacent _,
hypotenuse

cosl)® =

(since the hypotenuse overlaps with the adjacent side and they become equal)
Therefore, cos 0°F = 1

ange =PRS8O0 _,
adjacent  adjacent

(in this case the opposite side shrinks to zero so that the hypotenuse overlaps
with the adjacent side)

Therefore, tan 0°= 0

Scanned with CamScanner
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Find the exact value of 2sin 60”4 cos30°.
Solution

Using the values from the Table 9.1, it is noted that:

sin6l’ = %and cos 30" = %

2sin 60" +cos 30" =[2:-‘E]+£= —3
2 72T
Therefore, 2 cos 60 + ¢os 30" -j-lﬁ.

An isosceles triangle PQR is such that POR =45%and RPQ = 90°, If PO = 6em,

find the length of RQ, using trigonometric ratios giving the answer in form of
the radicul or surd form.

Solution

Using the triangle POR:

6

COS 45° = e
RQ
— 6 6
RD= =
Q cos 457 ﬂ
2
12
= ? =632 (upon rationalizing the denominator),
Therefore, R_FQ =642 e

BT 2020
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Answer the following guestions:

I. Find the exact value of each of the following expressions:

(4) 3tan 60° (b) V2 (cos45° +sin45")
(e) 2(sin 30" + cos [I*) (d) Ecm& 30® — 2tand5°,
3

; II':iinx=I;.ﬂnd the followimng:

S

() the value of x.
(b) tan x grven that x is an acute angle.

]

3. A lndder lcans against a vertical wall and makes an angle 60° with the wall.

If the highest point of the ladder is 4 m from the ground, find the length of
the lndder.

4. Simplify cach of the following:
{n) cos45" sin 45" (b} sip 60" (tan 30F - cos 307),

5. Pind the value of euch of the following:

) sin 60" (b) sin 30
cos 60F cos 30"

6. Evaluate each of the following expressions:

(o) M Ipeet. (b) (sin60% cos 60",
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Trigonometric tables

Values of trigonometric ratios can be read from trigonometric table just as it s done
with logarithms of numbers. Consider Table 9.2 which is u part of the lorger table
of sine values, The angle is read from the extreme left hand column Forexample,
1o find sin 367, locate 36° on the column of degrees and read the corresponding
vilue under the column labeled 0. This gives 5878, Thus, sin 36° = 0.5878.
Similarly, to find sin 74° 50°, locate 74 on the extreme left column and in this row
read the corresponding value under 48°,

Natural sine
Table 9.2: Trigonometric table

L o' 1’ ¥ | .. _4]' 54 Mcan Differences l,'.l.ﬂll:t

T

o || 81" | 82 | o3 08" 09 1 r[a 415"
0| 000001 00017 | 00035 | 0.0052 00140 0015703 61l o [ 12 | 15
1| 00175] 00192 | 00209 (00227 | [oo3naf 00332 3 (el 9 |12 |15
} 4 b § - " i M E— - . !.. - ]
35 | 05736 05750 | 05764 | 05T D850 osxe4 | 2 | sl 7| 9 |12
36_,0.587K% 0.5892 | 0.5906 | 05920 | | oSl peood | 2 | 5| 7 | 9 |12
37 | 06018 | 06032 | 06046 | 06060 | 06120) D6143 2 [ 5[ 7 [ @ |12
E: ut.hm ||u<m-'t ' 09573 uﬂs"ﬁ h 0 LTI IIUHH. | T - ”'2 3 | 4 |
T4 09613 0617 uun.._j S O96Z7 0 9650" 00655} 2 "f 2314
'_h" uuhw | 09663 D.9668 | _n:fr;‘*!. 09694 0.9699 _1_ 1 J 213 T 4 |

| L |

sin 74°48' = (,9650. The common difference is 507 — 48" = 2 corresponding

value under 2' in the mean difference column is 2. So, add 2 to the lnst digit of

0,9650, Thus sin 74°50° = 0.9652. Tangents of angles in the tangent mble are read
in exactly the same way as wbles of sines. For cosine tables, the method is the
same but the differences have 1o be subtructed.

For example, to find cos 64713, locate 64° in the extreme left column of the
cosine tables (page 433) and read the comesponding value under 12 which 1s
4352, Then read the corresponding value under | in the differences column,
which is 3. Then subtract 3 from 4352 10 obtain 4349, Thus, cos 64°13' = 0.4349,

Ll
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By using trigonometric bles find the value of cos 16.4°.

Solution
Since 16,4°= 16°+ 0.4° locate 16" in ihe column x of the cosine table and read
the corresponding value under column 4" which is 0.9393,
Therefore, cos 16,4° = 0.9593
‘3 Alternatively, convert 16.4° into degrees and miniites
1° = 6l
0.4° = 24*

Thus, 16.4° = 16724

Locate 16° in column = and read the corresponding value under the column of
24" which is 0.9593.

Converting 16,4° into degrees und minutes.

16.4% = 16°24

Therefore, cos 16.4° =cos 16724" =0.9593

When the trigonometric matio is known, the reverse process can be used to find
the angle. For example, lo find an angle whose cosine is 0.5348 look for the
number in the middle section of the cosine table which is approximately equal o

5348, This corresponds to the angle 37 30",

aaeos L —

If tan x = 1.4073 Find the value of x.
Solution

1.4071 corresponds to 54736
Therefore, x = 54°36".

Note thut, the values of sine and cosine cannot be greater than 1, but tangent
values of angles can be greater than 1.
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Find the value of ¥ and v in the following figures,
{a) (b)
L]
2em m -
17 W ‘«-:
Solution Solution E
Vv o=
= 379 — cou 78° =
32 em 24 om i
x =32 cxsin 37° v=24 cm X cos 78"
: From tables, sin37e= 0.60]1% From tables, eos78° = 0.2079
» @
Thus, x=32 cm=0,6018 Thus, y =24 emx0.2079
Therefore, ¥=19.2576 cm Therefore, y =4.9896 em.

gainst a vertical wall so that the distance between the
foot of the Indder and the wall 15 3.0 m. Find (he following:

(@) The angle which the ladder makes with the wall,

(b) The height above the ground at which

the upper end of the ladder touches
the wall,

- |uu¢-n—r't:mk||rwuﬁﬁ-p-nm @.
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Solution
¢
==
% B e
1 | ]
7.0 m F=—=1—1
A | | |
| —
| I |
.
A B

ER

horizontal ground.
Then, from the figure, AB=3 m and AC=7 m.

... BA 30,
"I'.] Sinx= IE; —?n—ﬂ'dzsﬁ

x = 25° 23’ (reading from a sine table)
Therefore, the ladder makes an angle of 25° 23" with the wall.

(b) cos 25°23' =

Al &l

=2l

CB = ACcos 2523’
=7 m * 0.9034 (reading from the cosine table)
= (3238 m

Therefore, the ladder reaches 6.32 m up the wall.

Let AC represent the length of the ladder and A8 the distance along the

an:lhnlihiscmﬂdulsuhnlmbyming?ﬂhugm'thmmn
(us the wall and horizontil ground meet at 90°).
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Exercise 93

Anwer the following questions:

I. Use tables to find the values of each of the following;
(b) tan 36°

() sin26° 11"

(n) sin 56°
(d) cos 64" 15°

2. Use mbles to find the value of v.
(a) cos v = 0.2034

(d) sin y =0.8952

3. By using trigonometric tables, find
following trinngles;

b}

(@ (¢)

10 en

g [

| VAR 2~ 500K [TAARY) ot 4 ity 291

e—

@

(b} sin y = 0.5975
2
() cosy==
2

the values of x and v n each of the

qm

(¢) cos2®

(N wn 70

() tan y = 1.5000

1
() tan y=—
f) tan | 3

fasie Marhemanics F

(<)

I m

o)

Scanned with CamScanner



=
-
-
¥
=
e
.i‘
=
=
-
s
fa
e Ny
T

=y

4. In cach of the following triangles, find the length of the side or value of the
angle marked with a lenter in following figures.

(a)

L]
Cy

ic)

5. A water tup can be reached from Juma’s house by walking 100 m North and
then 30 m Enst. Find the bearing (dircction) of the waler fap from Juma's

housc.

6. A river with parall

IZI'

(b)

(d)

1
N m .

q0¢

168 cm

|t em

el banks is 20 m wide. Find the distance PQ if P and Q are
{wo points on gither side of the river as shown in the following figure.
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7. Aninclined iron rod AB of 15 m long has a wire tied a1 A so a5 1o be used to

lift loads at point C which is 11 m from B as shown in the dingram. Find the
angle that the iron rod mukes with this wire.

A

15m

I m

Vst marniey i

8. A pendulum 30 em long swings to and fro through an angle of 20° on cither
side. How high docs the lower end of the pendulum rise?

o

Y. The diagonal of rectangle makes an angle of 39° with the longer side. Find the
width of the recrangle if its length is 50 cm.

i 2 = (NOOY [ DLANY) St 4 ey 8 =
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Angle of elevation and angle of depression

When you are on top of a building, 8 hill or a tree, you need 10 lower your cycs
from the horizontal position at a certain angle w sce somcthing down on the
ground. In order 1o sec an object above you, you need to raise your eyes through
a certun angle

Ihe angles st which you need to mise or lower your cyes from a honzontal
posnion are called angles of elevation and angles of depression, respectively.

Figure 9.7 illustrates the angles and positions relative to one another of two people
standing at points A and B.
I i (Top Poimi )

- -&ngln:- of ll:;m:'m:u; ‘

| Giround Pounti A C

Figure 9.7: Angles ond positions relative o one agothes

Angle DBA is called the angle of depression and angle CAB is called the
angle of clevation. The line AB is the line of sight

Consider an object situated at some point B (see Figure 9.8).

(rmver s eve A

Figure 9.8: Angler of elevarion and depression

i o |
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The line joining the observer's eve at A is called the line of sight for B. The object
to be observed may be ubove or below the horizontal line. If the object is above
the horizontal line, (hen the angle between the line of sight and the horizontal is
called the angle of elevation, If the object is below the horizontal, then it is the

angle of depression. In Figure 9.8, BAD is the angle of elevation and CAD is the
angle of depression.

O 20 |

From the top of a tower, the angle of depression of a point on the ground 10m
away from the base of the tower is 607, How high is the tower?

4 T

Solution

.Fhuiﬂ- Viardieera iy Bk

B 10 m

Let A represent the top point of the tower, C is the point of observation and B 18
. . AB
the base of the tower. Then tan 60 :i——

0 m
AR =10 mx tan 60°
AB =10 mx1.7321

AB =1732I'm
AB _ 17321 m
Therefore, the height of the tower is 17.32m, |

=

|
e s
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Two pegs, Pand Q, are on the level ground. Roth pegs lie due West of o flag post.

The ungle ol elevation of the top of the flag post from Pis 45 and from Q15 607,
LE P is 24 m from the foot of the flag post, find PQ.

Salution -
Let the height of the flag post be AB.

=tan 45°=1

4m
E-E-Im

P
-
=
i
£
=
=
-—
=
=
)
-
=
—
=
==
-
.
ol
—
=
=
e,
——

By using triangle AQB;

A wan60°=y3

Hence, EJEI =2 m = —3—

It follows thai:
PO=(24-8J3) m
=H{3—-ﬁ) m

=10.144 m

Therefore, PQ =10.14 m.

I‘ Il‘l“-- — ii" WM 1mr"'|l| —
—_— = . |

| R S i o e
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Answer the following questions:

A man whose eye 15 180 cm above the ground is standing 8 m from a tree 7
m tall, What is the angle of elevation of the top of the tree from his eye?

The length of o shadow of o 16 m tree 15 8 m. What is the size of the angle
of elevation of the sun?

Find the height of o tower if the angle of elevation of the top 15 347 ata
point 20 m from the ground.

Atree casts 4 60 m shadow when the angle of elevation ol a sun is 25°. How
tall is the tree?

The angle ot elevation of the top of a tree from a poaint on the ground 30 m
from the base of the tree is 37°. Find the height of the tree.

From the top of a cliff 8 m high, two boats are seen in a direction due West.
Find the distance between the boats if their angles of depression from the top
ofthe cliffare 45° an 30°, Find the actual distance of the boat which is further
from the top of the clifl.

The angle of elevation of the top of o building 24 m high is observed from
the top and from the bottom of a vertical ladder, und found 1o be 45° and 607,
respectively. Find the height of the ladder.

From a point P on the level ground the angle of elevation of the top of a flag
post is 607, If the height of the flag post is 39 m. how far from the base is the
point PY
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Chapter summary

I. Trigonometric ratios
Sk length of side opposite to angle A

hypotenuse
o0k A= length of adjacent side to angle A
hypolenuse

. nﬁ_lqﬂrhufsidenmmimtnm_ngleﬁ
A = ength of adjacent side 1o angle A

3. Trigonometric ratios of special ungles:

x sin x LR 1;: —I
_ 0 I 0
: L) V3 ¥
£l 2> b 3
e 5 = o
45" Je e | I
2 2) |
N ! %
o0 = o
90" 0 | i.'!_ umi:ﬁnml:

1. The values of trigonometric ratios can be read from trigonometric tables just
s it is done with logarithms of numbers.

4. Angle of elevation and depression:

(a) Angle of clevation: This angle is obtained when the line of
sight is above the horizontal line.

(b) Angle of depression: This angle is obtained when the line of
sight is below the horizontal line.

__ @ [F-, ] ~ul"-li =
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Revislon exercise 9

Answer the following questions:

s

| M PR DO UMY Sl 4 il DA

Use tables of trigonometric ratios to find cach of the following:
(n) sin 60F (b) cos 28° 28" (c) tan 63° 48

Use tables of tnigonometric ratios to find the value of v in cach of the followin =
(1) anp=09036 (b) cosy=02554  (c) siny=0497]

In the following figure, find the values of 2 and x.

u’

S5cm
4em

-

X

A pendulum consists of a bob hanging at the end of a string which is 18
cm long. Find the vertical height through which the bob rises and falls as the
pendulum swings through 30° on cach side of the vertical,

When the angle of elevation of the sun is 30°, the shadow of u post is 6 m
longet than when it is 60°. Find the height of u post

The angle of elevation of the top of a church tower from a point due East of
it and 96 m away from its base is 30°. From another point due West of the
church tower the angle of elevation of the top is 60°. Find the distanceof the
later point [rom the base of the church ower,

Point A is 289 m from point C on & bearing N128°W, point B is 450 m from
point C on a bearing NS8°E. Find the distance from A to B.

When the angle of elevation of the sun in 55°, g tower casts a shadow 20 m
long. Find the height of the tower,

A Kite s flying directly over 4 stright path 100 m long. The angle of
elevation of the kite from one end of the path is 35°, if the angle of elevation
of the kite from the other end of the path is $5°, how high is the kite?

A boy finds that the angle of elevation of the top of 4 tree from a point on the
ground 1s 25°, He walks in a strmght line 30 m closer to the foot of the tree,
The angle of elevation of the top is now 50°. How high is the tree?
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I1. Find the value of each unknown quantity shown in the following figures.
() (b)

- el il

[§)

(c)

=

L)
T
LT
. -
=
=
B
E
=
=
L]
.
-
[
T
L 4
=

10.03

12, An observer is at point A on the bank of a river, The fool of a coconut tree
15 @t point P directly across on the opposite bank, A distance AB of 27 m 18
measured along the bank so that BAP is a right angle and ABP=42°, as @

shown in the following figure.

*‘n

Find the following:

(n) The width of the river,

(b} The height of a coconut tree if the angle of elevanon of the top of the
cocomut tree 15 22° from A

(c) The angle of elevation of the top of the ¢coconut tree from B.

(d)  The distance from B to the top of the coconul tree.

13. A ladder of length 12 m is set against o vertical wall.

(#) Ifitmakes an angle of 28° with the wall, how far up the wall does it reach?

(b) 1 it reaches 10 mup the wall, what angle does it make with the
horzeonial?

LR R
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Chapter Ten

e —.

Sets

A

The word set is used 1o describe a group of things with common characteristics
such as tea cups, table mats, a pile of books, a collection of trees, a group of
numbers and so on, A collection of things will gualify to be a set if the things
huve something in common like a group of students, set of tea cups and so on
In this chapter you will learn about description and types of sets, comparison
of sets, subsets and universal sets, You will also learn some operations with
sets, Venn diagrams and complement of sets. Competencies developed in this
chaprer will enable you 1o apply the concepts to simplify, categorise, analyse,
and generalise different problems arising from real life siations in a more
svstemaric way.
— by J
e

=
g.
=
[
-
s
i s
=
=

Activity 10.1: Collecting together items of the same chamcieristics

Materinls required: Exercise books, pens, pencils

Steps:

1. Form a group of five members.

2. Fach member of the group has to put an exercise book, a pen and a

pencil on the table.

Arrange the items according o their specific charactenstics.

How many groups of items do you have?

Name the groups by letters A, B and C.

W hat observations have you made after grouping the items? |

omew

Deseription of sets

A set is a collection of objects or things, Sets arc denoted by capital letters. The
objects contained in a set are called elements or members of th-:..-u.-l. _Mu:mhm
of 1t sel are usually enclosed by curled brackets { . For example, if B is a set of
students in a class and John is a student in that class, then, John is o member of

set B or John is an element of set B, The symbol & is used to denote "a member of”

or ‘element of”,

Maih P2 — (SO0 [TLAKIY) Sach 4 nd 300 @
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1.2.3 thenleC,2eCand3eC.

This is denoted by John & B. similarly, if C = {
denoted by n(A). For example.

The number of different elements in setAls
if A={neiouj, then n(A)=3.

different ways. The most common ways
formula (or sel builder notation),

Sets can be described in used are by
waords, by listing (or rosier form), and by o

the set A of even numbers can be described as follows:

(1) By using words: AT | Even umibers |

() By listing: A~ | 2.4,6,8.10,...f
A=|xix= 2, where ne

For example,

N1 and is rend as A is the set of all x

(c) By formula:

<uch that x is an even number.

1 Odd numbers between | and 10} by:

Describe set A= |

-

-
e
-

|
)
=
=
=
-
-
=_
=
-
=
o
-
"
-
A
-
b=
=

{a) listng (b} formula

Solution B
@ @ A={3.5.79 e

(b) A= [I!I=2ﬂ-l.'HIETL'HE3de¢H{ﬁ}

Answer the {ollowing questions:

In questions 1 10 3, list the elements of each set.

. A= {x:'X iannndﬂnumbﬂ*ilﬂl

3 b= | Days of the week which hegin with the letter S|

3 = {Prime numbers less than 131

In questions 4 10 8. write the following seis in words.

4 A=IL 2 T P

s, B={l,35 7. 9, 11}

6. C=in ¢l

7. C=1(2 35 7. 11, 13. 17, 19}

g E=iae€bL0 uj

M TRE L -
@__4
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In questions 9 to 12, write the given sets using the formula.

9.

10,
11,
12,

13,

14,

A = |Even numbers |

B = {Numbers divisible by 5)

C = [Natural numbers less than 20}
D = |Perfect squares)

State whether or not each of the following can be defined as a set, then give

Feasons. =
{(n) {3, 5 7 11) (b) |Dog, cow, slone, poal) ...g
(c) la e, i, o, u} (d) |Asia. Africa, Europe, Australia) £

() Honuary, Monday, Wednesday, November]

List the elements of each of the following sets:
{(n) P= |Last three consonanis)

{(b) D= [Monihs begins with the letier 1}

() F= |Prime numbers less than 20]

-
=
-
-]
F—
-
ot
=
=

Types of sets

Sets can be categorised as either finite ot infinite.

Finite set

A set is finite if it has 8 known number of elements. For example,

A= (2. 4, 6,

% 10, 12, 14, 16, 18, 20, 22, 24}is o fimte sct because it has 12 elements.

Infinite set - |
A sel is infinite if it has unknown number of elements, Ihat is, the counting

process of its elements does nol end. For example, B = |
infinite set because all elements of this sct cannot be counted. When defi

infinite se¢

2. 4.6, 8, ...) isan

ning an

) to show that

L. list o few elements of the set followed by three dots (..

the list of elements in the set continue.

=
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Empty set

An empty set is o set which has no elements, For example, the set of prme
aumbers between 31 and 37 is an empty sct because there is no prime number
between 31 and 37. Also, the set of lions studying in your school is an empty set
because lions do not go 1o school. An empty set is denoted by the symbol | | or@.

Comparison of sets

When two or more sels are compared, they may be equivalent, equal or one is a
subset of the other. For example, the sets A= 12, 4, 6, 8} and B = {a, b, c.d|
are said to be equivalent because they have equal number of elements.

That is, n{A) = n(B) = 4.

Generally, if niA) = n(B), then set A and B are equivalent.

I @000

Show that A= (4, 6] and B= {1, 7] are equivalent,

fasle Viarhe mares i"i'.l'r-‘.i'l:"l_'.-

Solution ®
niA)=2
n(B)=2

Therefore, set A und set B are equivalent.

Sets A and B are equivalept because they have equal number of elements. That
is, n{A) =n(B) = 2.

Two sets A and B are said to be equal if they are equivalent and their members
are alike regardless of their arrangement or order. For example, ifA={1,2,3. 4}

and B= {3, 1, 4,2} then A = B since all elements of A are clements of B and all
clements of B are also elements of A

Note that, all cquul sets are equivitlent bul not all equivalent sets are equal. i

e . ma
l @' @i 'I!Ml
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Exercise 10,2

Answer the lollowing questions:

Which of the following sets are finite, infinite or empty?
(1) A= |Nairobi, Dares Saloam}

() B={2.4.6,..., 36)

() C= {x:xe N; x>0}

(d) D= |All lions in your class]

(e) L= [All mango trees in the world )

(D F= {x: xisastudent aged 100 years in your school )
(g) G=|x:xisaprime numbers)

(h) H={1,3,57

(i) =1}

Which of the following pairs of sets are equivalent-and which are not
eqivalent?

(2) A={ab,c} and B= [b,¢, d}

(b) B = |Rufiji, Ruaha, Malagarasi} and C = |Lion, Leopard)

(€) D={ab.ec.d} and E = {a,b, c)

Which of the following sets arc equal?
(a) A={a b,e dl; B={d ab,c!: C={a, ¢, 1,0, ul
(b) D=|abecdc]; E=|d e b,a); F={neb,c,d)

State whether the following are finite, infinite or empty scts:
(a) A= |African countries in Asig continent |

(b) B = [All the letters of the English aphabets)

(c) D= [All months with 32 days

(d) E={2, 4, 6. 8, 10)

(e) F={r:x>20)

(0 G=1{1,2,3.4.5, ..

Write three exam
situation.

Scanned with CamScanner
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Subsets

Given two sets Aand B, B 1s said w be a subset of A if all elements of B belong 1o
A Forexample, ifA= (0. b, ¢, d, e) and B = [a, b, ¢, ¢} then B is a subset of set
A because all elements of B belong to A, If B has less elements than A, then B is
called n proper subset of A, and is denoted by B = A. However, if B is a subset
of A and the two sets are equal then B is called an improper subset of A, and is

wrillen as B = A. Nole that, the empty set is a subset of any sel.

@ i1 | [

List all the subsets of A= |, b)

Solution

The subsets of A = {4, b} are all possible sets which can be obtmined by mking
some clements of set A or all elements of A.

Therefore, the subsets of set A ore: { 1§, {a). [b}, [a, b}.

What are the subsets of B = {_2. 317

Solution
The subsets are: { §, {11, {21, {31,012}, (1, 3), (2. 3), {1,2,3}

Ihe number of subsets of a given set can be calculated using a formula. The

formula is obtained by obsérving the patiern

of forming subseis of sets with
inereasing number of ¢

lements as shown in the following tahle.

et iﬁuhm Number of subsets
r‘_: — __H__I_ = - 1= 1
i Nk — - Eemar—
!m_:l = —— —_— el
W& HL (2% 31,(23) i=2%x2=20
230 W A1) 420 435 (1,20, 11,30, 12,30, 41,2, 3 B=2 5 2 % =37 |
W23, b ), (1) (1.2) 00,2, ) >

Therelore, the formula for finding the number

i of subsets of & set with » elements
is 2",
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How many subsets arc in set A= {1,2, 3, 4}

Solution
Sincen{A) =4, then 2" = 24= |6
Therefore, set A has 16 subsels.

Universal set

A set which conmins the elements of all sets under consideration is called the
umiversal set. It is denoted by U, For example, the set of intepers contains all
elements of sets such as odd numbers, prime numbers, even numbers, counting

= |
=
E.‘-
L
-
]
-
-
=

numbers and whole numbers, In this context, the set of integers is considered as
the universal set.

Exercise 103

Answer the following questions:

. Listall the subsets of cach of the following sets:
() A={l} (b) B=0 (e} €= {Tito, Juma)

2. How many subsets has euch of the following seig?

(@) A=1(2.4,68 (1) B=lab cdeqf, €) {}

Mqumhnslmi.whi:hmm:hpuirisnmhnluﬂhe

other? Use the symbol
i

h-ln.h.c.d.e.f.g,.h.'l and B = (d, ¢,
4. A=1{24) and D= {2 4 5
3. ﬂ‘—‘“.:—!.].{ e Iudt={l4.ﬁ, 8, .

How many subsets gre thete in o set with seven elements?
= u.*r.-_rm._mmuq-qm e @.
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7.  For each of the following statements write T if the statement is true and F
if the statement is false:

(a) If G=14,.5.6) and H=(5,6, 7,8}, then G H
{(b) If K={| and L= [tree, house, egg), then Lc K
() If A=fs,tuv| and B=|s,L,u, v}, then ACB
(d) If1=(1,2 34, ) and]=1(4, 6 & ..}]lc]

8. Il G= |cities, iowns and regions of Tunzania) which of the following
sets are subsets of G7
A= [Nairobi, Dar es Salaam]
B = {Dodoma. Mombasa, Mwanza)
C=0
D = [Arusha, Innga, Bagamoyo |
F = [Mbeya, Tunduru, Ruvuma

”.11.?; Ve e mrrinff e ’Ilrﬂ!?', -_hlu

® 9. Which of the following sets are subsets of K. where, K = [p, g. 1, 5.1, u, v, w)
(a) A=ip.s. X}
{b) B=|q,r.d.1}
() C={ )
(d} D= |p.gq.rs.uv.w)
(e) E={a.b.c.d)
(N F={s.vq]

10, What is n(A) if:
() A={]} (b) A=123,4,35 6]

1l. Wnie in words the universal set of the following sets:
(a) A={ab,cd) (b) B={1,2,3,4}

e ©
].- =

Scannex d with CamScanner

L EE

i o



L AhEn ®

12. How many subsects are there in cach of the following sets?

(3) A={1,2,345) (b) B={a b ¢| ) C={ueiounl

13, Using set nottion, show which set is subset of the other:

(a) A= [Countries in Bast Africa) and B = {Tanzanin, Kenya, Uganddu|
(b) C=|p.g.rs.tu vl and D= st u,v]

Operations with sets

Two or more se1s can be combimed wgether 1o form one setunder given conditions.

Rathe Varhematios Forms TN

Activity 10.2: Identifying union of sets

In pairs or groups perform the following:

1. Ench member has to list any five counting numbers,
2, Collect all the numbers wogether to get a large collection of numbers.
3. Count the numbers in the large collection.

4. What is your observation?

Union

The union of two sets A and B is the set that contains all the elements from each
set without repetition of an element. It is denoted by symbol ™", hence A union
B is written as AUB which means, x € (AUB) ifx € Aorx e B (or both).

For example, ifA= {2.4,6} and B={23,5

i
i
then, AUB = {2, 4,6) v {2,3,5}) = {2,3.4,5, 6}

K P = (OO0 [OLRNTY) Bt 4 ndl 308 =
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Find AUB if A=|ab,e.d, e f] and B={a. e, i, 0,u).

Salution

AUB if A={a.b,c,d. el Lo, u}

Intersection

Activity 10.3: Identifying the intersection of sets
Materials required: A plece of paper and a pen.
). Emhstudmﬂmsmwrit:duwnnllnnmlnumbmﬂ'uml to 10, then

name it as group A.
Wirite down all even numbers from group A, then name them group B.

Write down all prime numbers from group A, then name them group C.
Write down the numbers in group B and group C.
Is there any number which is in both group B and group C? @

Sl o T

The intersection of sets A and B is the set which contams all the ¢lements found

in both sets. 1t is denoted by a symbal *M", Thus, sct A intersection B is written
as ArB, which means, xe(ArB) il xeA and xeB.

For example, if A= {1, 2, -

Sets which have commaon ¢lements are called joint sets. Sets which have no

commaon clements are called disjoint sets.

Find ArB iff A= {a, ¢ i.o,u} and B= fa, b,c,d. e £} and state if A and B

are joint or disjoint sets.

Solution
AmB = |a, e}
Therefore. A and B are joint scts.

B i P | —

#
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Find A~B if A= {a, e, i! and B = (b,c, [} and stute if A and B are joint or
disjoint scts.

Solution

ArB=0

Thercfore, since they hive no element in common, then A and B are disjoint scis,

Complement of a set
If A is a subset of a universal set. then the members of the universal set which
are not m A form the complement of A. The complement of set A is denoted by

A'or A", For example. if U = {a. b, ¢, d, ..., 2] and A= (o b}, then A’ = {c,

d e ... 2.

Given U= {15, 45. 135, 275), A= {15}. Find A".

Solution
"= {45, 135, 275)

Given U= [a, e,1,0,u}] and B = [g,i}. Find B’

Solution

B'= {4, o, u)

Mk P2 = (SO0 [TLRAREY Sel 4 sulle 511 @
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Givem; U=1{1,2,3,4,5,6,7,8,9,10, 11, 12,13, 14}
A=12.3,5711,13] andB= (2,4, 6,8 10, 12, 14}.

Find: (n) A"VH hy ANB

Solution
A'=1{1,4,6,809, 10,12, 14}
B'={1,3.579Ill, i3]

(a) A'WB' ={1,3,4.5,6, 7.8.9, 10,11, 12, 13, 14]

(b) AMB’ = {357, 1, 13}

estion 1 1o 10, find the union and intersection of the given pairs of sets.

From qu

| A=15 10,15}, B={1520]

@®

i3 2. A=1}. B=1{14,16
3. A= |first five letters of the English alphabet}, B = fa b, . d, el
4. A= icmnlingnumhznl. B = |prime numbers )
5. A= {cup,spoon}, B~ jcup;
6. A= [All multiples of § less than 30}, B={All multiples of 10 less than 30}
7. A= |All prime factors of 421, B = |All prime factors of 15]
8. A={All even numbers less than 10y, B = {All multiples of 3 less than 12}
9. A= |64,81 100, 121] and B = |64, 81, 144}

10. A= {nb,e di, B=[d.e} and C= | }
ame given (o sels which have no comman el
= {n, b, c.d}, B={1,23,4

11. Whatisthen ements?

Eind the interscetion of the following sets: A

12.

gami Ve -

¢ |
- ——ee
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13. IWU={1,2,3,4,56,7,8}. A={1,2,3,4] andB= (1,3, 7}, ind A’ and B',

14. If U= {mango, orange, tomato, cabbage}, A’ = |mango, tomato}, list the
elements of A,

15. If A={1,3,5.7.8) und B={2.4.6, 8. 10} list the clement of AUB.
16. If U= [red, green, blue, black, white], find A’ if A= {green, white, black).

17. Giventhat: U={1.2,3,4,5.6, 7}, A= {1,2, 3,4}, B= {3,4,5,6).

Find the following:
(n) A'mB (b) AR’
(c) B'UA’ (d) BUA'

I8, Given the universal set U= {0,1,2,3,4,5.6, 7). IfFA= 0,1, 3) and
B={5,6,7) write T for a rue statement and I' for 4 false statement in
cach of the following:

) A'=B (b) A'UB'=1{],2.3.4,5.6,7)

@
(¢) A'mB = (ALBY (d) nlAml) =1 ®

(€) n{A"UR)=9

19. For euch of the following pairs of sets, find their union and intersection:
(n) A={2. 4.6}, F=14, 6,8 10]
(b)) Y=[x:2<y<B] W=([r:7<rxr<|l}

20. Giventhat U= ja.b.c.d.e.f), A=la. b,c} andB= {a.d e 0.

Find each of the following:
ia) AmB (b} AUB (c) A'"B
(d) A~B' (e) A'rB (H AuB

: it FE = :
J | Maih P (O0K) (LAY et 4l 313 @.
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Venn diagrams

A set can be clearly represented by a drawing called a Venn diagram which was
introduced by an English Mathematician named John Venn. He used ovals to
represent sets. In constructing a Venn diagram, ovals are inscribed in o rectangle

which stands for a universal sel. For example, A= {a, b, ¢} could be represented
m a Venn dingram as shown in Figure 10.1,

'i'.:u.'r'l' Vlepd v el TS fl'.I:'."I".-.I" =

A

[;

Figure 10.1: Venn diagram for set A

U is the universal set which in this case, is the set of letters of the English
alphabet. A is a subset of U. If sets have elements in common, the ovals overlap.
Sets which have common elements are called joint sets. For example, if A =

la,b. ¢} und B = {a, b, d] then the relation between A and B is represented as
follows:

Figure 10.2: Joint sets in a Venn diagram

Il the sets do not overlap in o Venn diagram, they are
example, if A = ta.h) and B

called disjoint sets. For
Figure 10.3,

= 11 2} the relation between A and B i1s shown in

LB

LR ] ]
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Figure 103: Disjoint setv in a Venn diagram

If A 1s a proper subsct of B, represent the two sets in a Venn diagram.

Solution

- H
A

Represent AUB in g Venn diagram ifA = {1,2} and {1, 3, 5].
Solution
-—————— |/
A
- B
Mt 2 (SO0 [T Bt 4 midh 214 s

Furmil

o
=
=
E
a
-—
o
ey
e

R
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If set A and B have some elements in common, represenl:

(n) AuB
(b} AnB in a Venn diagram and shade the required area

Solution
. (i) AJB
. |
3
Shaded region is AuB
(b) ArB
& @
- ||
- —
A

Shaded region is A~B

Number of elements in the combined set

Calculation of the number of eleme

- | nls mn combined sets can be done with the aid
of Venn diagrums by inserting digits for the number
regions,

of elements in appropriate

—

| ® -
iy g Nia P —
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(0) How many elements are in B?
(b) Which set is subset of the other?

Sulution

IfA and B are two sets such ithat nANHE) =4, lAUB) = 6 und n(A) = 4

Using a Venn dingram, the two sets can be represented as follows:

-_— |

(4) Elemenis of Bonly=6 -4 =2
™) Therefore, B has 4 + 2 = 6 clements.

nfAUB)=

(b) A B. Because all elements of set A are conluined in set B,
In general, the numbet of elements in two se1s 15 connected by the formulu:
n(A)+n(B) - n(A AB), which is established as follows:

Then. the following expressions cin be formuluted:

n(A)=x+y

n(B) ==+

— o

ke 2 = PO [TRASNIY) Sl 4 iy LR

w

Let the number of ¢lements in each region be x, v und =

us shown in the figure.

Scanned with CamScanner
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n(AnB) =¥

n(AwB) =x+y+ <
n(A) + n(B) = (xdy) + ¥tz
n(A) + n(B)= (xtr+ z) +¥

n(A) + n(B) = n(AuB) + n(ANB)

Therefore, nfAUB) = n(A) + a(B) — n(ANB).

Answer the following (uestions:
® |, Represent the following sets in Venn diggrams: ®
(s) A=la.bc o}
(h) AcCB

(¢) A={a b c}and B=la b, ¢
(&) A=1{1,2.3] and B= 4,6, 8}

7. Write in words the relationship between the two sets shown in the

following figure.

"




3.  Describe in set notation the meaning of the shaded regions in the following
Venn diagram.

=

4. Draw Venn diagrams and shade the regions represented by cach of the E‘_.
following: 3

(n) AuB (b) AnB (¢) (AnB~C ;

b

5. Ifn(B)=4, nfAuB) =4 and n(A~B) =0, how many members are in set A”
6. 1fn(A) =&, n(AnB)= 8, what is the relationship between A and B?

® 7. IfnlA~B) =6, n(AUB)= 10 and n(B} =6
(a) How many members are in set A
(h) Which set is a subset of the other?

8 Suppose n(A~B) = 0 and n(ALB) = 4, What is the relationship between A

and B?

Rl 2 = 00K | DAY Tenil 4 il 2R

. Comm—
E | & :|_
R —
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Representation of the complement of a set by 2 Venn diagram

sct L), then the complement of sct A may be

If A is a subset of the unmiversal
104 where A" 15 @ shaded

represented by a Venn dingram as shown in Figure

region.

{1
-

A'

"

Figure 10.4: Fenn diagram shawing complement of a set.

Ravde Vathemaney Firm |

Given that U = {a. b. c. d, ¢} and A= b ¢ e}
(#) Represent the information in a Venn diagram
(b) Determine n(A), n(A") and n(ll) &
{c)  Find n(A)+n(A")

(d) Comment on the result of n{L) and n{A) + n(A)

Solution

ia) a ==

et A

— A

(h) n(A)=13 () n{A) +n(A") =5

n(Ah=2
n(ll)=3

(d) The number of clements in & universal set is equal to the sum of the
number of set A and its complement

—

(Maal] 1¥P|'|.I P

- ———————
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Given the following sets U=11,2,3,4,5,6,7.8}, A={3,4,5} und
B=11,2,4,6}. Showthat (AUB) = A'A B’ by using Venn dingram,
Solution

Required: To show that (AUBY = A'~ B using Venn dingram.

The given sets are U={1,2,3,4,5,6,7,8}, A={3,4,5} yng B={1.2,4,6}.
The complement of the two sets A and B are;

A'={1,2,6,7,8} and B' - 13,5.7.8}

LHS: (AuB)

AUB= {l.ll-ﬁ.ﬁ.ﬁ}

(AUB) = ]T_SE
:Hi/ - ||
/

3 ' A
— 4 12 A o
@ B 5 3 @

/7 (ALIBY

RHS: A'"mR'=|7.R)

Therefore, (AUB)Y = A'NnB.
Since. double shaded arca satisfies the equation.

Therefore, (AUB)Y = A'n R

- | M F2~ (DO [TLRAMY) Sext 4 milll XM
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Represent AU in a Venn diagram and shade the required region.

Solution

Exercise 10.6

Answer the following questions:

Assurming that A’ nnd B’ have some elements in common, draw 1 Venn
diagram to show A’ ~ B and shade the required region,

IFA and B arc joint sets, represent A'CB' in a Venn diagram, Shade the
required region,

In a Venn diagram, shade the region representing AUA = U,

If A= |All even numbers) and B= [All perfect squares ) ; draw a Venn
diagram to illustrate the relationship between A and B.

If o{AUB) = 30, n(A)= 14 and n(A~B) = 6, use a Venn diagram 1o find
n{Hj.
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Word problems

In o class of 120 students, 40 learm English, 60 learn Kiswahili and 30 learn both
Kiswabhili and English. How many students learn:

(a} English only?

(b) Neither English nor Kiswahili?

Solution

Let U = {All students in the school !

L = {All students who learn English]

K = [All students who learn Kiswahili
Representing the three sets in o Venn diagram gives:

l'l'..rIL' Veardrenmrir ey o

.
it
K— e ®
Since nl EMK) = 30
n(E) =40
n(K)= 60
Number of students learning English only = n(E) - n(E~K)
=40 - 30 =10
Number of students learning Kiswahili only = n{K) - n(ENK)
= A0 - 30 =30

(@) 10 students learn English only.
(b) From the diagram those who learn English or Kiswahili or both are 70.
Therelore. those who learn neither Kiswahili nor English are:

120 - 70 = 50 students
—
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Alternative method
The numbet of students who leam either English or Kiswahili is n(EK).

The number of those who leam both English and Kiswahili is n(FK)

Thus,

n(EwK) = n(E) + n(K) -n({EnK)

= 40 + 60 - 30 = 70

{a) Those who learn English only = n(E) —n(E nK) = 40-30=10
students,

(b} nE~KY =n(U) - n{EUK) =120 - 70 = 50
Therefore, the number of students who learn neither English nor Kiswahili
is 50,

E T 2 - —

In a certain school, 50 students eal meat, 60 cat fish and 25 eat both meat and fish.
Assuming that every student cats meat or fish, find the toral number of students

in the school.

Rasic Vaihemaires F”'-":E .hu-

@

Solution
Let U = [All students in the school|
M = | All studemt who ent meat)
F = All students who eat fish)
By use of Venn diagrams, this gives

tg—— ]

M__ﬂ. -

There are 85 studenis,

T 7T
bl

) TN | -

Scannex d with CamScanner



Alternntive method
n(M UF)=n{M)+n(F)-n(M~F)
=5 + 60 - 25
= 85 students
Therefore, the total mamber of students in the school is 85,

Answer the following guestions:
. Ina class, 15 students play baskethall, 11 play netball and 6 play both
basketball and netball. How many students are there in the ¢lass if every

student plays at least one game”

2. Inaschool of 160 students, 50 have bread for breakfast and 80 have sweet
potatoes. How many students have neither bread nor potatoes for breakfast
assuming that none takes both bread and sweet potatoes?

3. Ina class of 20 students, 12 students study Enghish but not History, 4 study
History but not English, and | studies neither English nor History. How @®
many students in the class study History?

4. There are 24 men a4 meeting, 12 are farmers, 18 are soldiers, and 8 are
both farmers and soldiers.
(n) How many men are either farmers or soldiers”
(b) How many men are neither firmers por soldiers?

5. Inaclass of 30 students, 20 students take Physies, and 12 takeboth Chemistry
and Physics. How many students fuke Chemistry, if 8 students take neither
Physics nor Chemistry?

6. Al acertain meeting 30 people drank Pepsicola, 60 drunk Coca — Cola and
25 drank both Pepsicola ond Coca-Cola. How many people were at the
meeting nssuming that cach person took Pepsicola or Coca-Cola?

Viaplsema e 55

Bl

=
-
L
=

7. Every woman in a certain club owns a landrover or a bicyele. If 23 women
own landrovers, 14 own bicycles and 5 own both a landrover and a bicycle,

how many women are there in the club?

8 A survey of 160 households, each of whom kept a cat or a dog or both,
showed that 95 kcptcmm!i}kqndogn_Hnwmnykmlhndmmtm}dndng?

® [
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9. Among 90 men who had spent a day in vollcyball or football it was observed
that 60 played volleyball and 22 played both volleyball and football. How
many men played football?

10. Ina village, all the people speak Kiswahili or English or both. Among them,
97% speak Kiswahili and 64% speak English.

{(a) Whai percentage speaks both Kiswahili and English?
(b) What percentage speaks English only?

11. Ina class of 36 students, everyone studies Biology or Physics or both. If
9 students study both subjects and 12 study Physics but not Biology. how
many students study Biology but not Physies?

aitherenos Orme

—
-
L
_l-.\_- s
]
B
-

Chapter summary
. A setis a group or collection of things or objects that have common
chumclenstics.

A set is finite if it has a known number of elements.
A sel is infimite il it has an unknown number of ¢lements,

o

2,

3

4.  An empty set is a set which has no elements,

5. Equivalemt sets have equal number of elements,

6. Equal sets have the same clements and an equal number of elements.

7. A subset contains someof the elements or members of another set,

8. Acomplement sel consists of all members which are not in the given set, but
are elements in s universal set.

9. Universal sel contains all clements of all sets under consideration.

10, A Venn dingram is a drawing used o give a pictorial representation of sets
or relationships between sels.

11. Unionof two sets is a set which is formed when the members of the two sets
are collected together without repetition.

12, Intersection of two sets is o set formed by taking all clements that arc
comman in both sets.



b

Answer the lollowing questions:
l.

If A= {a b, c}, which of the following stalements are truc?
(a) AeA (b) deA (¢} ceA (d) beA

IT A= [a. b, c, d] which of the following stntements represent set A?
() A setof four letters of the English alphabet.

(b) Some of the sets of the first four letters of the English alphabet.
{¢) The set of the first four letters of the Eoglish alphabet.

(d) The set of the four consonants of the English alphabet.

Describe the following set inwords A= {1, 4,9, 16, 25]
List the elements of the set given by A= [x - x 15 a counting number < 8}

Which of the following sets is nn empty set?
(a) A= {0] (by B= |0} (c) R=0 (d S=|{|

Which of the following sets are equal or equivalent”
A=11,2,34,5)

B=[L4,7,10,15]

C = jcars, ships, acroplanes|

D = {cars, ships, acroplanes]

Which of the following sets are finite or infimite?
A= |x:xisaprmenumber|

B = |all letters of the English alphabet |

C = |all students in your school]
D={1,4,9.16,..]

E={1,4,9,16,25,...,81]
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& [fA=ta b} show by using symbols that a and # are elements of A.
9. How many subsets are there in A= {a, b cdec R}

10. List all the subsets of A= (2,4, 6]
11, In the following pairs of sets name the set which is a subset of the other:

(1) A={ab,c} and B= {e,d, b ¢, a}
(b} €= {Tom, John, Idrisa} and D = {John, Tom}

If A={a, bc}, B={4, 2 1] and D= [b. a) which of the following

statements are true?
(nlAcB (i) BeD (c¢) AcD (d) DcA

=
P
]
=
=
=
=3
=
4
=
=
=
i
=
=
[
-
—F-—-
-
-
=
-_
—

13. 1f A=|ub.c.d} and B=| | find:
{a) ALB ib) A~B

14. Let A be the set of the first ten counting numbers and B be the set of the first
four prime numbers. Find:
(a) AuB (b) AmB

@

15. If U=1{1,23,4.5 and A" = 12, 3, 5} list the elements of A.

6. IfU={ob,c.d e}, B=le.d] and A= [a b, ¢} find the following:
(@) A'~B (b) AUBAA)

17. Draw a Venn dingram and show by shading the region representing cach of
the ol lowing:

(a) A'wB (b) B'mA’
(c) ArDB (d) UAA'NB)
18, Inagroup of 29 tourists from different countries, 17 went to Manyara National

Park, 13 went to Mikumi Notional Park and 8 went to neither Mikumi nor
Manyara National Park. How many lourists went 1o both places?
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19. Show by a Venn dingram that A" A = U, Shade the required region.

20, Consider the following figure and answer the questions that follow.
A n

(n) List the members of sct A
{(b) List the members of sct B
(¢) Findn{ ALB)

21, In 4 centnin sireet with 200 houses, 170 houses have electricity and 145
houses have glass doors. How many houses have both clectricity and glass

o doors? Assuming that each house has cither a glass door or electricity or 0
both.

22, In an interview at a railway station, 50 travelers reported that last month
they had been to Tanga, 48 had been to Arusha and 36 had been to both
Arusha and Tanga. How many travelers were interviewed?

| Mt P2 (DODK) (UMY Bage 4 sl 358 = —

| l
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[ Chapter Eleven

I Statistics |

It Is easy o understand information presented in form of illustrations.
ustrations may be a table, a diagram, a picture, a chart or a graph. These
illustrations are widely wsed in books, newspapers, atlases, and repors
to present data. Statistics is the branch of mathematics that deals with
collecting, organizing, analvzing and interpreting data. In this chapter, you
will learn about pictograms, bar charts, line graphs, pie charts, frequency
distributions, class mark of a class interval, graphs of frequency distributions,
histograms, frequency polvgons, and cumulative frequency curves or ogives,
The competencies developed in this chaprer will enable you to apply starlstics
in real life situations in various ways. For example to organise and analyse @
information/data statistically such as testexamination scores, attendance,
and rainfall reconds for drawing conclusions and make informed decisions.

- il e

Pictograms

In a group perform the following:
1. Collect and record the following information in your exercise book:
(a) Sizes of vour classmates shoes.
(b) The fuvourite subject of each clossmate.
(€) Ages of your classmates.
() Heights of your clussmates,

|

2. How can you present these datn in the best way?

_ @ i

| - [ ] I
|
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A pictogram is a drawing having pictures or symbols and is used to present statistical

information. For example, the following pictogram shows the number of people
- who reported al u village dispensary during a certain week for HIV lesting.

e 2312
i &EE EE

e T2 2T
—~ 111

Figure 11.1: Number of people who reported for HI) testing

e
Key: represents 10 people

[he pictures (symbols) are always ol the same size and the sume distance wpart,
so that different rows can be compared easily. When the numbers of information

items is lurge, one picture or symbol can represent S, 10, 100, 1000 items. and
SN €.

E T 0

A town survey identified the following types of shops as given in the table below.
i Types ofitems | Books | Food Clothes  Household

IHnmh-:rantnms"_ 5 15 20 25 -

Orthers
T

Present this information by a pictogram,

| st 5 = (MR AR fen ol 304 @ —
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Solution

Book shops g

Food shops

Clothing shops m m
Houschold shops Q Q O

e QD
Key: Q represents 5 shops

@

Answer the following questions:
The number of bags of potaloes received in Dar ¢s Salaamn markets from

1
® other mgmm‘- ina cnruun wuk was 18 fhllnw:
'Rcﬂun Number 0 rofbags |
Mnrn,g,uru_ — | 40 =
! Kilimanjaro : 36
LLE“E_'?_____.__Z___'?'_*___
Tang 32
Mbeya 25

Present this: Iﬂfﬂﬁl‘lﬂ"ﬂﬂ by a pl:lugm.l‘-ll
shed in a certain pamphlet to present the

2 The following pictogrmm was publi
rred in three regions in 1969

number of Toad accidents which oceu

Arusha D]“QQD

ETTT“QUJU |
DU”QDQJDDD

Tunga

Key: D represents | 0 rond accidents

o ’—'T_

e 1nl|"ulc —

e
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(a) How many road accidents occurred in each region?
(b)  Represent this information in s tabie.

3. The following table shows marks scored by students in a class of Form One

in i Mathematics test.

i Marks in percentage 20 |30 [45 |50 | 55 [ 60 65 |

Number of students | 21 3|5 /[15]'35
Use the table to answer the following questions:

(n)  What is the lowest mark scored?

(b) What is the highest mark scored?

(¢) Which mark is scored by the highest numiber of students?

(d) IFS50°% is the pass mark in the test, how many students passed the test?

(e) What is the difference between the highest and the lowest scores”

2 3

[ [y | PY P ] 1
Ml Ve fioy In]‘l‘ll'!}‘#u

4. IT one picture represents 1 000 peaple, draw - piciogram 1o present the
lollowing duta showing the number of people infiected with HIV in g certain

@ e

| Year ‘ Number of people
1998 30 000

1999 16 000

2000 12 000

2001 8000

Bar charts

A bar chant or bar graph presents dat with rectangular bars with heights or
lengths proportional 10 the values of data they represent, The bars can be verical
or horizontul, though they are usuully vertical.

Before drawing a bar chart, a scale must be chosen. This is done by examining
the data to find which item will be presented by the longest bar. Then, choose a
scale so that the bar fits on a page.

| M 2 = (SO0 [OUMMY) Saol f wdb 293 e —

| '|
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The following bar chant shows the amounts of monthly rninfall that were
recorded in one year at a certain weather station,

it

- =] i,
= - =
- = —

Aumount o rainfall (men)

==
=
=

@
||
L
|
=

il Nov  Dex

N Jan  Feb  Mar  Ape Mey  Jun  Jul  Aug Sep
v LY TRt L

Use the bar chart to answer the following uestions:

(n) 1o which month was the highest amount of rainfull recorded?
(b) In which month was the lowest amount of rainfull recorded?
(¢) How much rainfall was recorded in Apnl?

(d) Which months had the same amaunt of ramfull?

Solution
(a) The highest amount of rainfall was recorded in May.

(b} The lowest amount of rinfall was recorded in August,
(¢) The amount of rainfall recorded in April was 40 mm.

(d) The months that had the same amount of ruinfall were January and June,
March and December. July and September.
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Exercise 11.2

Answer the following questions:

I.  The number of people who were involved in road accidents on some days in
a week were presented in the table ss follows:

Day | Monday | Tuesday | Wednesday | Thursday | Friday
Number of people 320 310 280 450 250
Draw a bar chart (0 present this information

2. The lollowing mble shows the number of HIV patients in Tanzanin from
year 2000 to 2004,
Year 2000 | 2000 | 2002 | 2003 | 2004
Number of patients 82 000 98900 113200 127800 147 300 |
Present this information using o bar charn, '

3. The following table presents the number of students with their
corresponding heights,

Height (cm) 130 [135 [136 [138 [ 140 [ 141 [ 144 | 145

Numberofstudents | 2 | 2 | 4 [0 8§ | 3] 2 1

() How many students are 130 cm tall?

{b) What is the height of the tallest student?

(c) Ifitis decided that a basketball player should be at least 140 cm tall,
how many students will qualily?

4. The following table shows the number of children who play vanous games
oh a given day. Present the data on a bar chart.

Games | Number of children

Rughy 20

Tennis B 40

Hockey 35 ol

Nethall 1 10

Foothall s }
' Squash 3 o

| b P = (MDD | TLAANEY) Gscn 4 oull | 330 'f_ﬁ'
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Line graphs

A line graph is a continuous line that joins points which represent data, In most
cases. the data is concerned with variations over time. For example, in o certain
hospital, the temperature ola patient of malurin laken after every 4 hours in a day
wits as follows:

Table 11.1: Malarin patient’s temperature

I'I'imc 2:00 am | 6:00 am | 10:00 am  2:00 pm [ﬁ!ﬂﬂ;ﬂni 10:00 pm
Temperature °C) | 400 | 39.0 41.0 390 | 385 | 380

Temperature (°C)

-
46 | 12:00 pm 6:00 @m 10:00am 200 am 600 am 100 am

Y Time

Figure 11.2: A line graph of temperature against time

Answer the following questions:

I.  The heights of a boy were measured and recorded on each birthday
celebration in seven successive years as shown in the following table.

Age [0 [ 11 | 12 ] 13 ] 14 | 15| 16 |
Height (cm) | 120 | 125 128 | 132 | 137 | 143 | 156 |

Draw a line graph to present the boy’s heights,

_ B (R -
i
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2. The following figure shows tcmperatures at noon on the days of a cenain week.

i
5
- 2
r
i n
L)
| S
2
- -
m M T W Th F 5a Su
L Ll
(a) Which was the hottest day of the week?
(b) Which was the coolest day of the week”
(¢) What was the temperature on Tuesday?
@ 3. The following figure is a line graph which shows the ages of a student and @
her corresponding masses.
40
a6
2 )
Ex
3 m
9 15
- 10
™% 7 § v 0 0z m
L | Age [n yehrs

(1) How old was she when the mass was 30 kilograms?
(b) How many kilogmms did she gain from her 6% year to her 1% year of age?
(c) What would be her body mass at the age of |3 years?

[ ki P = (OO0 [T St d sl 307 @ ] I_
_:

. |
|
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4.

The attendance of boys and girls in a certain school for five days in a week

were as follows.

- Day _.i"iumherulhnp _Numher nl‘girh_

B 1 425 450
2 a0 us
i 420 430 |
4 415 435

— | o | 40

Draw line graphs to present the at
same figure.

The following table shows the lemperature of i patient in o certain

afier every hour from 7:00 am to |1_:mim.

Time in hours _'ltmpt'rﬂurt‘{‘“l;}

7.00 am 38 .

.00 am P FI_I‘I.T_ B |

B _u.anu_m __r iR9 |

000w | 3T ]
T 11.00am | 37

(u) Present this information using o line graph.
(b) What was the highest temperature recorded?
{c) At what ime was the patient’s tem

rendance of both boys and girls on the

perature normal’

Scanned with CamScanner
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'ie chart

Activity 11.2: Drawing a pie chart

. Form a group of two or more students and prepare two pieces of plain
papers, a pencil, a pair of compasses, and a protractor,

Draw acircle on each piece of paper using a pencil and a pair of compasses,
mark the centres, and then construct an angle of 60° on one circle and 1207
on the other.

3. What fraction of the circle is represented by each angle?

(]

Another way of presenting data is by means of a pie chart, which is sometimes
called a circle graph. Fractions of the total dat are represented us slices of o ‘pie’,
a round cake, which expliams the name ‘pie chant’,

Fach fraction is multiplied by 360° to obtain the angle at the centre in degrees.
A circle of convenient radius is drawn to represent the whole *pie’, then all angles
al the centre are drawn using o protructor. Each sector ol the cirele is then labeled
appropriately.

Note that, the numbers in o pie chart may be indicated either in percentages |
%%) or in degrees.

I~'.\nmér 11.3 L

A survey was done among 200 students 1o lind the most popular subject.
Each student voted for only one subject and the results were as follows:

Subjects Math.  Ing | Biol | Hist. | Geog. | Phy.
Number of students 25 0 | 60 | 20 | 4 | 15

Present this information in a pie chart

o
=
-
=
-
=
=
=
=
L N
-
-
=
—
-
u
-
=
=

']
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Solutlon
The angles representing each of the subjects are:

25
Mathematics: —— = 360° = 457
200
.40 . rhs
English: ﬁxﬁhﬂ T2
: 60 . s
Biology: H:sw_mn
. 20
History: —=x J60* = 36°
G il 360° = 727
eagraphy: = X360 =

15 =
Physics: - x360° =27°

A pie chart for presenting the data from (he survey.
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FExercise 11.4

Answer the following questions:

I.  Inagroup of 120 students, 30 prefer English, 40 prefet French, and S0 prefer
Kiswahili. Present this information by a pie chart.

2. Thefollowing table shows the percentage ofworld environmental destruction
N a certain vear.

| Continent | Furope | Africa  Asin  North America | Others |
Percentage | 27% | 23% | 20% 22% | 8% |
Present this information in a pie chart, -

3. Inacertain government report, it was reported that the exports of crops in a
certan year were as follows:

.~ Crop  Sisal  Cotton Eﬂiﬁ: Pyrethrum thLh_E

Percentage 30 30 | 24 | b |10
Druw a pie chart to present this information.

‘® 4. The tollowing pie charts show the compaosition of exported materials by a o
certain country in the years 2012 and 2013,

201 2:1 BOD Million shillings 2013:2 400 Million shillings

(2) Which material had the largest percentage of the export market in:
(i) 19737 () 19747

(h) Lstimate the value of sisal exported in:
(i) 1973 (i 1974

I | ikl 2 = (BN | TLUBIATY) gl 4 il 391 @, —
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Excreise 11,5

Answer the lollowing questions:
. Ina certain country, the number of HIV patients in five regions were
identified as follows:
Regions A | U c | p [ E
WVpatients | 120 | 80 | 20 | 140 | 200

Present this information by using a pie chart.

The following table shows the number of cars damaged in road accidents as

fe ey Fr Ih_u

9
ware registered in one town in a certain year.
= Typesofcars | Scania | Datsun _ Ford | Volkswagen |
= Number of damaged cars 4000 S000 1800 | 2000
- ff Present this information by:
3 (a) Apictogram (b} A barchart

1. The mass of an infant was measured for five consceutive months and the

results were as (ollows.
® ~ Months | February | March CApril | May - June |
Mass (kg) | 4.0 48 56 | 64 70 |

{a) Draw a line graph using this table of values.
(b) Estimate the infunt’s mass in mid-March.

4. The number of employees recorded absent on eich day in o certain

institution wiis as given in the following table:
Days Mon, | Tues. Wed. | Thur, | Fri. | Sat |

Absentees S 8 3 6 | 10 | 4

(n) Construet a ; g;‘!h 0 ;umnﬁh: number of nbsentees on cach day.

(b) Can this information be presented by using n line graph? Why?

5 The weights of A, B, C are in the ratio 2:3:4, respectively.
(1) Caleulate the angles representing A, B and C.
(b) Present ihe angles on the pie charl.

6. Thetimes to prepare meals L, M, and Nare in the ratio 3:7:x Ona pie chart,

the angle corresponding to L is 60° Find the value of x.

&

LS 1EPW |
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Frequency distribution tables

Activity 11.3: Constructing a frequency distribution table

Steps:

1. Write all the letters of the English alphabet vertically on the blackboard hoard.

2. Lach student should mention his/her first name and muke a tally on the
board against a letter corresponding to first letter of her/his first name.

3. Find the total number of tallies for each alphabetical letter, and add them all.

4. Construct a table showing columns of alphabetical letters and the number of
tallies for each letter,

5, Is the sum of tllics equal to the number of all students who participated in
this activity?

o
=
e
-
-
s
=
T
=
[
=
-
=
—
-
o
-
=
==
-

A frequency distribution is a tallying of the number of times each data point or
intervil of data values occurs in a group of data. For example, let o Mathematics
test be given to 10 students and let their scores be 8, 10,8, 6,6.9, 5,6, 4 ond 7.
We note that, there is one 10, two &'s, one 7, three 6's, one 4, one 5 and one 9.
The frequency is the number of times a particular number occurs in a group. In
this case, the frequency of 10 is | and that of 8 is 2, and so on. Assumc a short
Mathematics test was given to a class of 9 students, and that their scores were as
follows: 6, 9, 10, 6, 4, 7, 5, 6 and 4. The first thing to do would be to armange the
scores in a descending or nscending order as shown in the following table,

L

Table 11.2: Scores on a mathematic test in descending order

P -——

Students | Scores
| | 10
2 | o
T —3 —_— —1 — T_ i
| = 4 T h
3 4]
= 6 [ 1] -
— 7 | 5
— — —H g | I _l_t ___
i _1}__ T 2

Mt P2 - (OO [TUMARY) Sect 4 by 301 -
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The next thing would be to find the frequency of each score by tallying as shown in
following table, The table is calleda frequency distribution table. The following table

shows the frequency distribution of the scores of 9 students in Mathematics test.

Table 11.3: Frequency distribution table
'Scores | Tally | Frequency

10 |
9 f | 1
T | ! I
6 1l 3
5 f |
T4 7 2
| Totsl| 9

Usually, tallies are not shown in frequency distribution tables. They are helpful in
pelting the correct frequency. I'he number of observations is denoted by *N and

the ftequency by *f".

® m ®
Construct a frequency distribution table from the following data of nges of students
in & certain class: 14, 15, 16, 14, 17, 15, 16, 13, 14, 14,

Solution
Freguency distribution tible of ages of 10 students in a certain cluss,

Ages Frequency
17 |
e 2 '
|5 2
14 4
= T
Total 10

'ﬁ U -
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When the given data is very large, it would be very difficult to present it using
the previous method, The best way of presenting such data would be to group
numbers by forming class intervals. A elass Interval is the number of data values
which are grouped together. For example, 30 - 35 is a class interval of size 6.
A class interval can be of any size depending on the size of population. The data
from the previous table cin be grouped as follows:

TulMe 11.4: Class intervals and their frequencies

'_{:“IE interval F:!-_equt-n cy
16-17 3
14-15 | 6
12=13 |

I T 0

From class interval 14 — 15, the number 14 is called the lower limit and 15 the

upper limit of the class interval. The boundary of the lower limit is 13.5 and that

of the upper limit is 15.5. These are called real limits or ¢class boundaries, The
® lower real limit is obtained by subtracting 0.5 from the lower limit. The upper o

real limit is oblnined by adding 0.5 to the upper lmit. Thus, for the class interval

12 ~ 13, the lower real limit is 1 1.5 and the upper real limit is 13.5.

BT 0 0

In u Mathematics test. the following murks were scored:
48 47 42 67 73 50 76 47 44 44 57 58 54 45

58 56 66 67 45 43 71 48 64 52 42 54 62132

49 34 35 46 B9 37 47 54 45 60 64 44

If the size of the class mterval is 8, group the marks starting with the interval
32 - 39, hence druw the frequency distribution table.

—

r-_ | ik PR RO | PLAREY) Tt 4 el 398

&
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Solution
With the help of wllies, the frequency distribution table is as shown in the
following table.
Class interval Tally Frequency
— 3. | W | 4
40 - 47 e | 13
3 48— 55 w1 R
g s6-63 | ! T8 _
& 6471 W |6
. 2-79 / 2
E s0o-% | | o
= [ R [
| Total 40
= The class size of a class interval is the difference between the upper real limit
and lower real limit.

The following table shows the frequency distribution of scores in an English test.

Culeulate the size of the cluss interval

Class interval | Frequency
5059
4049
30-39
20-29

10 - 19

b | fad | SN .I:-!u

=z
n
r

Solution
Taking any class interval, say 30-39, the s
19,5 -29.5=10. Therefore, the size of the ¢

all class intervals.

gy iR | —

. ‘
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Class mark of a class interval

The class mark of a class interval is the central value of the class interval. It is the
value which is half way between the class limits, It is sometimes called the class
midpoint. For example, the class mark for the class interval 30— 39 js the average
of the lower limil and the upper limit.

Class mark = Upper ¢lass limit + Lower class limit

2

31]—:3‘?!':3_115

B IEE 0 T

The following mble shows the frequency distribution in 8 Mathematics test.

In this case, it is

12
W=
-

E
o
-
=
=
=
=
-
-
-~
.
=t
-
-
=
-

Class interval | Frequency
gl-90 | I
71 - 80 N
61 70 5 -
4 5160 10 b
41 -50 17
31-40 | T4

Find the following:

(#) The size of the class imerval.

(b) The class marks for the mtervals 41 — 50 and 81 - 90,
(¢) The number of candidates who sat for the test.

Solution
The size of the class interval s 405 - 30.5 =10

The class mitk for the nerval 41 = 505 H130
the interval 81 - 90 is 31590 _os 5

2
The number of candidates is determined by adding all the frequencies.
Thus, 4 + 17+ 10+ 5+ 3 +1 =40

Therclore. the number of candidates who sat for the 1est was 40,

= 45 5 und the class mark for

- Madh FF - (SO0K) [T Segi 4 sl 347 @
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Answer the following questions:

1. Ina Biology lest, the following marks were scored:
|sa[sa (a0 [ss|safaa[m[32]75]47]
135 [ 47 | 73 [ 46 | 31 | 43 [ 47 | 35 | 35 60 ;
(69 | 51 (24 (48 [55[45 50 (37351 |36

3

£ Group the marks in cluss intervals of 20— 29, 30— 39,40 — 49, ..., and

T then construct the frequency distribution table.

~ 2. Inacertan clinic, the number of children delivered in 20 days was recorded

= 48 p‘mmcd in l.hr.: i‘ﬂ!l:ming table:

3 (21s]alal2]al6]ad .L.“.i 3
s 1]elsl3l2]l7]a]2p3

Construct o frequency distribution table for this data.
® 3. Thc ﬁ\llrrwing Is & 'mhle of lhe masses of 36 men in htlngmm ®

stletfeo 7075 Nl 82|
83 [ma[so[solss{62[e2[61[70[71 7 74|

| | |
SO | 68 | 68 66 65 T2 69|64 | 63 | S8 00 89

8

Present the masses in a frequency distribution table with class intervals of
cluss size 5, starting with the class interval 50 - 54

4. Ina Mathematics examination, the following marks were scored:
|27 [ 57057 40|70 [ 48 [ 59 | 60 | 1 44
| 47 /44 (44 | 59|35 [48 |43 |52 | 48
Giroup ﬂie :mrlrs n {:lnss mterval of Zﬂ 29,30 - 39 4{! 49 ,and so
on und then construct the frequency distribution lable.

@ pazy 14a P |
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5. The following is a set of marks in a Geography examination. Construct the
frequency distribution tuble with class intervals, real limits, class marks, and
inlerval size, starting with the class interval § - 15,

—

il

&7 |
| 41 | 90
70 | 2]

¥

75 |

69

44

72 |

59
63

.

24
14
35

6 [ 67 [60]34]

39 |
87 | 49 | 86 | 57 | 74 |
13|31 [ 68 | 13|20 |

73

1

|50 | 42|27 |95 | 77 ‘

31 | 45 | 51 | s6 | 40

6. Inan experiment, 50 students were asked 1o guess (he weight of a bunch of
bananas in kilograms. The responses were as follows:

47

ER

27

39
32
| o8

21

ﬁ.ﬁ”

38

30

| 37

29

42

5

48

52
0 |33 (11w 2
|63 |23 [40 5324

_"i.ll;jﬁ_‘ VFurd e v o B e f‘l.r.l‘"l';i by

'l_u: 44136 19

47

22

44

33

13

59 |33 (49  s7 030

17

@ (1) Constructa frequency distribution table using class intervals 0 - 9,
10 = 19,20 - 29, and so on,

(b)  Find the cluss marks.

Histogra

45

IR

| 33

25

40 | 51 [ 56 28 64 |

Activity 11.4: Drawing a histogram of a frequency distribution.
In groups of ten members do the following;:
1. Ask your lellow studenis 1o give their heights.

2. List the heights of the students.

3. Group the heights in cluss intervals of size 5 and construct a frequency
distribution table.

(8} Draw y and v axes 1o represent frequency and height respectively, on
graph paper.

(b) Draw rectangular bars representing height against frequency.
(c) Shade the drawn bars.

— | Mk F2 — (SD0OK) [ DA Bl 4

L

= —
|
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A histogram or a frequency distribution is made up of r-:cmngulnr_ bars with hn.ﬁvzsi
an the horizontal axis and centres at the class marks. It has a ujruitl'l cqual to the
class interval size, The heights of the rectangles are proportional .rn tt:c class
frequencies, Tn fact, their areas arc proportional to the class er*qucnuruﬁ. hlill‘l'flﬂ!?ﬂ
we want to draw a histogram of 100 Mathematics examinalion scorcs as given im
Table 11.5.

Table 11.5: Mathematics examination scores by class intervals, class marks and

3 frequency.
b Class interval Class marks | Frequency
95 -9 97 k
90 - 94 | 92 i i 7
BS -89 R7 9
KO- B4 82 . 13
15-T79 7 20
C 70-74 72 2
65-60 | 67 =
__g'_'.} __H B 62 | b
@ Use a graph paper to draw the rectangles u:.ing Irequencices as heights and class

mtervals as widils for class marks. For example, draw a rectangle of height 8 .
and corresponding (o the frequency 8 and an interval with class murk 62, This
can be done for all the intervals corresponding to the given frequencies, When all
rectangles have been completed, the histogram will be as shown in the follow

figure. ing

Freguency

B0 Tt 1w

Class Marks

LT O

Figure 11.3: 4 histepram or Freapureny

B

¥ -‘mrugr.m
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Usually, frequencies are plotted against class marks, The frequencies are
represented on the y-axis, and class marks on the y-axis. Appropriate seales must
be chosen on both axes.

The following frequency distribution table represents the ages of 10 students in

“']'.l..u

years. Represent the information using o listogram.

£
Age | Frequemcy £
17 | 0
16 2 E
15 9 e
| 14 4 =
13 [

Salution

Taking one unit on the vertical line 1o represent one umit of frequency and one
unit on the horzontal line 10 represent one unit of age, we oblain the histogram

as shown in the following figure.

Frequency

(1] I3 |4 I5 I 17
Ages in veary
v
| H-HFF!-!'!HH'I'IKI.:'-I'M':IM'-II" LT .;!; ﬂ
ety
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The following figure 15 0 histogram for an English test scores of 91 students. Llse
this figure 1o answer the questions that follow:

A
18

16

I.I'hu

-
B

Sumber sudents
= =

v Vlarhemancs Form

=

-
]
.
=

i

2]

o
|
@

(a) How many students scored marks between 30 and 347
(b}  Which class interval had the highest number of students?
(¢} What is the [requency for the class mark 677

(d) What is the size of the class interval for this distribution?

Salutinn

(#) The class interval 30 34 has frequency 2. Therefore, 2 students gol seores
between 30 and 34,

(h) The class interval 45 - 49 with class mark 47 has the highest frequency
which is 1],

{c) The class mark 67 has frequency 13.

(d) The size of the class interval can be found by using the closs marks, Take

class mark 42, add it to the next upper class mark, that is 47, and then divide
the sum by 2.

_- = I_
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Thus, 42447

=44.5. Adding 42 to the previous lower class mark. and then

divide by 2. Resulss to, "3;3"’ =195,

The class size is then given by upper real limit minus lower real limit, that is
“.5 — 3915 - jl

Theretore, the size of the ¢lass interval for the distribution is 5

T LMY

Frequency polvgons

Activity 11.5: meiug_u. frequency polygon

L. In pairs or groups plot the following points in the 1 - plane and join
them using a straight edge.
@ A(LOLB4.2),C(7.3LD(9.1)and E (12.0)
(b) P(3,4) QI 5),R(-1,4) and S(1, 3)

2. What is the name of the figure formed in each casc?

¥
=
=
=
=
B
=
-
5
—
—
"
i
=
=

A frequency polygon is a line graph of class frequencies plotted against class
marks. When drawing a frequency polygon, two extra class marks are introduced,
one o the left most class mark and the other to the right most class mark. The
new class marks introduced are assigned zero frequencies. The poimnts are then
placed directly over the class marks of each class imerval, The adjacent points
including zero are joined by straight lines as shown in Figure 11.4.

8

—ge L
-0 == gGp® 67 72 7T M 87 92 % uHE

L | SO
Figure 11.4: A Freguency polygaon

B = ——
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The following data represents the time, in minutes, taken by competitors 10
complete o certain task. Draw a frequency polygon 1o present this information.

Time (minutes) | 30-35 |35-40 | 40-45 [45-50 | 50-55
- Frequency 3 f . 0 _ 5 3
Solution:
Frequency polygon of the information.
| Time (minutes) __ FreEnc}'{n_ Ehi:mu_ks J
30 - 35 3 325 |
— %2 | 6 | 335 |
— a0-45 | 1w | 425
—as-s0 | 5 | 415
s0-55 | 3 INC52s
- o N=21 -

Introduce one class mark to the left of 32.5 with frequency 0 and one class miark
to the right of 52.5 with frequency 0. Since the class size is 5, then the c_lnss mark
io the left of 32 willbe 32.5-5= 27 % and the class mark to the nght of 52.5 will

be 52.5 +5=1575.

[
i
i
i
£ 7
=
£ B
c
= B
4
J F o
| ¥
K.
| :
.-___“_-_'...* - -
i b s .G 4.5 7.5 A2 67.G
Class marks
L |
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1. The following table shows the ranges of saluries of 91 employees in a

vertain hospitl:

Salary (Tshs) ' Number of employees

! llﬂ[ﬂ[l—-:??ﬂ'l]'lﬂ i _h o
220000310000 | 9
320000 ~ 410 000 20

i 420 000 - ﬂﬂ'l];h'i ' 15 e
520000 — 610 000 10
620 000 - 710 000 I8
720000810000 | TR

(a)  Construct o frequency distribution table for this data,
® (b) Druw a frequency polygon to present the data
' () What is the cluss size of the class imervals? e

Solution

(a) Frequency distribution tahle.

Salary (Tshs) " Number of workers (v) .' Class mark {:}.?
120 000 ~ 210 000 0 165000 |
220 000 — 310,000 9 | 265000
320 000 - 410000 20 | 365000
420 000 - 510 000 15 | 465000
$20 000 - 610 000 10 | sesoo0 |
620 000 - 710 000 I8 665 000
720 000 - 810 000 13 765 000

N = 9]

— Wl FF = (SO0 [T Sl 4 oell 38R
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b
0
|5
I
14
U2 1
E %
=10 \
j - |
= F1 H 1.
# '-.‘
4 \
¥ []
— \
‘ ‘_._L_.l L)
0] gs000 165000 265000 365000 465000 365000 G65O00  THEO00  BEGOOD
L] Cliss marks

(¢} The difference between the lawer limit of the second class interval and

the upper limit of the first class interval is given by:
220 000 - 210 000 = 10 000

tumuzﬁm

Then,
From the class interval 120 000 - 210000
The class size is found by mking the upper class boundary minus lower class
boundary.
Thus. the upper cluss boundary will be 210 000 + 5000 = 215 000,
The lower class houndary will be 120000 S000 = 115 D00,
Hence,

215 000 (upper cliss boundary)
_115 000 (lower class boundary)

100 000 (class size)

Therefore, the class size I8 100 QUM

Scannex d with CamScanner
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Note that, a frequency polvgon can also be drawn by joining the mid — points of
the tops of the bars of the corresponding histogram. The following figure shows
a Irequency polygon and a histogram plotted on the same graph,
'
5
4 E
o -
=
=
E
-
0 13 14 15 16 17 5,
' Ages In years -

| °

Fo
=

B

Mt F2 - (BOOK) | DUAREY) et A il 381
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Answer the following questions:
I.  The following table shows female death risks between 0 and 39 years,

Present this information usmg.
(n) A histogram
(h) A frequency polygon,

3
£ Expected death risk of females per 1000 women
Age in years Female death risks
15 -39 _' 125
10 - 34 ‘ 120
25-29 | 10
T 20-24 o8 .
—15-19 | ) _____
& ]
= Sl K .o .
< e = 340
e s

istribution of marks scored by 40 students

2 The following lables show the d
tieir frequency polygons on the same

in twa different monthly lests. Draw

graph to present this information.

Test A Ti:sri_:l_____!
L I ... =
"~ Marks Frequency ~ Marks r_Fr_ﬂlu:_ ey |
—tgy | 1 71 - 80 2
G6l="T 12

51.— 70 3

i: :,:i ] 5] - 60 __Ii__ —

31-W |l __ _—_—— M :
e R T
— 31-40 17 | :

21 - 30 4 21-30 4

=2 N =40 .

_.#
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The heights, in centimetres, of 10 students in a certain class were recorded
us follows:

Height(em) | 130 135 [ 140 [ 145 150 |
Frequency 3 1 | 3 | 1 2 |
Present this data using a frequency polygon,

The following figure is a frequency polygoa of masses of students in
kilograms.,

[
20
15
g
2
B
B
-
0 v 27 a2 £ 4 47 i i) 2 iT)
] Mass in kilograms

Use this frequency polygon to answer the following questions:
(a)  How many students were there!?

(b)  What is the size of the class interval?

(e} What is the lowest elass interval?

(d) How many students had mass of 42 kilograms?

The following frequency distribution table shows the distance (in km)
traveled by students from their homes 1o school.

 Distance (km)  [1-10] 11-20 21-30 | 31-40] 4150
Numberofstudenss| 2 | 6 | 8 | 4 | 3
Draw a frequency polygon to present this information.

Cun every data set be displayed using a histogram? If yes, explain why?
If no, give a counter example and explain why not.

Determine whether the statement is True or False:

(#)  The vertical scale for a histogram must be based on equal intervals.
(b) The axes of a histogram are nol needed.
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Cumulative frequency curves or Ogive

Frequency tables show how often individual daia items occur n a frequency
distnbution. For example, a frequency distribution of marks scored by students in
a test shows how many students scored a particular mark. However, sometimes we
are not interested in the frequency of occurrence of an individial mark, but rather,
how many students scored less than a certnin mark. To answer this question we
use the concepts of cumulative frequency distribution and cumulative frequency
curves or ogives,

Example

The following table shows the number of students who scored marks in various
class mtervals in an examination,

Marks 0-19 20 -39 40 - 59 60 — 79 80— 100
Frequency 7 21 38 27 7 ‘
The cumuluriwe_t‘rcqumdcs table for th:?: data is:

Cumulative froquency 7 ] 28 | 66 9 100

Tabulation of the cumulative frequencics against the corresponding upper class
@ boundaries leads to the following cumulative frequency distribution.

' Upper class boundary 19.5 95 | 595 795 | 1005 |
Camulative lrequency T |

28 66 93 100
Ihis distnbution shows how many students scored marks less than each upper class
boundary. For example, it shows that 66 students scored less (han 59.5 marks.
I'he smooth curve passing through all points obtained by plotting the cumulative
froquencies against the corresponding upper class boundaries is called o
cumulative frequency curve or an ogive,

Activity 11,6: Constructing a cumulative frequency table of students’ weights |
m a cluss.
In pairs or a group of’ 10 students perform the following;

I Use o weighing balance to measure the weight of ench student in the group
and take records,

2. Construct a cumulative frequency uble of the weights with a class size of
2 kilograms.

3. Discusshow youcan use the cumulative frequency table to draw a cumulative
frequency curve.,

T !'ﬁ:lmr
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The following mbleis a frequency distribution of Englishtest scores for 90 students.

. Scores Frequency
70 - 74 16

| 65-69 | 12
60—64 | 14

| S5-59 | 10 |
50 - 54 8
45 -49 I8
40 - 44 6
35 -39 4
30-34 2

N =90

(1) Construct a cumulative frequency distribution.

(b} Draw a cumulative frequency curve or ogive.

Solution
(u)

For each class interval, find its upper real limit and add the
frequencies as shown in the following tuble.

: * Class interval Cumulative
T Frequency frequency
- less than 34.5 2 -2
less than 39.5 3 ]
' less than 44.5 c.-. 12
less than 495 18 30
less than 54.5 8 3K
less than 59.5 IH_ 48
' less than 64.5 B 14 62 -
' Jess than 69.5 12 7
less than 74.5 16 90

sk = (008 [TLBANY) Sl A

mith Y
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(h) The cumulative frequency curve is as shown in the following figure.
'

(M)

80

70

i

[

Cumulntive frequency

10
i
20
10

- A -
i 4.5 M5 lh 405 S 805 BAS 695 T4.5

Y Soores

B 200909020

A motor \r-:hiv:]‘e manufacturing company tested 100 cars to see how far they
could travel using 10 liltes of petrol. The resulls were recorded ns shown below:

Distance (km) 100 - 109
 Number of cars ! 5

o - 119

120 - 129 | 130- 139 | 140 - 149
15 =T

25 35 | 20

Draw a cumulative frequency curve for presenting this information.
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Solution

less than 109.5
less than 119.5

less thun 129.5

less than 139.5

100

s E =

Cumulative frequency
c &8 s g 8

less than 149.5

Construct a cumulative frequency table as shown in the following table,

Distance (km) = Frequency

5 3

15 . 20 | 3
25 45 E
35 80 :
20 100 ] ;':'E

Cumulative freguency
Ii- —_—

Cumulative frequency curve for the distribution.

Maxie Vo

i

=
B

109.5

119.5

Kilometres

1205 13895 1495

| Nl 3 = (OO [T Gt 0l LD

_ b |
e —

Scanned with CamScanner




Farerrnines Formn

.”i“ I“l.' War

The ages (in years) of ten studenls were recorded as follows:
13 years — | student 14 years — 4 students
15 years — 2 students 16 years — 2 students
17 vears — 1 student

Use this information to construct i cumulalive frequency table.

Solution
Age
Less than 13.5
Loss than 14.5
Less than 15.5
Less than 16.5

- Fregquency Cumulative frequency

!dIHHLJ—I—

Less than 17.5

e 115 —

Using the Ogive drawn in example 11.1 3, answer the following questions:

(a) How fur would the 25" car have travelled?
(by  How muny cars would have ravelled 124.5 kilometres?

Solution

Using the ogive drawn in Example | 113

(1) On the cumulative frequencics axis, take the point halfway between 20 and
30, From the point move horizantally until the ogive curve is met. Then,
move down tlong the vertical line until the axis representing distance i
met. It can be phserved that the vertical line meet at 121 kilometres with
the distance nxis. Therefore the 25% car travelled 121 kilometres.

locate a point 124.5, from this point

(b) On the axis representing distunces,
ive curve move to the

move up until the orgive curve is met. From the org
left until the axis representing cumulative frequencies is met. It can be
obscrved that the cumulative frequency is met at 45, Thercfore, 45 cars

travelled 124.5 kilometres.

[t 'ﬂ':ﬂl
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Esercise 118

Answer the following questinns:
1. In the following table, complete the cumulative frequency column:

Number of beds  Freguency Cumulative frequency
70 - 79 | -
60 - 69 5
50 - 59 " I
40 - 49 | 12
o 30-39 | 12
20-29 | 15

2. The following table gives the frequency distribution of marks scored
by 130 studems in Biology and History subjects.

Biology History
2 Percentage | Frequency Cumulative | Frequency | Cumulative @
! frequency - [requency
91 - 100 13 130 1 130
8- | 2 [ -u7 [ 129
| 7i-80 [ 31 gSTos [ o ’ 128
6170 30, 4 5 128
51-60 24 | 34 9 123
s1-50 | e | 0 25 114
31 - 40 3 4 2 | 89
21-30 L o .3 | al
1120 0 0 2% 3l
=10 | 0o | 0 L 5 5

(a) Draw their ogives on one diagram,

(b) Ifthe pass mark was 51 use the distribution o find the percentage of
students who failed in each of the subjects.

:i Wil .8 = (PN [ SHAMAIY) ot 4 i S0 @ _
O
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v was made on 100 foothall matches. The total number of goals was

3. Asurve
recorded and a frequency table wis constructed as follow:
Goals Frequency Cumulative frequency
11 1
10 S0 —
e | 0 ! -
— .
: o
E s Il =2
£ 5 T
- =% || 15
s 3 22 -
— 3 | 1 1
= | 15 Sl
0o | 5 ]
(a) Complete the cumulative frequency column.
{b) How many matches recorded less than 7 goals? @
® (¢) How many matches recorded at least 6 goals?
between 4 and 7 gouls?

(d) How muny matches recorded

uwuhumgmlswmdluwchyhyid

4. The cumulative frogquency graph bel
answer the questions that follows:

football teams. Using the fpllowing ogive

Cumulatie freguence

1.5 25 3.5 4.5 3.0

] e
Lraneils

ms scored less than 4 goals”
less than 7 goals?

& pag B0 M| |
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= 5 In a competition, 30 children had to pick up as many paper clips as possible
in one munute, The results were a8 follows:

\ 3 (178 |1 |26 |23 |18 [28 |33 |38 |
12 |38 |22 |50 | 5 35 [39 [30 |31 |43 |
27 |34 | 9 |25 (39 |14 (27 |16 |33 | 49 |

Construct o frequency distribution table using intervals [ - 10, 11- 20, 2
21 - 30 and so on. Hence, draw a cumulatve frequency curve, £
Chapter summary
I.  Statisticsis the branch of mathematics that deals with collecting, organizing,
representing and interpreting numenical data in lurge quantities especially [or
the purpose of inferring proportions in a4 whole from those ina representative
sample.
2. Frequency is the number of times an ¢vent or duta value ocours.
3. Pictogram is a method of presenting statistical information using pictures or _
® symbols. ‘&

4. Bar charts are long rectangles whose lengths or heights are proportional
to the dara.

5. Aline graph is a continuous line that joins points which represent datn.

A pie chart 15 a method uf_prmming data in a cireular form, where the slices
of a pie show the relative size of the data.

7. A histogram is a block gruph that presents grouped distributions, In a
histogram, the areas of the blocks or reclangles represent the frequency
distribution. The horizontal width of each rectangle corresponds 1o the class
width,

8 A frequency polygon is a line graph that presents grouped data graphically.

9. Acumulauve ffequency curve or ogive, is a curve that shows the relationship
between cumulative frequency and comesponding data.

10. Class mark is the central value of a class interval, itis the value which is half
way between the class limits.

| R PP = OO [T Sl 4l T -1 m
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Revision exercise 11

Answer the following questions:
17, 18, 15, 16, 16,
18, 18, 15 16, 17,

tt.i

®

The ages of 22 players in a football mutch were recorded in the following arruy:

L5,
13,

16,
15,

Present the data in a frequency table.

15,
16.

18,
15,

15
18

15,
15.

The following table is the frequency distribution of the masses of 45 students

in a cluss.

: —— — 3 -
|4a 4546 %0 |51 S5 |36 60|61 65 |66 70

Mass in Kilogroms
Number of students | 3|

65
46
71
60

H | 13 11 7 1

Draw a histogram of the distrnibution.
The examination marks of 45 students were as follows:

58 i 6l td a5 T2 a2 el

9 82 e 76 54 63 63 75

6l 36 - R0 6l 6d 76 (%

68 48 35 92 73 46 24 35

30 50 70 40 46 (1= 27 28

43

(u

31 - 40, 41 — 50, and so on.

(b} Draw a cumulative frequency curve.

A milors'

3.8 54,5567 74667
Construct a frequency tabl

) Construct a frequency distribution using cluss intervals 21 - 30,

association surveyed the number of sewing machines that cach
primary association had and recorded as follows:
4.4.6,7,.5.4.3,7,57, - R N

o and then draw a frequency polygon.

&

g
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5. Inacertain examination, fhe results were as follows:
3 students scored marks between 0 and 10,
3 students scored marks between 10 and 20,
5 students scored marks between 20 und 30,
4 students scored marks berween 0 and 40,
2 students scored marks between 40 and 50,
Driw a histogram to present (he examination results,

.E a
5
6. The payment of 36 labourers in Tanzanian shillings were given in a i
cumulative frequency polygon us shown in the followi ng figure. 5
: o
K 17 g
E‘ A0
F
® E 2 ®
ERE
k=
E 10
-
=
ul
-
o 900 Lot 1100 1200 13304} 1400 15(4)
] Payments in shillings

(@) How many lubourers had saluries of 1200 shillingy?
(b} What is the payment of the first 15 lubourers?

T

I | Hﬂr?-m-wmt- e [
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The anmual scores of Form Two students in a History examination were

recorded as shown in the following mhble:

{a)
(h)

Scores Frequency
C95-99 | 4
90 - 94 9
S - 89 ]

B0 - 84 21
75-T79 12
70 - 74 13
65 - 69 10
60 — 64 11
55 -59 2
_50-54 |

What is the size of the class intervals?

Draw a histogram to present the examination results,

©
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Answers to odd — numbered questions

CHAPTER |

1. (a)
ic)
(c)
(g)

(k)
{m})
(n)
(c)
(e)
(g)
(i)
(k)

Ln

(a)

1. (a)

(c)

|

| P = (DOOH) TRINAY) T & sifty 57

Base 6, exponent |7
Base -10, exponent 19
Base 6, exponent 2
Base v, exponent 25

5

6
Base 19, exponent 101

Base x + y.exponent n

Base — exponent 9

7' : base 7, exponent 4

14° : base 14, exponent 3

(x + bY base (x + h), exponent 4
507" : base 50, exponent 30

(a + hY: base (a + b), exponent 2
(0.3)" - base 0.3, exponent 5

5 (h & () 12°

10¢

: i? fi
120t () liﬁ]
1 () (0.58)"

&

(b)
(d)
(f
(h)

)
(1
()

(b)
(d)
(f)
(hi

m
(M

ic)

(z)

(k) 3"

Base 7, exponent 4
Base 3, exponent 800
Base 50, exponent ()
Base 17, exponent 6

ety o I

—
-

sl
-

Base %, exponent 17

Base-75. exponent 8
Base 7 + x, exponent »

(~-2) : base -2, exponent 7
19': basc 19, exponent |
()" : base (~r), exponent 7
5+: base 5, exponent 9

" .
[E ] : has-:% , exponent 6
v': base v, exponent 3

)y 2° "

el

16"
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3. (a) # =3 (hy 28 =g? {c) ¥=7
(d 2¢xyx! () 2'xp iy 1op®
(g) Sxm =xn (hy I=a" =k (i) Pxg*=}
Q) 7%

] 1. X 3. 4 5. 1
£
r 7. X 9. 2560r2 11, 10 000 or 10¢
: . , j . 2
£ 13. m'n 15. 4a 17. 2x* or —
= +
= 19. 3he 21, Ga'h 21, 8o
" 5. 54y 27, 3 %20 x & 20, |7 %
3
Exercige 1.4
@ I | o I
. 1 ) 3. 5, — T 9. &
X v 0 T 3
I | | |
1. 2 13, == 15, —i 17, = 19, =T
P a i ¥
l i) 1
2 m" 23— %!~ 3. 2 29. 3
P * a ’
. a=2 } x=2 5. x=4 T. x=4
9 v =2 1. x=H 13, y=| I15. x= 12
i D 0 e
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. (@) 13 (b)

27

.

V176
M & ® w00

b sercise 1.8 _

: L 8B SN

9. oJI-646 11 42
17. __.‘E 19, IG-JE

1. 10 3. gJﬁ
9. 66 1. 655
17. 410 g, 31455

[T f.‘—imrﬂl-'l..l'lﬂl‘l'rﬁﬂ-lﬂ'l an

ic)
(hy

(h)

13

242

92 -63

%)
40

L]

S

(d) 50 e) 32
(i 9
i Ni7s

42
-
-

=
-
==
re

-

==
=

15. 42

7. 60
i5. 4043
23, 13+43
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-5 IS+ETJ;+~J”E-—E:

13
" 81+2945
88
. 4643 3. .34
9. 160.25 1. 2542
O
L. (a) 26684 (b 4.0000
3, 1. 1874
1 R=% 3 f.l!:z

15.

(€}

J6

(4]
JE—I-rHﬁ
3

Sﬁ-f fw'f-\ —J‘E—'ﬁ

(x—2v) \E — V)

x=y

8470 +56+33-347

12

0.75 7. 00775

3.6401 (d) 18443
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2]

. (u) 30 (b} 400
3L (0) 2033 (b) 34
51
5 (n) 2y (h) 2m2vm
(e} 27abesJabe
7. 1
9 (u) 54 {b) 75 {cy 0.5
fu
ym——
1. o=y
_ As—3at '1_
13, W= 4’
15. -16.2

{c) 30

(c) 10 ) W7
546 (h) 15

(c) 2yyby (d) LJ;

Scanned with CamScanner

avse Varlicmranies !'-l'.lrm- &l

© W

drF--Lm"NunHmHifuﬂr 1M | I



CHAPTER 2

Fxercise 2.1
1. 2
i (o) 204 (b)
3 5. 1842387
.- 3 '_I'
; Fxercige 1.2
;_ . 2n 3,
.": 9. 14-5§ 1!

1. Not ldentity

Not Identity

e =
3 (c) —44 (d) 95.625
2pr — by 5. 5§ 7. 2mig - 3p)
2m+5 13, da + b) 15., x4+ 23
3. ldentity 5. Identity

9. Nol Identity

- 2

. 2%+ Sx+ 3 3. ¥+ 6y 5. 4957~ 28+ 4
‘ : s, ~ 28n
L & 2ah+ i 9. 18p+ 6pg- 45 1 X — 42
13, (12x° - 4x- 1) em? 15. n* -1 |
l. Sa+b) L Um4nm) 5 BMx+v)
s, X+ y
7. 3x+2y) Y. 5Qp-q) 1. 2s(r+2)

13, SK(S1-T7p)

iy

19 n‘l[l Lot
. aM—f— —
. 3 4 _Jl

5 2 -
15, 2p03g -1+ 4m) 17. 41‘_L'|{:+4n+2r}

n
or E{t‘mu#:—l\-j 21

- 0125u(y - 4)
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EyierciSe 2.6

. (x+ Dix+ 2) 3. (2x- 1)}x- R) S5 (+(r+4)

7. =23 +4) 0 (m+ 1) (m+ 10) 1. (2a— Ma- 1)

13, (x+3)(x+7) 15. (2x+3)(x-3) 17. (12x+ 3N(x- 1)

19. (3v-5(-2) 2. (Ix-1)(x+1)

. (x+ ix+ 4) 3 2+ THr+ 1) 5. dm+ THd4m=+ 3) "E
(  4Y ) oV E

g lkl"'il'a.] R [."_3] 11. EII—R} _,_:f

13, (3x-1) 15. (Gr+ 1DGx=11) 17 (2xtyN2x-y)

19. (1+abX]-ab) 21, (a+ b)a+b-3c) 73, k=9 E

25, 32000

Revisiil exercise 2 | &

@

l. R — ldc

3. (a) a° -2ab-¥ (5)_y+ 2x-7

5. (1) a°+ 2a-24 (b) 6x° — 15x+Y

(d) 6a° + 13ab+ 68

(¢) 2ap+xg+ Hp+lyg
(¢) 3r' - 154128

7 Constant lerm 15 6

9. (2¢ 4 3x— 9)squarc units
r‘l: S
Il. g Square umits

Not identity (b) Identity {c) Not identity

13. (a) N
(e) Naot identity (f) ldentity

(d) Not identity
(g) Identity
15. (n) (3a— Sb)3a+ sh) (b) 3ic+ IMe+ 3)
17. (n) 95020 (b) 344000
Perfect square

{c) (17y— 4x)lbux+ T¥)

19, (c) Perfect square (d)
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CHAFTER 3
X 8
I. x=0orx= 5§ 3. h=0orh=13 5. Jl="'“r.f'1
) 7
7, *=Gorx== 9, t=0orr=4 11, x= Dorx=z
E 13, x= Uur-r'% |5, x=0o0rx=17 17, p=0 ot p= |
2 19. x= 0orx=4
= = -lorx= -6 3, x= _—|;:.r ¥x= =3 5 x= =3orx=-7
5 i
7. x= t“'-"—“' 9. x= orx=—4 M. x=-1
2
: -
.—-2 1
r= lorx= 9 3. "'_4'-“"-'-? 5 .I‘—‘!Dr:r::z—
. B ] 1
7. x=3owx=7 9, x= % or x=— I, x= 2orx=13
13. g=3o0rg=2 15, m=|50arn=_8 17. g=Torg=-|

F)
l. Iiz=HI1=-—
y A

7 T
7. IJ*-—Inrh:-; 9 x=lorx= -1 1. x= Rorx=-2

1. x=0o0rx= 10 15.;-_—1 17.
7
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Exercise 1.5

LA

f
l1|-l|-'il| be added; x
4 |

9. L will be udnh:tt.[.r-—
16

;)

L

36 will be added:(x—6)

49
3. — will be added: (.‘I.‘ +

[§

| =l
“-——-—Jr

LY

7. 36 will be added;(p+6)

LT

13: x=

s+ 17
gl

_llI\l'HJ
- 5

1. f= lorx=3

|. Base-b6om

3 2 3
==orv= -
Y=3
=5+J7
9. x=— V7
3

L3S

wl# X= _‘
3+4/57

Q. = 6 -

L

—5+-J'l.1
I, x=———
2
S YA
]l T=
2
) 1
5. x= Jor 3

Numbers are 11 and 12
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Haste Mathematos Fo

ri [N

Lby

o -

(8) y= Qorx=

“:] = nflil'].':'i'

(g) x=0orx=3

(g) x=Sorx= -8

i

{” ,'i=—.— ar x=——

(k) x= 6orx=4

(m) &= —

bed | L i | =

(o} x=

b b

() *=14o0rx=2

(5) 1r"l
= g
l
(a) J--:E
9441
(€) x=—7

|
(¢) ¥=—orx=2

sh 60, sh 1040
1.5 cm
11

|

3

-

o

(b)
(d)
(f)
(h)

()
(n
in)
(m

irl

(t)

(b)

(d)

(n

OO |

x=0orx=5§

1

L
I
| Ll b | Laa

=

I
_ = e
R A R

-II'II‘-'l

-
i
e
1]
|
tad | 12
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Wik P 7~ EA0N0 K [TRARMEY) St 4 il W1

=" | :
L EnEn =
CHAPIER 4
L. (@) 31065 = 10° (b) 951 = |0
(d) 6 = 10" () 1 = 10°
(2) 253009115 x 10° (h) 5.41 = 10"
() 7245 = 10° (k) 1085 « 10°
(m) 8 = 107 (n) 3.0 = 10
(p) 265 = 10
3. (u) 90 x 10° by 2.2 =< 10
(d)y 2.0x10" (e) 1221 %107
5. 12568 = 10" cm’
7. (a) 0.0000000247 (b)  0.0000000339
4 B ZHET
1. (@) 4 =log.16 (b) 2 = log,25
3. (a) 1P =12
(by 10" = 10 000 (e) 10" = 0.
(d)y 4°=2 (e) 2°=025
. L
128
I. (n) 6 (b 7 c) 6
3, (w) 3 (b) 2 (€) 4j
(d) 3 (e) 1 () 3
5. (w) =2 (h) x=10
7. () =9 (b +=13
| 1000
==

(€} 9999 < |0

(M 6903 = 10
(0 4068 < 10°*
M gx10*

(0) 4.6318 = 10°

() 2.04 x 10"

(c}y 5§ = log.243

(dy -l
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(a) 0.1995 (b) 04742 (<)

(e} 09545 ()

0.7782 (g

fa) 39407 (b) 2.B4A52 (c)

ie) 1.9227 (D
(i) 4.8926 (j)

S.0464 (g
25400 (k)

06116  (d) 09316
0.5371 (h) 08771

4.8832 (d) 6.6335
1.3010  (h) 3.2980

1.6401 (1)

{#) Characteristics 3, mantissa 6 156
(b} Characteristics 1, mantissa 8 937
{¢) Charncteristics (0, mantissa 4 514

(d) Characteristics 8, mantissa 0 000

Exercise 4.5

(n} 12807 (h)
{(d) 1.0151 (e}

23817
3.3402

(c) 03817
(f) 03817

. e

'Il'.

11.

3.903]
2.1697

() Characteristics —2, mantissa

(b) Charatteristics — |, mantissa

(€) Characleristics -6, mantissa

(d) Charucteristics -2, manlissa

(n) 3. IRR2 (h)
() 29722 (b)
(L6386

“:” "I=‘H'4'H-.] lb]

3.1882
1.8136

x=50

icl _IHﬁ‘JI “j]

3 201

7911

& 762

8 505
(c) 33542
(c) 28864

5.6928

50522

3.9917

(d) 07335
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. 21910 3. 02381

5. (L.00R433

7. 87.54 0. 60530 1. 0.0000000208

13. 31.01 15, 0.00006098 17. 375 00000

19. 3.034

;

I 323 3. 512 5. 04529 4

7. 11530000000 9. 2002 1, k=021 s

13, d=1837 15. 14.55 17. 7.234 -

19, 284.6 cm’ E

21, (n) 26149  (b)0.R457 (c) 1.1553 (d) 36522 ﬁ

Revision exercise 4 _

L (n) 8419 = 10° (b) 457 x 10 (©) 7.6 = 10° "
® () 12310 () 4 = 10 (n s=10°

3. (a) 22 x 10" (b) 1.0 x 107 () 1.6 »10°

(d) 144 = 10"

§. (0) x= 4096 (b) ¥=S5 () x=1000

7. (n) 1= 10" or | 00O D00 (b) x= 6" or 46 656

9. 1.24304

1. (0 1 by 2

13, () 20070 (h) 3583

15. (a) 1082 (b) 2.1842

17. () 0.00000246 (by 0.001784

jg, T = 1.8223

11. 5 = 2549

23. 1839

25 lor 27

) Gt 4 mell A
E i L 7 = (BOHDIED [T |
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CHAPTERS

I.  Use degree measure of a straight line:

ABD+ ABC=180" and ACB+ACE =180

Thus, ABD+ABC = ACB+ ACE
But, ABC = ACHB =a
~ ABD = ACE

3, Use degree measure of a straight hine:
x+a= 180", c+ y=1R0"

|"|:'Hl_r:' HWat e nra ey f'ﬂﬂ"l:;' [

s+d=c+y
DBut a=¢
LuEE Y

e 5. Use alternate inlerior :mbl-.-:\
EDC = XCD, XCB = ABC
EDC = XCD
XCB = CBA

L BCD = EDC +CBA

=l

PQS + R{}S = 180" (strnight angle)
Also, QRS +RSQ+SOR = 180°

Sum of interior angles of any triangle is 180

Hence, POS + ROS = QRS 4+ RSQ + SOR
= | B0*
So that, PQS = QRS + RSQ
2a = (JRS b
DF-E—' 7}
but Qﬁ.5=h
La=b

h

Scanned with CamScanner
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9. Given triangles DBC, DBE,ABFE and PEC

then,
F_l?n +DRE + BED = 180°...,... (1) (sum ofinterior angles of trinngle DBE)
CAB+ ABC+BCA =180 ... .. (1) (sum of mierior angles of irnungle ABC)
Now,

_r+DI:iI:'+hﬂlHEI" reanereses (1) {FrOm equation (i)
a+ABC+y=180°............ (iv) (from equation (ii))
Then, equating equation (iii) and (iv), we obtain

Sothat, x+bh=a+ y £
but x=y 3
La=h £
— .kh-
L. AL 15 comanon =
AD-AB|,
_ __ +lgiven)
CD=BC |
So, AABC = AADC (by S8S)
s 3
3' E 4 [?_ﬁ 1
EB=CF }{given)
AB=CD

« BAF = CDE (by $85)

\‘*' \f’ .T'ﬁ:{"_—nigwml
v AD = 0D =0C = 0B radii )
1 " 1 b
e’ s AD = BC (diameter)
* ”. ‘ .
o T . AOB=COD (by S55)

; § il 30
| pawh F2- BOOK) |DUMNIY) B

R |
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AP = AQ=PB=HQ (radii)

1.
PM = EH:.'I |given)
AM = MB (given )
AB is common
Then, AB bisccts PAQ (by SSS)
-
.4
|E_
% Ap=BC|,
— —t{given)
AC=BD|

. AABD = ACAR (by §5%)

."Fm!’r Vlathemanes £

. AB=CD(given)

@ AD=CH (given) e
BDC + BCD + CBD = 180°
35° + 42° +CBD = 180°
CBD = 103°
PDBA = CDB because CD//AB
~ABD = 35°,

-

—

°

Benr 2o e
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D><1

™ X0-0D | (b) BAO = CDO
(given)
OB =0C ]
From the figure, ABO = OCD

. AB=CD (by SAS)

3. AX = DX (given) A
® BX = CX (ziven) n L3
In AABC and ADBC
l?!"f; 1% Common
BXA = CXD (given) i
~ BAC=CDB (by SAS)
[l
! D i C
3, In AABC and AADC 4
AB = DC (given)
AC s common
CAD=CAB (given)
AD = BC (by SAS) # 4

o o
i
=
-
-.J
1]
=
=
=
-
-,
-
-
-
-~
Ta
=

Nl T2 = (OOCHE) [N flagi 4 it 307
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7. AB=DC (given)
ABD = BDC (given)
In AABD and ABCD
BD is common

- DAB=BCD (by SAS)

. DAC+ACD+ ADC= IS0°
55* + 70" +ADC= 180°
~ADC= 180" — 125°
DAC = 55"

Fuereise 5.4

1.  From the higure,
DAC = BAC
DCA = BCA
AC is common

- AB = AD (by AAS)

AO=0OR=0C (given)
AOC = BOC (given)
OC is common

. AC=CB (by SAS)

Scanned with CamScanner
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3. AO=0D {given)
ABO = BCD {(altemate interior angle as, AB//CD)
BAO = DCO (alternate interior nngle as, AB//CD)
5. AB=CD (by AAS)

-

XZ/IYR ( given )

QZ = ZR (given)

PY ﬁ[gj\-m}

ZXY = XYP (allernate imerior ungle as, XZ//PR)
QHY = 7XY {alternate interior angle us, l'._?} ;ﬁ:l
- XY =QZ (by AAS)

Ravle Viarhematioy Forme L

7. From the figure,
AC is common
® DAC = BAC
ABC = ADC
. AB=AD (byAAS)

@

% ABC=BAD (given)
BCA = ADB (given)
AB is common
~BC=AD (by AAS)
1. A

Ar BOUAY n
140° aur AXY = XV7 (ahernate intenor angle)
A0 parAan” s YZC= 40°
" 7 (

&

ol = (SO0 | FLBELYY el L il 308
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AC =BD (given)

DAB = CBA = 90" (given)

AC and BD are common sides,
~AABD =ABAC (KlIS)

BF = CE (given)
BEC = AFC = 90" (given)
ﬁ_ 1% COmmion

 CF =BFE (RHS)

AOPA = AOPB (RHS)
OF is common

DA =0B (given)

OAP = PBO = 90" (given)
".PA = PB (RHS)

OB=0A (radii of the circle)
ONA =ONB= 90" (given)
ON is common

ADAN = AONB (RHS)

. AN = NB

E: =H_l' [giw:n]

DE = FE | given)

CDE = FEB = 90" (given)
ADE=CDE = 90° (given)
AECD = AFER (RIIS)
.CD =EB

‘ ' =
Bt P P

Scanned with CamScanner
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Revishil vxercise 5

—

i = (N [P B 4 ol 301

BA =BC | given

KA = KC (given)

BK is common

- BAK = BCK (by $58S)

MOL =POL = 90" (given)
LMO =LPO (given)

OL. is common

~ML=PL (by AAS)

AB = AC (given)
BM=MC (given)

AM 15 common

AMC =BMA (hy S8S)
AM L BC

- AMC = BMA =90°

@

o
g .

AB= BC (given )

BD is common

BOA =BDC= 90" (given)
AC is the basc of AABC
AADB = ABDC

BD is common (bisector)

. BD is perpendicular 1o AC

Scanned with CamScanner




Ancy J-.rmf.-' iy

BD is common
AB = BC (given)
ABD = DBC (given)
AD = CD (by SAS)

=
e
v
-
o
-
==
=

=~ BD is perpendicular to AC at its midpaint.

o LAP=MAP (given )

LP=PM (given)
ﬁ IS QOoImmn

- AP bisect LAM (by SSS)

3. pCc= AD (given)
H_F=ﬁﬁ[giwn}

BD is common
. BAD = BCD (by SSS)

Scanned with CamScanner
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9 DAX = CBX(given)
AD//XC (given)
CD//AX(given)
DCX = CXB (ahemnate interior angles CD//AX)
ADCX is a quadrilateral such that
DAX = XCD and ADX = AXC E
CXB = XBC = DAX E
- BXC is an isosceles triangle (by AAS) é
D X E
- N ®
|7

QRP =QPR = POR = 60"
RQS = 120° ¢
AQRS is an isosceles triungle

1207 -DﬁS +Q§R— I80° (sum of interior ang]:s]
QRS + QSR-60°
But. QRS = QSR
- QRS = 30°

-
e

Q

P f .H'_

I Nt 7 = [RORRK] | TILAAAIY) Ml 4 bl 3H3 L

Rl
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I, (a) POR =TSM, QRP =SMT, QPR =STM

PQ corresponds to TS ; SM corresponds to QR.

(b) LMN = ABC. MNL = BCA and NLM =CAB
LM corresponds to AB, MN corresponds to BC and NL corresponds
to CA.,
3 (@) ACB=40" (b) ACB =50" (c) ACB = 90°

5. (a) ADEF - AABC, proportian is ,l; (by 555)

(b) ABCD ~ ACAD, proportion is ;

(e} AABD ~ ACDE, proportion is %;h}' 58%5)

1. Yes, the information is sufficient.

CAT= BDT alternate angles.
ACT = DBT altemate angles
ATC = DiB vertically opposite angles

Therefore, AACT ~ ADBT (corresponding angles are equal)

9. AXYZ -~ ALNM

Scannex d with CamScanner

Cd

B T P



3

1. (n) ABEA ~ ABCD (SAS - Similarity Theorem)

(b) APQR -~ ADBAC (SSS - Similarity Theorem)

(c) ADEF ~ AZXY (AA - Similarity Theorem)

(d) ALMN ~ AUTS (SAS - Similanty Theorem)

(e) AABC - ADEF (AA — Similarity Theorem)

P jonality rato 1s !']D_l'-i:_l
roporionmiity ru OA_ OB 2

AOB corresponds to DOC
OAB corresponds to ODC
ABO corresponds to DCO
5 AABO - AOCD

Scanned with CamScanner
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3 A B

ACDE ~ACAB (given)
DCE corresponds o ACB
DEC corresponds 1o ABC

CDE comresponds to BAC

T—

DE / 'I:T.I_i

7. CD/ /AR given
® () COD = AOB (vertically opposite angles)

(]
& An L] A
COD cormesponds to BOA

CHO corresponds 1o BAO

DCO comesponds 1o ABO
AABO -~ ADCO

(b) Since AABO -
A0 BO

= e

an  oc

ADCO | then the propottionality ratio is given by

BT D P |
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XZY = XWZ = 90" (right angled triangle)

Rrasle Veathematics Form TR0

XW = Xz (given)
XZ XY °©

K 7Y corresponds to XWZ
XYZ corresponds to XZW
Y XZ corresponds to WXZ

® AXWZ ~ AZWY C

ZW is common

-, ZW is perpendicular XY,

11. ALXY ~ AUZX

Tz A il wr

Ml 2= (AN (TR Y]
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I (1) BC =20dm P ED =8 dm (¢) BD =7dm

(d AD =12dm (® AB =35cm (D CE =4an

i (n) AXYZ -ACBA
YZ = 20 em. BC =6 ¢m, ABC = X¥Z = 90°and AC =15 cm

r

(b)  AXYZ -~ AMLN
XY =2cm, MN =30 ¢m, XZY = 49°
() AXYZ ~ AFED
XY =5 cm, EF = 10 ¢cm, DE = & ¢m
XYZ =53

-
=
o
£~
=
=
=

E
-
=
-
=
—
]

p—

-
=
-
o

3. (@) AYOQ - AXOP
by OY=525m 0Q=3m

m

L (a) AEB = DEC {comiman)
FBA = ECD (both right angles)
Tllr: pri.pnniunnl sides needed to show that they are similar are
AE EB  BA
bL'ic " p’
3.

LMN = ABC, MNL = BCA.L N M - CAB

PO s Mroportional 1o a'_\_ﬁ

. ——— ﬁ-i 1 : s —
Proportional to €4, propo S Proportional to BC ang PR g

rtiional ratio is |1,

' N &
‘ el
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ﬁ-‘ / RS [given)
PO is common in APQS and APQR
SXR = PXQ ( vertically opposite angles )

CPX OX
"XR XS
DE = 5 dm

AABC 1s equilateral, AMNP is equilateral

~.AB =BC =AC and MN = MP = NP
ABC corresponds 10 MNP
ACB corresponds 1o MNP
BAC corresponds (o MNP

Fhen AR AC BC
'MN  MP NP

S AABC ~ AMNP

I Kt 1 — (SO0 DL Sl 4 mii 300

M
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CHAPTER 7
1. D¥(4,-2) 1. Q4.8 5. (-2,-1)
7. (=1,-2) 9. A'(5-2) 11. R(2,9)

13. (a) AY-2 3). B'(-2,-4), C'(4,4) and D'(-4, 3)

(hi &

I
[]

_ :\ \\
: e
\

LB

oy
I

15. Reflection in the r - axis

ey ?"']WI
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Exercise 7.2

' (=1, -2) 3 (=1,=2) 5 (2,-1
7. (5,0)
9.
$v Adz, 1)
i |
r“l_ll-} [r'_lr;!h

-
-
4 .
)
-
e
E=|
=
&)
E
=
=
-
-

o
"
-
——
=

HiE 1)

'H

| 4 i o [Oi0. o) 1 2 i

\

Therefore, the co — ordinates of its image are O'(0,0), A'(-3, 2) and B'(-1.2).

. (a) (-8, 11) (h) (3.9
3 (@ (-7.-7) (b) (-2,-2)
5. (w) C by D

7. (x+h v+k)

-
i T = (006 [DLBANY) Sl o ity =11 2
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=

=
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=

=
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-

=

—

=

-_—

-
—I.ﬁl:
£

=
"

Bk 1

-4 2«\?-: ¢ 8 W0 =z
2 Als, ¥
v
l] ¥ |
|
|
-1 1 [ e 5 ] 8 F
|
e SR
= | ]
1
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Exercise 7.4

. Vertices for the image are P'(0, 0), Q'(0, 6) and R'(6, 0),
. oo .

)

_
migtiey F I‘fﬂ
Wil

- - &
=§.- =1 "8 T .r:_:_
i =
- —2
L4
L 3. Tiem 5 (24.8) @

7.  Concentric circle with centre (1, 1) and radii § units respectively.
uh

Wash P2 (00K [TAMIY) Basl 4 it 503

|
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Exercife 7.5

I. (a) AADE (by =

1. No, since the widths are not necessarily in the same proportion as the lengths.

L
'

x= 10; Scule of enlargement 2.

7. AB = l6em

Fxercise 7.6

1. (a) A"2,-4) ib) B"(-1,0) {c) C"[4,-4)

3. Given AABC with vertices
A(L 0), B(4,-2) and C(3, 2) verices of imapes are
AL 00 BAR, -4), Cih. 4), and

A" (-2, 0), B"(-8, -4), C"(-6, 4),

e i’ B3 22

Ly )
—8 = —§ =6 —4 <

B o P |
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1. Reflection, Rotntion and Translation

d

B'(-3, -6)
('(8, 6)
(-6, -2)

ol .

(2, 1)

1. (x) PQR=80° (b) QRP+RQP=140
13. (a) Actoal length is 40 m or 4 000 cm.

(b) Actual width is 32 m or 3 200 cm

(¢} Arcaof the field is 1 280 square mctres

— | T ] ® ‘i
3‘

15. 4 metres

wan © i
| st 2 = (SOOK) [TRAKIY) St & el
— |
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=
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=
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CHAPTER B

1. (a) x= 15cm (hy p= 20cm
(¢) g= 37em (dy r= 9Kem
3. 99cm 5. AC= 65cm.AD=56 cmand FC
7. 8.bcm 9 SKcm
11. length is 12 em, Area of AABC is 60 cm’
13, Dmw quadnlateral ABCD, where BAD = 90
(AB) +(AD) =(BD)
Lt e o given
(cB) +(cD) -(BD)
Then. this shows that, BCD = 90°
15. x=20.8cm 17. 236m
19, a.b,dand 21. 1299 cm
I (u) x=144¢cm () ~F=13m
3 400m 5% Yes, 5.7em

Q.

Hevision cyercise 8

(@) a= 6.71cm (b) h=5066cm

(€) a=4cm (d) a=490cm a=490ecm.
e} a=794cm (f) h=12.69ecm

18.60 cm 5. 2546¢cm

(a) a= T79cm (b) h= 73 em

15 im

|

= 63cm
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CHAPTER 9

F \i.-n:l-:rh- 9.1

o

(n)tan M= 4

3. (WRT=5cm

5. (a)unx=25

=t
I {ﬂ}hm.t—”

A i1 f_-: i
(] sin >

(b) sin M =

(b)cos R =

th | &= | ds

(b)sin y = 0.6

(b) tan x=

| =

ic) cosM = 3

- 3
s = =
{c) sin 3

{n:!lllmf_‘ -

o
) sinC _ ¢ (e)tanC = ﬂ':h
cosC a cos €
8
. |
I (a) 3 (by 2 (c) 3 )y -
3. Km
3
5. (w) V3 (b) #

I. (a) 0.8290 (b) 07265 (<) 0.9994
(dy 04344 (e) 04412 (N 2.7475

3. (1) y= 9.192cem; p= 7.7136 cm
(by x= 17335 m; y= 2.5700 m
(¢) x=05m; y= (.866 m
(dy x= 829cm; y= 5.592cm
(¢) x= 1299 cm; ¥= 4.206 cm
5. NI16"42'E 7. 4T 12 9, 40.5cm

: sl P2~ SO0 [TLAMY) St & inelly 267 @
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7. 14 m
. (n) 08660 (hy 08785 (¢) 2.0323
3. x=3cm, a=36°352
5. 6Im
7. 5348m
Y. 46985 m

i (n) h=1261
(b) p=10971, m=33"12
(c) m=56"42" a=10.59

(dY r=1428 x=4958, m=1743 x=50"

13, (0) 106m (b) 356"26'

Bl B PR
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CHAPTER 10

A=113517.9
C=(2,3,57.11}

B = [is a set of odd numbers less than twelve)

1.
3.
5
7. C = [is a set of prime numbers less than twenty !
9. A= |r:x=2n whereneN)|
1. A={x:x=n wheren=1,23,... 19}
13. (n) 1t1saset because nll members are numbers.
(b) It is not a set because members have no common charmctenstics,
(e} Ttisaset because all members are vowels.
(d) Itis a set because all members are continent.

{e) Itisnot g set because members have no common churactenstics.

F xercise 10.2

vk \fashonrabey F IJ"F'!'II -Hu

® 1. (a) Finite (b) Finite (¢) Infinite (d) Empry i@

(e) Infimite () LEmpty (g) Infinite (h) Finite
(i) Empty

3. (a) A=B
(by D=F

[reiliio:

Lo { L Y (hy O
(¢) ! 1. {Tho}, [Jumaj and {lio, Juma |

3. BcA

5. CcA

7. {(u) F by F € T Wy T

g C.DandF

(b) U= {all integers]
() D=C

11. (a) U= {ull english alphabets)

13. (a) Bc A
ik FF = (RO [TRAAMT) St 4 nellh £08 .@
|
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Haste Mathemanos f'-l:m

L

19,

AUB = {5, 10, 15, 20|

AmnB= :lﬁ}
i

AuB ={abedecg
ArmB={ab,c¢ d ¢

AB= |cup, spoon|
ArB=[cup,

f'ﬂMJH - :?—r 5* ]'i -”
AnB = {3}

AUB = |64, 81, 100, 121, 144}
AnB =64, Bl

Disjoint sets.

A'=[5, 6, 7, 8]

B'={2 4, 5. 6, 8

. AuB=11,2,3,.4,5,6,7, 8,10}
. (@) A'nB =15, 6]

(c) BUA'={lL 25 6, 7}

(a) AUF=12.4.6,8, 10}
ArF = 4,6}

B YW= |x:2<x<]]}
YW= |x:T<x<B8]

(b) AmB = (1,2

(d) BUA'=(3, 4, 5 6, 7}

Scanned with CamScanner
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Exercise 10.5

I. (a)

U— -—— Y

(b)
L) —= A
—B
c)
- |
A
- |
(d)
- ||
A
B

3. AmB 5.
7. (1)  n(A)=10 (b)
1. e—
A

-17B

b FE— RO [ TLAAREY) Sl 4 sl 271

niAy=0
B=A
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-
-
o

-
-
-
- 4
-

Therefore, from the Venn diagram n(B) = 16 + 6°

1. 20 siudenis 3. 7 students 5.

7. 32 women 9. 52 men 1.

=
.

(c) and (d)
3, A = [|syuanss of the first five counting numbers )
S, (chand (d)

1
-

14 studenis
1 5 students

7. B.C and E ore finite sets iby A and C are infinite sets
9, 128

1. (i) AcBHB ) DcC

13, (1) AuB={ab.c.d) (b) ANB=1{}

15, A={L4)

17. (0) A'LB

Scanned with CamScanner
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by A'vn
B
(€) AnB
j———| |
A B
idy UAJRE)
U

u

21. 115 houses

st P2 = (BCION) TR Tt A mdh 213

Scanned with CamScanner



B . mmmeaaae |

— . i (| —

CHAFTER 11

Excrcises 11.1
L. {Morgor ;aEmEe. .
Kilimajoro |G () OO O W
; Tanga . N N N
£ Mbeya |EEe_
E @ Hepresents 8 bags

3. (m)20% (b)) 65% (c) 50% (d) 24 students (e) 45%

L | A .
450
400
E.
|
B
E
=
.4
Mon Tee Wed Tho Fr
' Dhayn
. (a) 2 (b} 145em c) 14

of A §
- L it B
_—_ I
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Hetighits (cm)
=

160 |
14
120

-

L) 10

5 () g00

8.4
$8.0
H.4
382
$8.0

7.8

Temperature (7€)

7.6

374

13 14
Aprs

(b) 25kg

"

15 16

(¢) 45kg

(h) 38.9°

(c) at 11.00 am

-

'

i kit 2 = (REIEH | SRR Plagh 4 sl 118

Tiime

LA
i 7.00 B.00 900 10.00 11.00 am
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Exercise 11.5

=

® o TN ®

E.

3. (a) [ (b) $.2ke

0 Febh March April May  June 28
Y Mounths

— ; & ] ___
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5 (a)

(b

A=380F B=120° C= laD*

"

H
120°

1. Frequency distribution table:

®  Class interval Frequency
| 20-29 i |
| 30-39 7
T 40-49 10
- 50-59 8
6069 N |
| 70-79 ]
3. Frequency distribution table:
Class Interval Frequency
50 - 54 3
55 - 59 2
60 - 64 7
65 - 69 5 a
7074 N
75-19 | 3 |
R0 - 84 4
Rs-% 1
S 9%0-94 1
 95-99 0
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3. Frequency distribution table;

E_Iln interval ClusM_nf_k__lulcnnl size | Real limits Fregueney |

8- i':_'i_ s 8 75-155 4
~ 16-23 19.5 8 | 15.5-235 | 2
24 - 3| 275 | 8 |'23.5-315 | )
| 32-39 | 355 8 31.5-395 | 4
40 - 47 43.5 8 395475 7 T
| 48 S5 51.5 8 47.5 - 555 4
- |_ 56— 63 50.5 8 55.5-615 6 '
£ L 675 R |'635—71.5 4
-7 | 755 8 | 71.5-795 s
2 0-87 | 835 8 79.5 - R7.5 3 i
ot 88-95 | 915 8 87.5-955 3
- %103 | 995 8 | 9551035 | 0
‘a 8
l.  (a) Histogram ®
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Esercise 11.5 il

L. Number of beds  Frequency  Cumulative frequency

| 0-79 | 5 50
w-® | s | a3
0 -59 1 _ 40
C a0-49 | 12 39
~ | 30 - 39 12 27
E _0-29 | s | 15
3 (@) Goals Frequency Cumulative lrequency
3 1 I ' 100
10 0 o
= 9 0 99
8 2 99
7 5 97
6 | Jwm |
& 5 10 85 &
4 J 16 : 75
3 22 ' 59
2 17 | 37
| 15 20
0 g5\ 5
(by 92 matches (¢) 15 matches (dy 17 mutches
3.
~ Class interval Frequency  Cumulative frequency
1-10 4 4
11 -20 6 10
21 - 30 8 | 18
31 -40 9 27
41 - 50 3 30
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L Class mark

L

Cumulstive frequency

@ 1. !“Eqm:nuy tuble ) ®
Ages | Frequency
|5 10
|6 | IS, |
17 | 2
I8 3

(1) Frequency distinbution

Class interyal x | f | Cumulative frequency
2130 155 | 4 4
3-40 | 355 |6 10
41 - S0 455 | 6 16
| 51— 60 555 | 4 20
|_ 61 - 70 655 | 14 14
i 71 - 80 755 |9 | 43
| 81 - 90 | 855 |1 a4
T ei-100 | 9ss |1 45
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(n) Size ol class interval is 5
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Mathematical Tables
Common Logarithms of Numbers
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Glossary
Algebra
Angle

Angle of depression
Angle of elevation

Arithmetie

Bar chart

Binary operation

Centre of rotation

Choractenstc

Coefficient of 4 lerm
Class boundories

Class interval

Cluss limits

| b R — SO0 (TR e & el 453

A branch of mathematics dealing with manipulation
of symbaols, numbers and basic arithmetic operations

Measure of how wide apart two intersecting straight
lines are at their point of intersection

Angle between a horizontal line and o line intersecting
the horizontal line from below

Angle between a horizontal line and a line intersecting
the horizontal line from above

A branch of mathematics that is concerned with the
operations of addition, subtraction, multiplication,
and division of numbers

A graph that presents data using rectangular bars of
heights or lengths proportional to the values they
repireseil

An operation that applies to two gquantities or
expressions.  Usually, symbols are used 10 stand for
one of more arithmetic operations

A point about which a plane figure rotates. This point
does not move during the rotation

The integral part of a logarithm. This is the exponent
of 10 when a number is expressed in the scientific
fomm

A constant multiple of a variable or variables

The actual cluss limits of o class interval

The range of values from the lower to the upper class
limits

The [irst and last numbers of each cluss mierval. The
minimum number is called the lower class limit and
the maximum number is called the upper ¢lass lirmit
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Common logarihims
Combined
transformation
Completing the square
Congruent Higures

Complement of n set

Corresponding sides

Cosine of an angle

Cube root of a number

Cumulative frequency

Dratsi

Difterence of two
squares

Empiy sl
Enlargement

Equations

Equiangular polygon

Exponent

Logarithms of numbers to base 10

I'wo or more transformations carried out, one alter the
other, to obtain a final transformation of the original
object

A method used to solve a quadratic equation by
changing the form of the equation

Plane fgures having equal side lengths and equal
angles

A set containing all clements of a universal set which
arc not members of a particular set from the universal
sel

Sides of different inangles or shapes that are m the
same position

Ratio between the adjacen! side ol an angle and
hypotenus of a nght — angle angled rangle

A number, which when multiplied by itself three times
gives the given number

A progressive sum of the frequencies of a frequency
distribution

Pieces of information, usually numeric thut are
collected through observation or calculation

An expression of the form of & — 7

A sct which has no elements
A transformation in which a figure is made larger

A mathematical statement consisting of the equal
symbol (=) between two algebraic expressions

A polygon whose vertex angles are equal. Forexample
a square, an equilateral inangle, and rectangle

The number of times a number is multiplied by itself
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LExpressions
Factorisation of an
algehric expression

Fimiie sct

Splitting the middle term
of n guadrabic expression
Freguency

p

Frequency polygon

A mathematical phrase that combines numbers and/or
variables using mathematical operations

Process of sphiting an algebraie expression into its
tactors

A sel wilth a known number of elements

Expressing the middle term as a sum of two terms 1o
sutisfy certain conditions

The number of times an event occurs in a given sel
of data
A line graph of cluss frequency plotted against class

midpoint. It can be obtained by joming the midponts
of the tops of the rectangles in the histogram

Hypotenuse The longest side of a right-angled triangle. It s also
opposite to the right angle,
Identities Equations which are true for all values of the variable.

Infimile sal

Improper subset
Isosceles triangle
Line of symmetry

Linear expression

Lineat factors

Logarithm of a numbet

[awer class boundary

WVanhssa

This means that if any value of the unknown is
substituted on both sides, each side gives the same
number

A set whose number of elemenis cannol be counted

A subset containing all elements of the original set

A trigngle with two sides of equal length

An imaginary line passing through the centre of an
object which divides the object m two halves that are
mirror images of each other

An algebraic expression whose highest exponent of
the variable 15 |

A factor of an algebraic expression which is linear

The exponent of o number expressed in exponential
[orm

A boundary found by subtracting 0.5 units from the
lower class it

The part of a logarithm which is located ufter a decimal
point. Mantissa is always positive
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Memnmbers of a sel

Ogive
Perfect syuare
Pictograms

Pie chard

Polygon

Postulntes
Prime factorisation
Proper subsci

Proof

Proportion
Pythagoras” theorem
Chaadrtic expression

Chuadnlateral

Radical
Ratio of lengihs

Rationalising a

denominator

Any object that belongs 1o o set

A smooth curve that plots cumulative frequency on
the » — axis and upper class boundaries along the x -
axis

A quadratic expression whose fuctors are identical

Mctures or symbols used for presenting statistical
information

A circular gruph that presents statistic information

A plane shape made up of strmight line segments,
that are connected to each other end 10 end to form a
closed figure

Statcments of facts which are assumed 1o be true
Expressing a number as a product of prime numbers
A subsct of a set which is not equal to the set

An argument which systematically shows that the
stated assumptions logically lead to the conclusion

An expression stating that one quantity is a constant
multiple of another quantity
The square of the hypotenuse of a right — angled

tmungle is equal to the sum of the squares of the other
two sides

An expression of the form ax® + by + ¢ where a, b,
and ¢ are real numbers, g <0

A lour sided polygon having four sides and four
vertices

r"q. symbol that represents a particular root ofa number.
A denotes n- throofof A

[hu_m'luu ul_:nmim:d by comparing the lengths of sides
ol similur triangles or shapes

Elimination of mdical expressions in the denominator
such as square roots and cube roots

a0k P |
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Reciprocal

Reflection

n"™ rool of a number

Romtion

Scale factor

Scientific notation of

writing numbers
Sel

Similar figures:

Sine of an angle

Solving quadratic
equntion
Specinl angles

Square rounl

Square

Inverse ofanumber, usually obtained by interchanging
the numerator and denominator

A transformation which reflects all points of u plane in
i line called line of symmetry

A number which when multiplied by itself n times
gives the onginal number

A tansformation which tums an object through a
certain angle. Description of a rotation considers the
centre of rotation, angle of rotation and direction of
rolation

The matio between comresponding measurements of
the original object and a new object after enlargement.
If the scale factor is greater than 1, the new figure
will be larger. If the scale factor is a fraction, the new
figure will be smaller. A scale factor is also called
enlargement factor

A way of writing a number in the form of A = 107
where n is an integer and 1<A<10, 1t is also called
standard form of a number

Collection of things which have common propertics

Gieometrical figures whose  cormesponding ;{nglc_-i
are equal and corresponding sides are proportional.
Similar figures have the same shape

The value obtined by dividing the length of the
opposite side of a right - angled triangle by the length
of the hypotenuse

Process of finding the two roots of the equation

Angle 8 where 67 = 307,457, 60° whose trigonometric
ratios are casily found

A number which when multiplied by itself, gives the
given number

A plane figure with four equal sides and four right
angles

avde Varkesmanion FOrne
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|’|'~'r1_F|. Yarhematics f'lfm_t:

Siabistics

Subset

Tangent of an angle

Iheorem

| ransformation

[manslution

Trigonometric ratios

Universal set

Upper class boundary

Venn dingrams

Word problem

Y

v plane

| -

W

Branch of mathematics which deals with data
collection, organisation, analysis and mterpretation

A set which s contained in another set

Ratio between the opposite and adjacent sides of an
angle of a right — angled triangle.

A statement of assumptions and the conclusion that
follows from them

A change of shape, position, size or direction of
objects. The basic types of transformations are
reflection, rotation, trunslation and enlargement

Trunsformation of an object by moving it along a
straight line

Sine, cosine and tangent of an angle of o

right — angled tnangle

A set contnining all elements of all other sets under
consideration

A boundary tound by adding 0.5 units to the upper
class himit

A geometrical illustration that uses circles to present
sets and sel operations

A literal description of the mathematical formulation
of a real life problem,

A plane that contains two perpendicular coordinates
axes v and y. The x - axis is placed honzontally and
V= ax1s 18 placed vertically und they meet at a point
called the origin

D el |

Scanned with CamScanner



' Bibliography

i
L

Macrac M. & Nessoro S. (2008), New General Mathematics Form 2 Students' Book,
Edinburgh Gate: Pearson Longman,

Ministry of Education and Vocational Training, (2005). Basic Mathematics
Syllabus for Ordinary Secondary Education Form 1 — IV, Dar es Salnam.

Mimstry of Education and Vocational Troining, (2009), Secondary Basic
Mathematics, Educational Books Dar es Salaam: Publishers Lid.

SCSU & MoEVT. Zanzibur. Rev. Ed. (2010), Mathematics for Secondary Schools
Form Two Students Book, Dar es Salaam: Uhwry Media Lid.

Institue of Cumculum development, (1991). Secondary Basic Mathematics
@® Book Two, Dar Es Salaam,

NECTA (2016) Mathematical tables and formulac for Ordinary and Advanced
levels, Secondary Education, Dar ¢s Salaam,

Plews, A. M (1979). Introductory Statistics. Hememann Educational: Oxford.

Streeter, 1. etal (1989). Intermediate Algebra Third Edition. Mac Graw Hill
Boston,

| - Rl F2 = (SN0 | TLASMEY) St 4 il A58 @ |

Scanned with CamScanner




Index

A

AAS postulate 172,173

algchbm 49

algebmic 26 61,73, 75, 76

mngle of depression 2938, 206

angle of clevation 295, 2
297, 298, 300, 301

B

binary operations 49, 52

brackets 30, 49, 50, 51, 53,

S4, 55, 58, 61, 67, T2,
g

C

- centre of enlargement 243, 244
centre of mtition 2264, 184
chameterstic 129, 11, 14
135, 139, 140, 149
Cluns boundaries 346
class interval 3310, M6, W7,
J4H, 349, 351, 353, 384,

-

35K, 351, 362, 363
closs limits 148, 159

combnuned translormation 253
255

common factors 62, 64, T3

commmon logacithms 116, 128,
129, 134

complement ol aset 312, 321

completing the square 85, 84,
B9, 90, 91, 93, W, 05,
96, 106, 107

L]

congruent 133, 154, 162, 167,
168, 169, 172, 173,177,
181, 189, 198, 212, 213,
217,235, 337,252 14

0

congrient figares 162, 167, 172

constant term 2T, 60, 64, 67,
68, 70,71,73,75. 7.9

coorfmates 317, 219, 13
2,233, 225 214, 245

corresponding sides 144, |62,
167, 168, 172, 173,177,
181, VKT, IKK, 189, o,
193, 194, 198, 2040, 201.
212, 213, 237, X0, 3546,
75

coml 105

cosis 6], 105

cubemat 20,22 24 41 42, 46

cmmulative frequency 362, 163,
IS, 366, 367, 368

data 33, 334, 336, 337, 139,
340, 344, 345, 146, 149,
155, 357, 361, 362, 169,

difference ol two squares BN,
69, 71, 7284

disjoint ses 311, 312, 315
I

identities 55, 56, 60, 70
improper subsel 307
infinite set 304

intersection 131, 176, 311, 313,
114, 337

inomeeles trinmgle 164, 183, 184,
I8S, 221, 273_284, 246

J

joint sets 311, 315, 323

L

linear expressions 57, 58

lingar fictors 77, 79, &0, Ri

ling of symmetey 221, 241

loganithm of a number 114, 129,
L30, 130, 134,135, 149

lower ¢lass boundury 359

M

manbssa 129, 131, (34, 135,
139, 140, 149

members 302 308, 312, 320, ®
327, 340340

N

negatlve exponents 16

0O

opening brackets 10, 54

order of operations 53
P

perfect square 66, 71, 72, §S,
Kb, &R, &89, 90, 9] 92

perfect squares 70, 71, 72, 74,
8531

plctograms 111

pic chart 340, 341, 342 W3

plane 63, 189, 216, 217, 225,
126, 235, 216, 240, 242,
245, 254, 255, 334

power 2.3 4 85 6 9, 11, 15,
IR 21, 22,23, 114, 116
130, 131, 141, 149

B

Scanned with CamScanner



.

— | T T

products 141

proof |55, 137, 201, 257

proper subset 307

proportional | K9, 190, 193,
197, 198, 207,212, 213,
214, 334, 351,369

proportiomality [R9, 192 193,
194,213, 214, 243

Pythagoras theorem 267, 260,
2758

Q

quadratic equation 75, 76, 77,
TR, 79, R1, %2, §3, &4,
BS, H6, B8, 91, 93, 9,
Q5 Y6, 97 9K 99, 0],
1z, 106

quadratic equations 75, 76, 77,
TR, 79, &0, %1, 84, R7,
88,96, 99, 102, 107

guadritic expressions 49, 57,
60, 63, 71. 72

quadratic Tormula 100, 101,
105, 103

quadrilateral 161, 168, 171,
176, 182, 263, 26ih

R

radicals 1, 22, 23, 26, 27, 24,
29, 31, 3. 34,40, 47

rationalising 35, 56

mtio of lengths 193

reciprocal 14

reciprocals 274

reflection 216,217, 218, 219,
220, 221, 222,223, 224,
239, 254,253

revision excreise 47. 73, 107,
1 &0, IR, 214, 258, 272,
300, 338 3TN

pood of a mumber 40, 4]

R [ = (SO0 |TLAIEY) Segi & adh S50

roots 23, 26, 27, 38, 39, 40,
A1, 42, 77, 0, &S, 106,
141

rodmbiom 216, 226, 227, X3R.
29 230, 2%, 232, 233,
IM, 235, 2154, 255

s

SAS postulate 167

scale facior 244, 249 250

scientific namtion 109

mimnilar figures 1RT, 213, 243

sisnllaniiy 187, 184, 189, 192,
193, 197, 198, 199, 2040,
201, 207, 213, 214, 215,
243, 246

simphify & 9, 11, 12, 16, 20,
20, 24, 26, 27, 28, X9,
30, 31, 34, 47, 48, 54,
35, T4, 78, 11, 139,
145, |51, 387

solving quadratic squations
75, 7TT. 70, K|, RE

spoecial angles 274, 283, 284,
2099

special nngles 253

splitting the middle term 6.
65, 66,72, 79,80, K1, 82

square 2, 19, 22, 23, 24, 38,
19 40, 44, 46, 48, 57,
o4 &h, 69, 70, 71, 72,
73, 75, 85, 86, BS, ¥9,
a0, 91, 92, 93, 894, 95,
On, 97, 9R, 105, [0,
I0&, 107, 108, 183, 205,
219, 241, 2458, 156, 257,
260, 264, 266, 271, 273

square oot 19, 22, 23, 24, 38,
10, 40, 44, 46, 48, N,
9], 92,97, 48

SSS postulwe 162
stalistlcs 331, 169

®

subset 305, 307, 308, 310,
312, 315_ 316, 31K, 320,
121,337, 329

1

lables 38, 39, 40, 41, 42, 45,
P28, 129, 130, 130, 133,
L34, 140, 141, 142, 146,
147, 148, 149, 150, 151,
152, 274. 28K, 289, 290,
03 200, 300, 344, 45,
R

ticoreinn 76, BO, 155, 197,
198, 199, 200, 201, 207,
257, 258, 260, 261, 263,
267, M8, 260 2T, X758,
380, 283, 291

tramaformation 216, 225, 224,
215 240 242 245 25
158

trrsdation 216, 235, 236, 337,
238, 239, 40, 241, 242,
246, 253, 254, 256

trigonometric ratios 274, 277,
23, IHE, 299

U

pmiesn 300, 313, 314

umion of six 310

universal set 308, 309, 312,
318, 321,327

uppet class Boundary 359

‘II

venn diagrams 302, 315, 519,
10, 328, 30

W
word peoblems 102, 324
L

roro exponents S, 16

Scanned with CamScanner

(=
[ =
—_
)
T

-

-

=
e
==

s ey FOr

e



e
n

\ IBBN BTE-BEAT-08-377.2
| I
a%ra

Scanned with CamScanner



