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Bavic Mathenatics Form Fonr

This book, Basic Mathematics for Secondary Scheools 1s written specifically
for Form Four students in the United Republic of Tanzania. It is prepared in
accordance with the 2005 Basic Mathematics Syllabus for Secondary Schools,
Form I - IV, issued by the then Ministry of Education and Vocational Training.

The book consists of eight chapters, namely Coordinate geometry, Areas and
perimeters, Three — dimensional — figures, Probability, Trigonometry, Vectors,
Matrices and transformations and Linear programming. Each chapter comprises
of activities, project, and exercises. You are encouraged to do all the activities,
exercises, and project together with any other assignment provided by vour
teacher. Doing so, will promote the development of the intended competencies.

Tanzania Institute of Education
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Chapter One

|
Coordinate geometry ' |

Coordinate geometry is the study of geometry which describes the link
between geometry and algebra through graphs invelving curves and lines, It
is the part of geometry where the position of points on the plane is located by
using coordinates. In this chapter, vou will learn how to locate the coordinate
af a point on the xy — plane, find the gradient of a straight line, derive a
general form of linear equations, solve problems involving linear equations,
determine the coordinates of a midpoint of a line segment, and solve problems
involving midpoints. You will also learn how to derive a distance formula,
calculate the distance between twe poinis on a plane, and solve problems
involving parallel and perpendicular lines. The competencies developed
will be applied in various real life situations such as land surveying, map
& projection, location of air transport, forecasting, in building constructions, a
human resource management, farming, and many ather applications.

Gradient of a straight line

:ﬂ;—nth’h}'— l.lﬁhmlng the Egnre, quﬁ.di.'mls, and finding gradient of the
straight line

Materials: Graph papers, pencils, rulers, and marker pens

In a group or individually, perform this activity using the following steps:
1. Given two points A(2, 5) and B(4, 5), locate the points on the xy — plane. Then
join the two points.

2. Draw a vertical line which is perpendicular bisector to line AB, then, name
point C in the first quadrant at any point on the drawn vertical line.

3. Draw the straight lines joining points A and C, and B and C.

(a) What is the name of a figure formed?

(b) In which quadrant does the figure drawn belong?
4. Using the same xy — plane, locate the points (1, -2), E(-8, =7), and F(-8, -2).
5. Join the points given in step 4.

(a) What is the name of the figure formed?
(b) In which quadrant does the figure drawn belong?

o |
|
Meth F4 [BOCK] [DUMMY| Aug 28k 1 & l

e
=
S
=
=1
i
A
Eag
-
LT
T
=
=
=
=
T
=
3
oy
-‘.
i
-
L
3




vasie Mathematios Form Four

8 ® - mus B

6. Give a conjecture between the figure formed in 3(a) and 5(a).

7. Using the figure formed in 5(a) find the gradient of the straight line joining
points D and E.

8. Share yvour findings with your neighbours through discussion for more inputs.

Consider the straight line joining the points A(x,, ¥} and Bix,, ¥,) as shown in
Figure 1.1

riEe

u,)

- 5 B
_ I b xr

Figure 1.1: The straight line jfoining two points

The movement from point A to point B is equivalent to the horizontal movement
from point A to point C followed by the vertical movement from point C to
point B.

The vertical movement is ofien referred to as a vertical change (or rise), and
the horizontal movement referred as a horizontal change (or run). The steepness
of the straight line is called the gradient (or slope). It is the ratio of the vertical
change (or rise) to the horizontal change (or run).

Therefore, from Figure 1.1, the gradient (or slope) m of a straight line AB is the
ratio of the vertical change to the horizontal change, that is:

Vertical change
Horizontal change

change in y — coordinates  pge
~ change in x —coordinates  mp

Y S R ) G :

X X RS

3
1




Fxample 1.1 QT DLUF

Find the gradient of the straight line joining the points A(4, 8) and B(5, -2).
Solution
Let, (x,, ¥,)=(4, 8) and (x;, ;) =(5,-2)
Using the formula for the gradient of a straight line;
e change in y — coordinates L
change in x —coordinates x, — x,

e
e

1o

—

Therefore, the gradient of the straight line AB is —10.

@ Example 1.2 | )

Calculate the gradient of the line PQ in the following figure.
v /
3 P(1,13)

b2

Bavie Wathemafios Form Four
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Solution

From the given figure, choose the points P(1, 3) and Q(-3, -2}
Let, (x,, y,)=1(1,3) and (x,, ¥,) = (-3, -2)

Using the formula for the gradient of a straight ling;

change in y — coordinates |

m:
change in x — coordinates X, — X,
_2-3 -5
=R
5
m==
4

>
Therefore, the gradient of the line PQ is 1

Equation of a straight line

Suppose that two points P(x, ) and Q(x,, 1) lie on a straight line. Then, we
want to know the existing relationship between x and y coordinates of a point
N(x, y) such that a straight line from point Nx, ) joins PQ.If x # x,, then, point
N wall join line PQ to form straight line only if' the gradient of PN is the same as
the gradient of PQ (See Figure 1.2).

= ¥4 E=n|
< oa maa- 3 95" JEEEE TR ] —-—#N(xz v)
" ]
:_..-_: I :
i :
i 1
s 1
:'_--: -yﬂ F—————— ————-:
Ty
3 b Uy |
.E !
3 i
- 1
i
T IRESRENAT Al ,
Plx, o) i
: —
!
i
=} " T ! -
0 s | B T T
Y EEEEN

Figure 1.2: The siraight line joining the points




The gradient of PQ = 22— _ (1)
X =X

The gradient of PN = 2 -5 _ (2)
X =— Il

Equations (1) and (2} gives the same results.

From equation (2) y—y, =mi(x—x)

Making y the subject gives,
y=mx—x)+y
On opening brackets, results to y = mx —mx, +y,

On introducing the brackets, results to y = mx + (y, — mx))

If welet ¢ = y, — mx,, then y = mx + ¢. Here, m is the gradient and ¢ is the
@ v - intercept. Similarly, using equation (1), the same results can be obtained. ®

The x — intercept is found by setting y = 0 and solving for x in the equation
y =mx+c.

0 = mx + ¢ which gives,
_c

i
Thus, the x — intercept is — i

Therefore, the equation of a straight line joining pomnts P(x,, ) and Q(x,, »,)

fasre Woathemaies Form Fear

s y=m{x-x)+ )y ory=mx+c.
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Example 1.3

Find the equation of the straight line which passes through the point (5, -2)

whose gradient is ;—

Solution

Let, P(x, ¥) be any point on the straight line.

: . . . 3
Let, (x,, ¥,) = (5,-2) be a particular point on a straight line, and m = 7

Using the formula for gradient of a straight ling;

P yY-=-un
xI=-Xx

3_y-(2)

2 x=-5

I_y+2

2 x-5

Cross multiplication gives;
2(y+2) =3(x-5)

Opening brackets gives;
2y +4=3x-15

2y =3x-15-4

2y =3x-19

2y _3x 19

2 21
Therefore, the equation of a straight
Lo 19

meis ¥ 7 R

Alternative solution

3
LEL {"-—]!y[} = {5!_2] and m = E

Using the formula for the equation of
a straight line;

y=mx-x)+y

On substituting the values gives;

y =3(x=5)+ ()

== =2
R
319
- T

a2 213 PM



Exnmp_li:. 1.4

Verify that y— 7 = 3(x — 3) represenis an equation of the straight line through
the point (3,7), then, determine its gradient and y — intercept.
Solution
Check whether the equation y— 7= 3(x - 3) passes through the point (3, 7).
Substituting the point (3, 7) into the equation
¥y=7=3x-3) gives; 7-7=3(3-3)
0=0

Therefore, the given equation passes through the point (3, 7).
From y—-T7=3x-3)

y=3x-3)+7

y=3x-2
Comparing y=3x-2 with y=mx+¢ givesm=3and¢=-2
Therefore, the gradient of the straight line is 3 and its y — intercept is -2.

S @000

Find the equation of a straight line joining the points A(1, 6) and B(35, 9).
ap Solution &
Let, P(x, ¥) be any other point on the straight line joining points A and B.
Let, (x, y,)=1(1,6) and (x,, y,) =(5, 9).

Using the formula for the Then, using a point P{x, ) and the point <
gradient of a straight line; (x5 p,) = (1, 6) the equation of the straight o

Il line is given by m=2—21 5

x, — X, X=X R

3_y-6 =

-2-6 3 x—1

5-1 3 =
m=% y—06= T{I—]} .L;
3 |

4

3
= 1:4: -t
4 4
P gL
4 4
. . . : — 3 21
Theretore, the equation of the straight line 1s y= T_l:' + P

Malh F4 (BOOK | [DUMBY| Aug 25 inds 7 @ m;



The general equation of the straight line
Consider the equation of the straight line joining the pair of points A(x,, y,) and

B(x,, ¥,). Let P(x, y) be any other point on the straight line joining the points
Alx;,v,) and B(x,, ;). Then,

¥ — W m=2_%1

mM=-———qgr
X, — X x—x,
Therefore,
E=Wre oo oo ¥ =¥
oy L)
X - X Xy =il

which is the required equation or y = (x — xl](u] + ¥
I: - IL

or (.}’ _.Vl:'(ﬂ': _IL]=(x_-rL ](.F: _}"1}
or ylx,—x)-n ("z _xl) =x(nm-n)-x(n-n)

i or —(y, -y )x+{x —x )y+x(v,—»)-»n(x -x)=0 @
Since x,, y,, x, and y,are given real numbers, then —(y, — » ).(x — x), and

x,{y, - yl] —~» (% — x) are real numbers too. They can be replaced by

constants a, 4, and ¢ respectively. Then the equation becomes: ax + by + c=0

where a=-(y,-y), b=x=x,and ¢ = x,(y, -y )=y (x,—x)}.

Therefore, the general equation of the straight line is ax + by + ¢=0.

Basie Warhematios Form Four
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Sketch the graph of the straight line presented by 3x — 4y — 24=10.

Solution

The x— intercept can be found by ~ The y - intercept can be found

setting y =0 in the equation. by setting x = 0 in the equation.
That is; That is;
3x —4(0)-24=0 3(0) -4y — 24=0
Ix - 24=0 D
3Ix=24 —4y =24
x=8 y=-—56

Thus, the coordinate of intercepls are
(8, 0) and (0, —6). The graph is as
shown in the following figure.

e Mathemarios Farm Fonr
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Gradient for the parallel lines to the y — axis
When values of x do not change; that is x = x, = & where & is a constant, then,

x—-x = 0.

Therefore, m = % is not defined. In this case, the gradient is undefined.

Geometrically, lines which have undefined gradients are parallel to the y - axis.
The equations of the lines are determined by the x — intercept. IT the x — intercept
15 4, then the equation of the line 1s x = 4.

In general, the equation of a line whose gradient is undefined is x = &, where

k is the x— intercept. For example, Figure 1.3 shows graphs for the equations

x=1l,x=2,and x=13.

u l ! l [

1

1‘:
=2
II

®
®

—

&
=
=
=
i
=
=y
-
S
o=
=3
=
]
=
-
=
—
-
]
e
]
=
=
]

' 1 T |

Figure 1.3: Graph of fines paraliel to the v — axis
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Gradient for the parallel lines to the x — axis

Similarly, the values of y corresponding to values of x, may not vary; so that

¥ = » = where ¢ is a constant, then y—y, = (.

Therefore, m= . The gradient of the line is zero.

X=X
Geometrically, lines which have gradient zero are parallel to the x — axis and their
equations are determined by the y—intercept.

If the y—intercept is 3, the equation of the line 1s y =3

In general, the equation of a line whose gradient is zero 15 y = ¢ where cis the
¥ — intercept.

Figure 1.4 shows graphs for the equations v =1 and y = -2

vh
|
2
i} ! BT l e @
1 ]
| _
-~ | - =
—3 _T —1 0 1 2 3 e
i L k
-t — - 3
Y 5

Figure 1.4: Graph of Lines parallef to the x — axis
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Exercise 1.1

Answer the following questions:

1.

Find the gradient of the straight
lines joining each of the
following pairs of points:

(2) (1,6) and (5,7)

(b) (3,2) and (7,-2)

(¢) (-3,4) and (8, 1)

(d) (-1,-4) and (4,-3)

1 1
(e) [5, 2] and [3, E)
(257) s (5-23)
() [Tl | and 2
Find the equation of the straight

line whose gradient s 2 and
passes through the point (3, 5).

For each of the following
conditions, find the equation of
the straight line in the form of
y=mx+c:
(a) Passing through the point
(4, 7) having gradient 3.
(b) Passing through the points
(4, 7) and (-2, -5).
(c) Passing through the point

A(4,~3) whose gradient is %

Verify that the points (-2, 2) and
(-6, 0) lie on the line joining
points A(—4, 1) and B (2, 4).

Find the equation of the straight
lineinthe formof ax+ by +e=0

1
L‘-..

joining each of the following
pairs of points:
(@) (1,6) and (5, 9)

() (3,2} and(7,-2)
() (=3,4) and (8, 1)
(d) (-1,-4) and (4,-3)

(e) [% z) and [3, ﬂ

1 ]
@ (237) wa(s-23)
Find the equation of each of the
following straight lines in the
form: ax + by + c=0.
(a) The straight line joining the
points (2, 4) and (-3, 1).

(b) The straight line through the
point (3, 1) with gradient — %

(¢} The straight line through
the point (3, —4) and which
has the same gradient as the
straight line 5x — 2y = 3.

Determine the value of k in
order that the straight line whose
equation is fx—y =15 passes
through the point (3, 5).

What should be the value of ¢ to
allow the straight line represented
by the equation 3x — iy = 16 to
pass through the point (5, 4)?

i



10.

11,

12.

® 13.

14.

15.

Draw the graph of the straight
line represented by each of the
following equations:

(a) ldx+ 7p=25

(b) 3y=4x-12

(c) 15=3x-5y

Plot the graph of the straight line
whose equation is4x+ y+6=0.

Find the x and y — intercepts of
the straight line 3x — 2y + 10=0.
Find the equation of a straight
line with gradient % and having
the same y — intercept as the
straight line 2x - 5y + 20=0.

Determine the values of m and ¢
so that the straight line y = mx + ¢
will pass through the points

(-1, 4) and (3, 5).

The points {4, -2) and (-2, =5} lie

on the straight line £+ % =1
a
Find the values of gand b.

Determine the equation of the
straight line whose gradient is %

and passes through the intersection
of the straight lines 3x — 2y = 2
and 2x-3y=13.

fath Fd (BOOK) [DUMMY] Aug 25.indb 13

16.

17

18.

18,

20.

Find the equations of the straight
lines subject to each of the
following conditions:

{(a) m= —%, c=4

(b) m=0,ec=-1

(c) gradient= —g and passing
through the point (2, 2).

Find the equation of the straight

ling through the point (0, 5) with
gradient zero,

Find the equation of the line
through the point (2, 0) with
undefined gradient.

Determine the gradient and
the y — intercept for each of the

following lines:

(a) 3x—y=12
by 7x-2y +3=0
(c) ax+by+c=0

@ =+ =1

X
AL
b

a
Find the equation of the straight
line joining the points (0, 4) and
(3, 0).

basie Mathemaricy Forim Fanr




The midpoint of a line segment

2.

3.

5.

Activity 1.2: Finding the midpeint of a line segment
Materials: Graph papers, ruler, pencils, and eraser

In a group or individually, perform this activity by using the following steps:
1.

Locate points A(5, 5) and B(-1, 5) on the graph paper. Draw AB .

Hold the paper up to the line and fold the paper so that points A and B
match exactly, Crease the paper slightly. =
Open the paper and put a point where the crease intersect AB. Label this

midpoint C .

Repeat the first three steps using points X(—3. 3) and Y(1, 7).
Label the midpoint Z. Then, answer the following questions:

(a)

find the coordinates of the point C.

(b} find the coordinates of the point Z.

(c)

study the coordinates of points A, B, and C. Write a rule that relates

these coordinates and then, use points X, Y, and Z to verify your

AnswWers.

Share your findings with your neighbour for more inputs.

The midpoint of the line segment is a point which divides the line segment into

two equal parts. Let P be a point with coordinates (x, ¥} and R with coordinates
(x5, ¥5). It is required to find coordinates of the point Q (x, ¥), where (@ is the

=
=
=
3
-
=
=
=
=
]
o
T
-
=
=
ud
=
=
=
=y
—
3
e
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e
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midpoint of PR (See Figure 1.5).
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Figure 1.5: The midpoint of a straight line
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Considering angles of APCQ and AQDR.
APCQ ~ AQDR (RHS — Similarity Theorem)

Thus, A4S = ﬁ— QC
QD QR RD
Using==£ X NP m

THsh, a1
QD PQ QD
x-x 1
n—-x 1
or I—II=II—I
1r=x|+x2
H _.1r|+,1|:1
ence, x —5 @®
Using LQ—= iﬁ- gives - = =h
QR RD ¥:=¥
or y~y=y-y g
N+y =2y E
Hence, y=f~’—§'£3*, :':-
i A + E
Therefore, the coordinates of  are ( ] 3 2, % 2.1’1)' =
=

Generally, the midpoint formula of the line segment joining the points P(x,, »,)

X +x, V.t
and R(x,, y,) is given by ( ]2 1, ]2'1}1].
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Example 1.7

Solution
x,+ ':2 M "'J’z
2

The midpoint formula is given b}r( ]where (x.p)=(47)
a“d [—Tgv J”:J_} = (1! _IE}

R y]+_‘n='z] _ [-4+I T+[-IE)]
2. 2 2 2

2 (_L —E)
2 2
: o 1 1
Therefore, the coordinates of the midpoint are (‘ E* _?)

Find the coordinates of the midpoint of the line joining the points (—4, 7) and (1, -18). |

Example 1.8
= —

and (-6, -8).
Solution

x t+tx :
The midpont formula 15 given by ( 12 2 s EJ’:) where;

(x,3)=(-2,—4) and (x,,1,) = (-6,—R)
[x1+xz y1+yl)=( -2-6 —4—8)

2 v 2 *20 SR
=(~4,-6)
The gradient of the straight line joining points (—4, —6) and (5, 3)
_ 3-(-b) 9 1
is m= T 8 v 3
The equation of the straight line passing through the point (5, 3) 18 _]-";5 =1
y=3=x-5 -
x-y=-2=0.

Therefore, the equation of a straight lne is x—y-2 =0,

Find the equation of the straight line in the form of ax+by+c=0 passing |
through the point (3, 3) and the midpoint of the line joining the points (=2, —4) |

A 213 PM




Exercise 1.2

Answer the following questions:

1.

1

Find the coordinates of the
midpoint joining each of the
following pairs of points:
(a) (8, 1) and (2,5)

(b) (0,0) and (12, 3)

(c) (3,5) and (9, 1)

(d) (-2,8) and —4,-2)

(e) (0, 3) and (5,-2)

1 1
=2 . i
® [ ; ]and[ﬂ, zz)
If the line from the point (-4, y,)
to the point (x,, —3) is bisected at

the point (1, —1), find the values
of y, and x,.

The midpoint of a line segment is
(-2, 7) and one of its end point is
(1, 7). Find the other end point.

The midpoint of the sides of a
1
triangle are (2,0), | % =33 |, and

|
[‘51 5) . Find the vertices of the
triangle if one of them is (4, 3).

o

Given that the vertices of the
triangle are (-4, 2), (-10, -6),
and (2, —3). Find the coordinates
of the midpoints of each side.

A parallelogram has vertices
A(-2, 4), B(3, 1), C(6, 4), and
D(1, 7). Find the coordinates of
the midpoint of the diagonals.
Hence, show that the diagonals
bisect each other.

Three vertices of a parallelogram
ABCD are A(-1,3),B(2, 7), and
C(5, 7). Find the coordinates of
vertex D using the principle that
the diagonals bisect each other.

Show that the lines joining the
midpoint of the opposite sides
of the quadrilateral ABCD with
vertices A(3, -2), B(3, 4), C(-2, 3),
and D(-5, —7) bisect each other.

Find the equation of the line
through the point (2, 3) and the
midpoint of (1, 2) and (5, 2).

‘_
1
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-
=
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=
=
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Distance between two points on a plane

Activity 1.3: Measuring the distance between two points
Materials: Rope, meter ruler, pencil and writing pad.
In a group or individually, perform the following tasks:

1. Measure and record the distance between the edges of the blackboard on
top, at the centre and at the bottom.

2. Give the conjecture about the answers obtained in task 1.
3.  Share your findings with your friends for more inputs.

In Figure 1.6, suppose P(x,,y,) and Q(x,,y,) are two points so that the distance

PQ is to be determined in terms ofx,,y, x,,and y,.

v |
= ! /?Q{:rz. 1)
f iy? 7
Y, 858 [ A
& Pz, ) i |
| I
= 5. HHHEE
0 I 7, IR

Figure 1.6: Distance between points on the xy — plane
Join ﬁ and draw dotted lines to join AP and AQ as shown in Figure 1.6 and
then, PA = x,—x, and QA = y,—¥,. APAQ is a right — angled triangle.
Applying Pythagoras® theorem to APAQ gives:
(PQ)* =(PA)* + (AQ)’
or (PQ)° =(—x)" + (-»)
Therefore, PQ ZJ[IJ —xl]:! + (J"z —yl)z ;
Generally, the distance (d) between two points P (x|, v,) and Q (x,, y,) on the

=
=
o=
il
o
=
=
-
L
-
(=4
o
=
=
=
F)
=
=
£x
bl
-
¥
ey
L
=

plane is given by the formula & = .J[xz = 1'1] o (yz —}']:I‘j' =
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Fxercise 1.3

Answer the following questions:
1. Find the distance of the line
segment joining each of the
following pairs of points:
(a) (32) ang (8.14)
(b) (L3) and (4, 7)

() (p.q) and (r.s)
(d (1,2) and (5, 2)

() (-2, -3) and (-6.-9)

1 sl =
() {—2;,—11]%1[3, 22}

(-15, 8) from the origin.
3. The points P, Q, and R have

Find the distance of the point

coordinates (5, =3), (=6, 1), and

(1, 8) respectively. Show that

POR is an isosceles triangle.

By using the distance formula

determine whether the triangles

with the following vertices are

10.

isosceles, equilateral, scalene or

right angled:
(a) (1,0). (-L0), (814)

B (4,5), (0,-2), (-3.1)

© (2.-2),(L5).(-L-1)
d (-3,-2).(-.6).(2,1)

The distance between the points
(-3, 5) and (x, 2) is 5. Find the
value of x.

The line joining the points (2, 6)
and (6, 2)1s the base of an isosceles
triangle. If the x—coordinate of the
ventex is =3, find its y—coordinate.

Find the coordinates of the point
on the y— axis which is equidistant
from the points (8, 4) and (6, 6).

Find the coordinates of the point
on the x —axis which is equidistant
from the points (-6, 3) and (1, 4).
Find the coordinates of the vertex
D of the quadrilateral A(O, 4),
B4, 7), C(-7, 3), and D if
AD = BC and D is on the x - axis.

Show that each of the following
vertices form a right-angled
triangle. Hence, determine its area.
(@) (4,4), (- 1), and (2, —4)
(b) (10,5),(3,2), and (6, -5)

BMZ1 E13PM
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Parallel and perpendicular lines

Parallel lines

Two lines which do not meet when produced infinitely are called parallel lines
and the angle between them is zero.

Suppose in Figure 1.7, L, and L, are parallel lines. Then, from any point Con L,
CED 1s drawn perpendicular to x — axis so that it cuts L, at point E and x — axis at
point .

Since ABDE and AADC are equiangular, then

ABDE ~ AADC (RHS — Similarity Theorem)

Then, EE = £
ED BD

_].’Jl
Cross multiplication gives:

N

CD.BD = ADED =

@ Ri_ arrangement gives; E @
CD _ ED
AD BD B

D ;
But, C= = The gradient of L, = m
AD Figure 1.7: Parallel lines
ED
And BD- The gradient of L, = m,

Thus, the gradient of £, = the gradient of L, ot m, =m,.

B
==
&
o
=
L
bl
L
LT
T
=
-
=
=
e
=
"
£z
bl
—
L,
=
=
BYy

Therefore, if two lines are parallel, they have the same gradient. The statement is
also true, when two distinct lines have the same gradient, then they are parallel.

o
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Example 1.13 O |

A line through the point (3, 1) is parallel to the line 16x —4y = 23. Find the
equation of the line.
Solution
Find th dient of the line: -
: TE R Now, using the formula m = 2 o
16x —4y = 23 X=X
Make y the subject: where (x,,¥)=(3,1), m=4
-4y —l6x 23 =5
g = =3 .3
=i 23
ey cross multiplication gives;
Parallel lines have equal gradients. y=1=4(x-3)
Let the gradient of the first line be m, y=1=4x-12
then, m, = m, which gives; ¥y = 4x-11
® m=4,m =4 Therefore, the equation of the line is @
y=4dx-11,
Exercise 1.4 E
x o 2. Show that A(-3, 1), B(1,2),
AL (DO R C(0,-1) and D(4,2)arc vertices |
to PQ in each of the following . : : S
i 3. Find the equation of the straight E
; N line through the point (6, 2) and =
(a) SEE’ ;:L B8, 4), P(7. 1), parallel to the line whose equation E
o A(;ﬂ} e is x+3y-13=0.
Q(6, *ﬁ']* SEdE 4. One vertex of a parallelogram is
) AE=n LG p T, | ) adieaamemainie
Q(=3,7) sides are 2x + 3y =7 and x — 3y

+ 4 = 0. Find the equations of the

3, 1), B(7,3), P(-3,2), i k

d) AG,1).B(7,3),P3.2) other two sides and coordinates
Q(1,0) of the vertices.
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Find the equation of a straight
line which passes through point
A(—3, 4) and is parallel to the line
with equation 3x + 4y — 15 =0.

Show that the following equations
represent the sides of a
parallelogram:

Ix +4y —12=0,

2x -5y —10=0,

6x + 8y +13=0, and

6x - 15y + 25=0.

State the conditions that the line

represented by Ax+By+C =10

should:

{a) pass through the origin.

(b) be parallel to the x — axis.

(c} be parallel to the y — axis.

(d) cut off equal intercepts on
the axes

The midpoints of the adjacent

sides of the quadrilateral with

vertices A(5, -2), B(3, 4), C(-2, 3)

and D(0, —3) are joined.

10.

1L

12,

-.m

By comparing gradients of the
resulting figure, give the geometrical
identification of the figure.
Find the coordinates of the point
on the x — axis so that the line
joining it and the point (5, -2) is
parallel to a line whose gradient
is z

4
Write in a simplified form the
condition that the line joining
points A(3, 2) and P(x, y) is parallel
to the line joining the points
B(~1,-3)and C(4, 7).

Find the value of y so that the
points A(3, y), B(0,4), and
C(—2, 8) are collinear.

Find the value of x so that the
straight line joining the points
(x,—3)and (2, 1) is parallel
to the straight line joining the
points (1, 5) and (-2, -1).
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Perpendicular lines

Two lines are perpendicular if they intersect at right angle. Suppose that two lines

L, and L, withslopes m, and m, respectively, are perpendicular to each other

as shown in Figure 1.8,

[

¥

Riz,, y)

Pz, 1)

L i

Fipure 1.8: The graph of perpendicular lines

Choose points P, {-t.* Jﬁ] . Py {x ' J"z)

+ Py(x, 31, Rx,, y), and Q (x5, ;). Also

o¢, B, and y are the Greek letters for alpha, beta, and gamma respectively which
represents the degree measures of the angles. Then:

a + f1=90° (complementary £ s)
a +y = 90° (complementary £ s)

(1)

Kmh F4 [EOOK) (DUMMY) Aug 25.indb 27

But, gradient of L, =m, = e (2}

Xy
2 " o AR
And the gradientof L, =m, = Tx““ (3
t T2

Then, substituting (2) and (3) in (1) gives,

Therefore, if two lines with pradients m,

and m, are perpendicular then mm, = —1.
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Example 1.14

Find the equation of the straight line through the point P(-2, 5) and perpendicular
to the line whose equationis 6x — Ty = 4.

Solution

The equation of the straight line 6x — 7y =4 can be written as y = %.\: - ; ;

The gradient of the line is E

-
6
Th ==
us, m -
since, mm, =-1
then, Em =-1
7
gz
6

Since the required line passes through the point (-2, 5) , its equation is:

y=5 _ 7 Cross multiplication gives;
@ x-(-2) 6 6y —30=-7x- 14 @
y-5__ 17 6y +7x= 16
x+2 6 or Tx +6y —16 =0
Therefore, the equation of a

straight line 15 7x + 6y = 16.

Example 1.15

Show that A(-3. 2), B(S, 6), and C(7, 2) are vertices of aright — angled triangle.
Solution

Basic Mathematics Form Four

=-2

Gradient of AB = ﬁ_gz_ ol 1'.]1‘41|dim=:,n’rcr‘f']3_!._I:=ﬂzj

543 8 2 7-5 2
Since the gradients of AB and BC are negative reciprocals and their product
gives —1, then, triangle ABC is right-angled at B.

Therefore, A(=3, 2), B(5, 6),and C(7, 2) are vertices of a right — angled triangle.
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Exercise 1.5

Answer the following questions:

1.

MWlath F4 (BOOK] (DUMMY) Aug Z.indh 23

State the gradient of the line
which is perpendicular to each of
the straight lines with gradients:

= (®) -5
A
(d) ~B

4
(c) 3

Find the coordinates of a point
having its x—coordinate -2 so
that the line joining it to the point
(=3, 1) is perpendicular to the line
through the point (2, 7) and (5, -1).
For each of the following right—
angled triangles having vertices
at A, B, and C, determine two
sides that are perpendicular to
each other.

(a) A(3, 2), B(5, —4), and
Cil. =2}

(b) A(7,8), B(7,2),and C(2,2)

(c) A(0, 9), B(-4, —1),and
C(3, 2).

Find the equation of the straight
line passing through the point

(6, 2) and perpendicular to the
line joining the points P(3, —1)
and Q(-2, 1).

10.

&

Find the equation of the straight
line which is a perpendicular
bisector to the line joining the
points (2, 0) and (6, 0).

Find the coordinates of the foot
of the perpendicular line from the
point (4, -2) to the line 2x—3y-4=0.

Show that (4, 7), (0, 4), (3, 0),
and (7, 0) are the vertices of a
square.

Find theeedyifion of a line
perpendicilat 10 3x — 11y —4 = 0
and passing through the point
(=3, 3).

Find the equation of the line
which passes through the point
A(l, 7) and 13 perpendicular to
the line joining the points B(4, 4)
and C(-2, 3).

Find the coordinates of the
foot of the perpendicular line

from the point (4, 3) to the line
x4+ 6y=25.

Basic Wathematics Form Four




Basre Mathematics Form Fonr

Chapter Summary

Gradient or slope m of a line is the
steepness of the line segment.

It is the ratio of change in
y—coodinates and change in
x—coordinates for the given
points A(x,, ;) and B(x,, ,).
That is

Fi— W - i~ ¥ :
=X X = Xy

The midpoint formula of a line
segment is given by

[:c:t +X, P+

H=

25 2
points Afx,, ¥, ) and B(x,, y,).
The distance d between two
points A(x,, y,) and B(x,, y,) is
given by the formula

d= J(Iz i IL]E = }’1}1 .

Parallel lines have the same
gradient. That is m, = m, where
m, is the gradient of line 1 and
m, is the gradient of line 2.

The product of the gradients
of two perpendicular lines is
negative one. That is mm, = -1
where m | is the gradient of line 1
and m, is the gradient of line 2.

J for the given

The equation of a straight line
joining the points P(x,, y,) and
Q(xzr J"z} is _].-'=Ml:.l'-.1|}+}-'] or
y=mx+e.

The general equation of the straight
line joining the points P(x,, y,)
and Q(x,, y,}is ax+ by +c=0.

Revision exercise 1

Answer the following questions:

1. In which quadrants are each of
the following points located?
(a) (2,4) () @,-2)

(€} 2,-3) (d (-2,1)

2. Find the equation of the straight
line joining the points (6, 3) and
(5, 8).

3. Show that the points (5, 8) and

(6, 7) are equidistant from the
point (2, 0),

4. Find the gradient of each of the
following pairs of points:
(@) (3,3) and(l,4)

(b) (-2,-3) and (-4, -6).

5. Find the equation of the straight
line through the point (3, -2)
which is:

(a)} parallel to the line whose
equation is 2x + S5y = 17.

(b) perpendicular to the line whose
equation is 2x + 5y = 17.

6. Find the equations of the
following straight lines, in the
form: ax + by + ¢ = 0.

(a) The line joining the points
(2,4) and (-3, 1).

(b) The line through the point
(3, 1) parallel to the line
whose equation is 3x + 5y =6.
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10,

11.

12.

(c) The line through the point
(3, —4) perpendicular to

the line whose equation is
3x-2y =13.

The points A, B, and C have
coordinates (7, 0), (3, -3), and
(-3, 3) respectively. Find the
coordinates of the point Q, R, and
S of the midpoint of BC, CA
and AB respectively.

Prove that the four points (4, 0),
(7, =3), (=2, =2), and (=5, 1) are
the wvertices of a parallelogram
and find the equations of its
diagonals.

Find the -equation of the
straight line which is parallel
to the line whose equation is
x + 4y —1= 0 and which passes
through the point (4, -3).

Find the distance of a straight line
joining the points (=2, 1) and (6, 7).

A perpendicular line from the
point (—2, 1) intersects the line at
the point (-1, 3). Find its distance
to the line,

Show that a quadrilateral with the
F[‘.'iﬂtS Mlt _3']1- B{6: _2}: C(l 4]1
and D(-2, 3) is a parallelogram.

Malh F4 [BOOK| (LMY fug 25 Indb 31

13,

14,

e 7

17

The point (5, —7) is the vertex of
a right angle of a right — angled
triangle whose hypotenuse lie
along the line 6x — 13y = 39. A
second vertex of the triangle
is (0, =3). Find the remaining
vertex.

Find the coordinates of the point
on the line presented by the
equation 3x — 3y + 7 = 0 which is
equidistant from the points (-4, —8)
and (7, -1).

Find the coordinates of the point
on the x — axis such that the line
joining it to the point (3, -1)
forms a right angle with the line
through the points (3, —1) and
(-3, -5}

The vertices of a triangle are
A2, 4), B(-3, 1} and C(5, -7).
Find the coordinates of the foot
of the perpendicular drawn from
A to the line BC.

The points A(l, -1), B(4, -1)
and C(1, 3) are the vertices of a
right — angled triangle. If the right
angle is at A, find the area of the
triangle.

fasie Wathematios Form Four
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1. Plane A is perallel to plane B, and plane B s parallel to plane C. Is plane
A parallel to plane C? Explain your answer.
2. Describe objects in buildings around your environment that illustrates
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Chapter Two

Areas and perimeters » ' l

Area is the surface occupied by a flat shape or surface of an object. Perimeter
is the lengh of a closed shape. In this chapter, you will learn how to derive and
apply the formula of the area of any triangle, rhombus, parallelogram, square,
rectangle, and trapezium in solving problems. You will also learn how to derive
and apply the formula of finding a length of a side of a regular polygon, find
the perimeter and the area of a regular polygon, the circumference and the
area of a circle from inscribed regular polygon. Furthermore, you will learn
how to find the ratio of areas of similar polygons and mi'-'a.pt}ﬁ!ems related
to ratio or similar polygons. The competencies developed will be applied in
various fields such as in business, building constructions, cooking when the
a volume of containers for carrving liguids, solids or gaseous must be known. o
The competencies developed will also be applied in fencing off an area,
building a swimming pool, and many orhgr—a}rpﬂcmions.
w

Areas of any triangle

Activity 2.1: Finding the area of a triangle
In a group or individually, perform the following tasks:
1. Use a graph paper to draw a right-angled triangle of any convenient size.

(a) By counting squares inside the triangle, estimate the area of a triangle.
(b) What is the length of its height?

(c) What is the length of its base?

(d) Calculate the area of the triangle.

2. Discuss with your friends how the surface areas and volumes of various
things can be used in real life.

i YWeathemetios Form Foar
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Consider a right — angled triangle with base & and height & as shown in Figure 2.1.
A

B

Figure 2.1: The right — angled triangle

The area of triangle ABC is givenby A= %bh.

This is the formula for finding the area of any right — angled triangle with base

b and height A_
Another type of a triangle is the one with altitude which lies within the triangle
& as shown in Figure 2.2 [

1
e D d

-— .

A

Figure 2.2: Triangle with altitude lving within the triangle

Basre Mathomatios Form Fonr

Area of AABC = Area of ABCD + Area of AADB

1 1
—3 "-.II —_—
2&‘ + zd»‘:

1
= _he+d
2

1
Therefore, the arca of AABC = Ehﬁ, sincce +d=b,
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The case where the altitude of a triangle lies outside the triangle (Figure 2.3), the
area can be found as lollows:

% [
B b 3

b e k. 2]

Figure 1.3: Triangle with altitude lving ouwiside the triangfe

Aren of AABC = Areaof ABCD — Areaof AADDB

1 1
o
7" T3
b oy
2
Ly d=b
@ —E - SMee £ — = I7. @

Therefore, the area of AABC = %{m.

In each case the formula is the same.
Therefore, the formula for the area of a triangle with base b and corresponding

height & is %H:-
The knowledge of tngonometnical ratios can also be used to find another formula

tor the area of any tnangle. Two tnangles with altitude lying within the triangle
and outside the mangle respectively are shown in Figures 2.4 and 2.5,

-
=
=
]
e ]
-
=
b
=
e
-
]
T
=1
=
=
-
=
-
=
=
]
]
e
=
=

B
> h
o ISP Cp
s =
Figure 2.4: Triangle with altitude lying  Figure 2.5: Triangle with altitude [ving
within the iriangle oulside the triangle
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I
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Using Figure 2.4,
. o= B 5=
sinC=—: h=asinC

a
1 1 -
Areaof AABC = Ebh = Ebasmﬂ
Therefore, areaof AABC = %absin &
o ] . o~ h . oa
Similarly, using Figure 2.5, sinC = —; A= asinC
a
Areaof AABC = éb}: = %basin&

Therefore, areaof AABC = %absin 0

By using similar method, it can be shown that the area of triangle ABC with
sides a4, b, and ¢, (Figure 2.6) is given by:

A 1 ot
Area of AABC = EHL'SII‘IB

1 el
Arca of ABCA = 3 absinC

1 o
Area of ABAC = Ebcs:nﬁ.
Figure 2.6: A triangle with sides and angles

Basic Mathemarics Form Four

Generally, the area of a triangle is half the product of the lengths of two sides
and the sine of the included angle.




Calculate the area of a triangle shown in the following figure:
Solution

Let, height (4) =20 cm
base (p) = 17 cm

The area of APOR = %bﬁ

=%K17cmx20cm

=170 em’
Therefore, the area of APQR = 170 em?.

Example 2.2

Calculate the area of a triangle shown in the following figure:

x

10 em

Solution
Let, x=10cm, y=8 cm and YZX = 30°

1 et
Area of AYZX = E:ysm z

Fsre Mathematies Form Foner

=%x 10 cm x 8 cm = sin 30°

=‘—xl{lx8xlcm1
2 2

=20 ecm?
Therefore, the area of AYZX = 20 ¢m?.
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The area of a rhombus ABCD = base x height,

Another formula for the area of a thombus can be obtained by using the lengths
of the diagonals. Consider the rhombus ABCD with diagonals AC and BD as
shown in Figure 2.10.

Since the diagonals of a rhombus bisect each other at right angles, area of a

rhombus ABCD can be found as follows:

Area of AABC =Areaof AADC

- L(70) < ;)

Area of AABC = i(,q_.: x DB)

=" (% l..ﬂl
Area of a rombus ABCD A '
= {Area of AABC) = 2 Figure 2.10: A rhombus with bases
f . and diagonals
= (& < DB) x2
AP ]
@ = E[A{j b DB) square units @

Therefore, the area of a rthombus is equal to half the product of the lengths of the
diagonals.

m
%

Find the area of a thombus whose diagonals have lengths 13.5cm and 18.5 cm.

Solution
Let, /, =13.5¢cm and /, =185 cm

The area of the rhombus = L (product of the lengths of the diagonals)

Basie Mathemaiios Forme Fonr

I

|

® 13.5¢cm % 18.5¢cm

B | = b= p2

= 124 875 cm?
Therefore, the area of the rhombus is 124.875 cm’.




| ]
|

Example 2.7

If the area of a rhombus is 125 cm? and its corresponding height is 12.5 cm, then
calculate the corresponding base.

Solution
Given the area A= 125 cn’, the height # = 12.5 cm and the base b=7
The area of the rhombus = base x height

125em*=b % 12.5 cm

e 125 em?
" 125cm
b=10cm

Therefore, the corresponding base is 10 cm,

Arca of a rectangle

In Figure 2.11, the rectangle PQRS 1s divided into two congruent triangles

Figure 2.11: A rectangle with its diagonal

@ PQS and RSQ by the diagonal SQ. &
S R
e o\ w _:3
P i Q 5
3

Arcaof APQS = Area of ARSQ = %{E < P3)

Areaof rectangle PQRS =%{ﬁxﬁ]x2=lﬁxﬁ,

IF PQ s length [ and PS is width w, then the area A is equal to the product of the
length and width. That means:

A=lw.

Wath F4 (BOOK]) (DUMMY] Aug 25.indb 43



B
B
—

ﬁ
o
=
e
=y

-

——
ot

e
-
=

-}
-
=
=
o

I
T
=

Ny

-~
R

=
B

é

‘ A

woman own a square plot of land 112.5 m long. She wants to plant trees in the

entire plot. Each tree requires 6.25 m’ of land. How many trees can she plant?
Solution
Given length /= 112.5 m. Area, A of the land for each tree = 6.25 m?
The area of a square plot = length x length
=1125mx 1125 m
=12 656.25 m’
the area of a square plot

s O Hosd D he plaaid = the area of each tree of land
= Eg%im' =2 025

Therefore, she can plant 2 025 trees.

Exercise 2.1

Answer the following questions: 4. If'the area of a parallelogram

1. The area of a triangle with ABCD is 30 cm® and BC =5
base 12 cm is 36 cm?, Find the cm, calculate the corresponding
corresponding height of the height.
triangle. 5. Calculate the area of trapezium
triangle is 24 units long. Its area is
64 square units,

(a) How long is the other side?
(b) How long is the hypotenuse?
3. Calculate the area of a rhombus

whose diagonals are 12 dm and
10 dm.

o IR RN




The dimensions of a the hall floor
are 20 metres by 15 metres. The
height of the hall is 10 metres.
Calculate:

(a) the area of the floor.

(b) the total surface area of the

walls.

The area of triangle ABC is 140 ent’.
If AB =20 cm, AC =14 cm, then
find BAC.

The area of triangle PQR is 60
square centimetres, If ﬁ =10¢m,
find PR given that the included
angle is 150°.

What is the area of paper required
to make a kite shown in the
following figure?

10. Find the area of the trapezmum

Ilr

12,

whose bases are 10 cm and 16 em
and whose height is 12 cm,

ABCD is a parallelogram in which
AB = AD =10cmand BAD =&F.
Calculate the area of the
parallelogram.

In triangle ABC, CAB = 90°,
AB=8cm, AC=6cm.
Calculate:

(a) the area of the triangle.

(b) the length of the

perpendicular line from
Ato BC.

£

14.

A man owns a square plot of land
75m long. He wants to plant trees in
the entire plot. Each tree requires
5 m’ of land. How many trees can
he plant?

The following figure shows a
parallelogram WXYZ .

If WZ=7 cm, WX =9cm
ZWX =58°,

find the area of the parallelogram.

7 o Y
/4 . /
W i X

15

16,

The following figure shows a

trapezium ABCD.

Calculate:

(a) the value of x.

(b) the area of the trapezium
ABCD.

D e 1.€ID &
o 35°

Xcm

L] -
A 5 cm B

Find the area of trapezium
TVWZ with vertices, T(—3,4),
V(3,4), W(6,~1) and Z(~5,~1).

CBasic Mathematics Form Four




Perimeter of a regular polygon

Activity 2.3: Deriving the formula for the perimeter of a regular polygon
In a group or individually, perform the following tasks:

1. Inpieces of paper, draw a circle of any convenient radius.

2. Draw a regular five sided polygon inscribed in a circle.

3. Write the formula for the perimeter of a regular polygon.

4. Measure the value of each angle at the centre and give comments,

5. Share your findings with your neighbours.

The sum of the lengths of the sides of'a polygon is known as perimeter denoted
by p. Apolygon is inscribed in a circle if each of its vertices lies on the circle. If the
lengths of the sides of the polygon are the same, the polygon 8 an inscribed regular
polygon, Figure 2,13 shows an inscribed regular pentagon of length of side S.

@ s

N\ A4

Figure 2.13: Regular pentagon inscribed in a circle

A regular polygon with any number of sides n (larger than 2) can be inscribed in
a circle. For example, to construct an inscribed regular pentagon (5 sides), draw

Hasie Wathematics Foree Four

rays intersecting the circle in five points from the centre of the circle.

o

Each angle at the centre will measure 3 or 72°. If'the points of intersection on

the circle are connected by a line segments, the figure formed will be an inscribed

regular pentagon as shown in Figure 2.14.
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Figure 2.14: Regular peniagon inscribed in a circle

Consider a regular polygon of n sides inscribed in a circle of radius » and centre O.
Let AB be a side of the polygon and OX the perpendicular from O to AB as
shown in Figure 2.15. OX is the bisector of angle AOB.

Figure 2.15: Regular polyvgon inscribed in a circle of radius r

3607

f

Since the regular polygon has » sides, AOB =

[
=
-
=
oy
=
Hal
B,
=)
=
e |
i
L]
=
=
)
-
=
s
=
]
a
—
L=
=

But, AOX = BOX and AOX + BOX = AOB.

Therefore, AOX = l[iﬂp] = E.
2 n R
Let the length of the side of the regular polygon AB be s. Then, AX = %s.

o
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Therefore, the length of side 5 of a regular polygon with # sides and radius r is
given by:

5 =2rs'm[lﬂﬂ ]

H

Another formula is by expressing 2r as diameter & of the circle, Thus,
5=d sin [E ] :

H
The formula for a perimeter ol a regular polygon of # sides can be derived

from the formula for the length of a side of a regular polygon, &
For n - sided regular polygon with length of each side s, the penmeter is given by;
D=ns
= n[lrsin( 4L H
"
= 2nrsin [IE!}D)
Iyl

Therefore, the perimeter p of a regular polygon with # sides inscribed in a
circle of radius r is given by:

p= lnrsin[ ]Eﬂ&}

f

Another formula is by expressing 2r as diameter & of the circle.

. [ 1807
Therefore, p = nd sm{ , }

@ SeER1 2013 P _
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Example 2.11

Find the length of one side of a regular nine — sided polygon inscribed in a

circle of radius 10 cm .

Solution
Given the radius r=10cm, n=9
Recall the formula for the length of a side of a regular polygon:

5= Ers'm( Ll ]
n

£ =2x10cm xsln{l?a]

=2 x 10 cm x sin 20°

=20 ¢m x sin 20°
=20¢m x 03420
= .84 cm

Theretore, the length of one side of a regular nine—sided polygon inscribled in

a circle is 6.84 cm.
L

Example 2.12

Find the radius of a circle which inscribes a regular hexagon with perimeter 50 dm.
Solution

Given the perimeter p=50dm and n==6

Recall the formula for the perimeter of a regular polygon:

= 2nrsin 1807
F "

S0 dm =2 x 6 x rein30°

__S0dm
¥ =12 sin 30°

_30dm=x2
12

Therefore, the radius of a cirele 15 8.23 dm.

Wath F4 [BOOK) IDUMMY] S0 25 indb 51 @
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Exercise 2.2

Answer the following guestions:

I;

Find the length of a side and
perimeter of a regular nine —sided
polygon inscribed in a circle of
radius 3 cm.

Find the length of a side and
perimeter of a regular 12 - sided
polygon inscribed in a circle of
radius 3 units.

Show that the length of a side
and radius of a circle inscribing a
regular hexagon are equal.

The ratio of radii of circles
inscribing two regular hexagons

is % The perimeter of the larger

hexagon is 63 cm. Find the perimeter,
the side, and radius of the smaller
one.

Find the radius of a circle which
inscribes an equilateral triangle
with perimeter 24 cm,

Find the radius of a circle which
inscribes a square with perimeter
32 cm.

10.

11.

12,

Find the radius of a circle which
inscribes a regular hexagon with
perimeter 48 cm.

The radius of a circle is 12 cm.
Find the perimeter of the regular
polygon inscribed in a circle if
the polygon is a:

(a) triangle.
(b) quadrilateral.

Find the length of a side and
perimeter of a regular decagon
inscribed in a circle of radius 6 cm.

Find the length of a side and
perimeter of regular nonagon
inscribed in a cirele of radius

9 units,

Find the ratio of the perimeter of
a regular hexagon to the inscribed
radius circle. Show that the
answer is the same for all regular
hexagons no matter how big or
how small the polygon.

Find the wvalue of one interior
angle of a regular polygon
mscribed in a circle of radius 5 cm
given that the length of one side
is 52 cm .
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Arca of a regular polygon

Consider a regular polygon of 7 sides inscribed in a circle of radius r and
centre O, If each vertex is connected to O, the polygonal region is divided into n
triangles. One of the triangles is shown in Figure 2.16 as AOB where AB is one

side of the polygon.
B

‘ A

Figure 2.16: Regular polygon inscribed in a circle of radius r

- 3a0°
Then, BOA =
@ n d
Area of ADAB = IE w (D_A % ﬁ) xsin(iiﬁun]
"

=lrzgin[£&)
2

L]

Area of the regular polygon = n x Areaof AOAB

315[}**)
H

=n:~:£xr:5in[
2

=
=
=~
~
o
=
-
;
=
]
]
—
=
=
==
]
m—
=3
-—
-
i
o
>
=
o
]

36&“]

1 5 .
= —nr°sin
2 n

Therefore, the area A of a regular polygon of »n sides inscribed in a circle of
radius »is given by:

A= lm‘2 sin{Eﬁﬂu].
2 n
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Example 2.13 DT |
Find the area of a regular polygon of 15 sides inscribed in a circle of radius 4cm.
Solution

Given; n = 135, radius r =4 ¢m
Recall the formula for the area of regular polygon:

A= I—nrisin[slﬁ{lnj
2 n
=l %15 x 4° cm’ % sin(3m¢J
2 15
= (120 = sin 24%) cm?®
= (120 = 0.4067) cm’
=48.804 cm?

. Therefore, the area of a regular polygon of 15 sides inscribed ina circle is 48.804 cm?.

Example 2.14

® The area of a regular 6 — sided plot of a land inscribed in a circular track of @®
radius »is 720 m’. Find the radius of the track.
Solution

Given thearea A=720m? and n=6

Recall the formula for the area of a regular polygon:

"': A= lnrlsin[Sﬁﬂb]

| ,

E =—xﬁxr2xsin[3m ]

= 2

3 720 m = 3% sin 60°
L ST

3 % 0.866 e

r=16.65m

Therefore, the radius of the track i1s 16.65 m.
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Exercise 2.3

Answer the following questions:

Find the area of a regular nine
— gided polygon inscribed in a
circle with radius 5 cm,

Find the area of a regular 12 —sided
polygon inscribed in a circle with
radius 3 cm.

Prove that the area A of an
equilateral triangle inscribed in a

‘ . [34)
circle with radis ris A= -an!.
Use the formula to find the area of
the equilateral triangle inscribed

in a cirele with radius 2 dm.

Prove that the area A of a square
inscribed in a circle with radius
r is given by A = 2¢°. Use this
formula to find the area of a
square inscribed in a circle with
radius 4 cm.

Find the area of a regular
pentagon inscribed in a circle of
radius 8 dm.

Meh Fa [BOOK) (THIMMY) Aug 25.imdb 55

10.

11,

12.

Find the area of a regular decagon
inscribed in a circle of diameter
20 cm.

The area of a regular octagon is
100 cm®, Find the radius of the
circle inscribing it.

Two concentric regular hexagons
are such that the radius of the
circle inscribing the larger is twice
that of the smaller. If the radius of
the smaller is 5 cm, find the area
between the two polygons.

Find the area of a regular polygon
having 360 sides inscribed in a
gircle of radius 10 cm.

Find the area of a regular octagon
inscribed in a circle of radius 2.5 cm.

Find the area of a 20 — sided regular
polygon inscribed in a circle of
radius 6 cm.

Find the area of a regular decagon
of side 2 cm.
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Circumference and area of a circle from inscribed regular polygon

Activity 2.4: Finding the number of sides of the regular polygon

In a group or individually, perform the following tasks:

1. Using manila card, draw a circle of any convenient radius.

2. Draw small sectors in a circle and colour them with two different colours
in every two consecutive sectors.

3. Cut into pieces the sectors obtained in task 2. Then, arrange them in
patterns.,

4. Describe with reasons your observations in task 3.

5. Mention the number of sides of the regular polygon from this activity.

6. Share your findings with your neighbours.

The circumference of a circle i1s the distance of a circle’s edge. The perimeter of a
regular polygon having many sides, say 180, inscribed in a circle with radius #, is
a good estimate for the circumference of the circle, The perimeter of a regular
) polygon inscribed in a circle of radius » is given by: ey

. | 1807 . 180"
p = 2nrsin or p=2r| nsin .
n

If n=10, p=2r (10 sin 18%) = 2r x 3.090

If n=T72 p=2r(7235in2.5°%)=2r= 3141
If # =180, p =2~ (180 sin 1°) = 2 x 3.141
If # = 540, p = 2r (540 sin 20') = 2r x 3.142

Note: 1°= 60’ |

Hovie YWathematics Form Four

. [ 180°
The greater the number of sides of the regular polygon, the nearer H'S:In[ i J

approaches the value of n. If the number of the sides, n of a regular polygon
increases, its perimeter approaches the circumference of the circle inscribing it.
Therefore, the circumference ¢ of a circle of radius r is given by ¢ = 2ur.

Similarly, the area of a regular polygon having many sides, say 180, inscribed in
a circle with radius r, is a good estimate for the arca of an inscribed circle. Arca

of a regular polygon inscribed in a circle of radius » is given by:
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A= %m‘l sin(Jma)

L]

orA =’ |:£sin [3{,[}-:! ]j|
2 n

If n =10, A=r>(55in36°) = r*(2.939)
If n=72, A=r"(36sin5% = r'(3.138)
If n =180, A=r(90s5in2%) = r'(3.141)

If n =540, A= 2270 sin40") = ~(3.142)

The greater the number of sides of the regular polygon, the nearer

[;—Isin [36{}5 J] approaches the value of &.
n

Therefore, the area of a circle of radius » is given by A =",

@ _
= - - a 22
Find the circumference of a circle of radius 14 ¢cm |Use z = -';I-* |
Solution

Let r represents radius of a circle.
Recall the formula for the circumference of a circle:

C=2m

22
C=EHTXI4cm
=88 cm

Therefore, the circumference of the circle is 88 cm.

I 0 000 0 0 0

The enclosed area of Juma’s circular field 1s 785 000 m?.
Find the radius of the field (Use z = 3.14).
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Solution

The enclosed area of the circular field: A =
7R5000 m2=13.14 = ¢

. 785 000w
314

# =250 000 m?

r = 250000 m*

r=500m

Therefore, the radius of the field is 500 m.

Exercise 2.4

Answer the following questions 6.

usex=3.14 or 2?_1 2

1. Find the circumference of a circle

whose radius is: s
(a) Sem (b) 32cm

2. The circumference of a circle is 8.
%5* x units. Find its radius.

3. The circumference of a circle is
44 dm. Find its radius.

4. Calculate the area of a circle
whose radius is:
(a) 4.2cm (b) 0.8cm
5. Find the area enclosed between

two concentric circles shown in 10.
the following figure:

The cirenmference of a circle is
176 cm. Find the diameter of a
circle.

Fipd the diameter of a circle
whose enclosed area is 2 464 cm?,

Given that the area of an inscribed
circle is 324n square units,
calculate its radius.

Calculate the cost of making 1
metre — wide path round a circular
pool of radus 10 metres, if the

cost is B0O shillings per square
metre.

A circular tin 18 placed mn a
square. If the side of the square
is congruent to the diameter of
the tin, calculate the percentage
of the area of the square which
remains uncovered.
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The following triangles are similar. A side of small triangle is 6 cm long and its |
corresponding side of the larger triangle is 20 cm. [T the area of the small triangle
is 90 cm?, what is the area of the larger triangle?

""I

20 cm
Solution

Let the area of small and large triangles be A, and A, respectively.
Given §=6cm and S,=20cm
5, fecm 3

Then, the ratio of their corresponding sides is k = g ™ oy 0

Ratio of the areas= k"

A
Thus, L = &*?
& A, ®
2
@. em? = [ETJ
A, 10
90 -2 3
A, " 100 L;
100 % 90 cm? >
S —— :E
A =1000 cm® .E
Therefore, the area of the larger triangle is 1 000 cm’. ;:
3
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Example 2.18

The ratio of the areas of two similar polygons is 50:72. If the length of a side of
the smaller polygon is 12 ¢m, find the length of the corresponding side of the

larger polygon.

Solution

Ratio of the areas = &°
50 _2
72 36

23

Then, kz =

Let the length of the larger polygon be x.
12 5
—cm= >~
X 6

Jx=72cm
. x=144cm s
Therefore, the length of the corresponding side of the larger polygon is 14.4 cm.

the corresponding side of the other 4
triangle is 5 units long. What is the
ratio of their areas?

d: Exercise 2.5

_-E

R Answer the following questions: 3.  Two triangles are similar. The ratio
g ' i :

s 1. Two triangles are similar. A side of their areas is —. What is the
3 of one triangle is 2 units long and ratio of their corresponding sides?
n.zl_l"_-.

Two polygons are similar. Their
areas are 16 ¢m? and 49 cm?®, A
side of the first polygon is 28 cm

2. Two tﬁﬂﬂglﬂffamﬁmﬂﬂf-mfid“ long. What is the length of the
of the first triangle are threc times corresponding side of the second
as long as the sides of the other. polygon?

What is the ratio of their areas?




10.
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The sides of a triangle are 5 cm,
6 cm, and 7 cm. The longest side
of a similar triangle is 21 cm.

Find the length of the other sides
of a similar triangle.

Two polygons are similar. A
side of one is 5 m long. The
corresponding side of the other is
1 m long. The area of the first is
100 m*. What is the area of the
second polygon in square metres?

It costs Tsh. 25 500 to plough a
rectangular field 40 m long and
20 m wide. How much will it cost
to plough a similar field 30 m
wide?

Two triangles are similar. The ratio
of their heights is 5:3. If the area
of the smaller triangle is 36 cm?,
what 15 the area of the larger
triangle?

Two similar triangles have their
corresponding bases in the ratio 1:5.
If the area of the larger triangle is
50 square units, find the area of
the smaller triangle.

Two triangles are similar.

The ratio of their areas is %4,
49

(a) Find the ratio of their
corresponding heights?

(b) If the shorter height is 14 cm,
find the corresponding height
of the other.

11.

Two regular heptagons have arcas
in the ratio 16:25.

(a) Find the ratio of their sides.

(b) If the smaller hectagon
has side 6 cm, find the
corresponding side of the
larger hectagon.

(c) If the larger hectagon has
an area 100 cm’, find the
corresponding area of the
smaller hectagon.

Chapter Summary

i

1
Area of AABC = EM
1

o | s
= —ab sinC = —bcsin A

2 o'
= éac-sinﬁ, where g, b, and ¢
are the sides of a triangle, & is
its height and A, B, and € are
angles of the triangle.
Area of the trapezium,
Al % (b, +b,)h, where b, and b,
are the bases of the trapezium
and h is its height.
Area of a parallelogram A = bh
where b is the base and h 15 the
height of the parallelogram.
Area of a thombus A = bh or the
area of rhombus is equal to half

the product of the lengths of the
diagonals. ie., A= %I] L

B
=
=3
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=
v
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i
=
T
=
=
=
=
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Chapter Three

Three — dimensional figures ' )

Introduction

In our real life situation, we usually meet and use things that are in

three dimensions, for example; we live in a house, use a bar of soap, use
cuphoards just to mention a few. In this chapter, vou will learn the meaning
of three— dimensional figures, characteristics of three — dimensional figures,
constructing and sketching three—dimensional figures. You will also identify
properties of three— dimensional figures, calculate the angle between lines
and planes, and angle between two intersecting planes. You will be able 1o
derive formulae for calculating surface area of prisms, cylinders, pyramids,
and cones. You will also be able to apply the formulae to calculate the surface
area of spheres, derive formulae for calculating volume of prisms, cylinders,
® pyramids, and cones. The competencies developed will be applied in various ®
activities such as® carpentry, construction of buildings, manufacturing
industries, architecture, and other daily activities.
*

Three — dimensional fisures

Activity 3.1: Classification of three — dimension figures

In a group or individually, perform this activity using the following steps:

1. Draw a cuboid, cylinder, cone, and rectangular pyramid.

2. Identify the number of sides, faces, edges, and vertices of the object
listed in step 1.

3. Which object in step 1 has the largest number of faces?
Which object in step 1 has the fewest number of vertices?

5. What is the maximum number of sides of the objects?

Havie Wathemoatios Form Four
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A three — dimensional figure is a geometrical object which has three dimensions,
namely length, width, and height. Three — dimensional figures occupy space and
they are also called solid figures. Three — dimensional shapes have thickness or
depth. Figure 3.1 shows some common three — dimensional figures. The flat or
curved sides of solids are called faces or surfaces. The lines where two faces meet

are called edges. The points where edges meet are called vertices.

(a) Rectangular prism

(c) Triangular prism (d) Pyramid

'
o

(e) Trapezoid prism (f) Cone
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(g) Cylinder

Figure 3.1: Three — dimensional figures
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Cone

The three — dimensional shape in Figure 3.2 is a cone. The base or bottom of a
cone is circular, The distance measured straight down the curved side is called
slant height. The height to the vertex above the centre of the base is the height of
the cone.

i height
slant height

Figure 3.2: The shape of a cone

Note: Circular base looks like an oval because of presenting three — dimensional
figure in two — dimensional plane.

Pyramid

The three — dimensional shape in Figure 3.3 is a pyramid. The distinctive feature
of a pyramid is that all the Faces, except one are triangles. The non — triangular side
is called the base. The base can be any shape and a pyramid is named according

to the shape of its base. The pyramid in Figure 3.3 is called a rectangular pyramid
because its base is a rectangle.

A rectangular based pyramid has 5 faces, 8 edges, and 5 vertices. Other pyramids
include a hexagonal, triangular, square pyramid and so on.

Figure 3.3: Rectangular pyramid
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Prism

The three — dimensional shapes in Figure 3.4 are prisms. A prism is a geometrical
figure whose two ends are similar, equal, and parallel and its sides are
parallelograms. A prism is named according to the shape of the ends. The
hexagonal prism has 8 faces, 18 edges, and 12 vertices. A square prism has square
ends. The square prism has 6 faces, 12 edges, and 8 vertices, A triangular prism
has triangular ends. The triangular prism has 5 faces, 9 edges, and 6 vertices.

4

.................................

Figure 3.4: Hexagonal, rectanguiar, and triangular prisms

Cylinder

The three — dimensional shape in Figure 3.5 is a cylinder. The top and bottom
surfaces of a cylinder are circular with the same diameter.

The distance measured straight down the curved surface is the height of the
cylinder.

o N

Figure 3.5: A cylinder
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Construction of three — dimensional figures

Activity 3.2: Construction of models of three — dimensional figures

In a group or individually, perform this activity using the following steps:

1. Take any two equal rectangular boxes.

2. Open the boxes into two different ways by cutting their edges without
separating them.

3. Sketch the figures formed by the shapes in step 2.

4. Share your observations in step 3 with your neighbour.

5. Present your findings to your fellow students.

The cuboid is one of the most common solid figures. All solids have faces. Most
solid figures have edges. Figure 3.6 shows the faces, edges, and vertices of a

rectangular box.

ertex
/ ¥

/ ®

face

’

edye
= Figure 3.6: Rectangular box
< -
E A face can be flat (plane) or curved. An edge is a line where two faces meet and
:: it 15 straight or curved. A vertex is a point or corner where three or more edges
3 meet. The plural of vertex is vertices. Figure 3.7 shows three ways of drawing
£ cuboids.
S :

{a) Tsometric projection {b) Skeleton view of a cuboid

Figure 3.7: fsomeiric projection and skeleton view of a cuboid
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Figure 3.7 (c): Net of a cuboid

Figure 3.7(c) represents a shape of a closed cuboid when it is cut along the edge
and opened out. This shape can be folded in order to make a cuboid. The shapes
in this form are called nets. That is, a net is a pattern obtained when a three —
dirnensional figure is laid out flat showing all its faces. The squares numbered 1,

2, 3, and 4 in Figure 3.8(a) can be folded to form the sides of a cube. The square
numbered 5 would form the bottom of the cube and square numbered 6 would
form the top of the cube.

5

{a) Netofacube {(b) A closed cube

Figure 3.8: Net and Skeleton view of a cuboid
Other alternatives of representing nets of Figure 3.8 (b) are shown in Figure 3.9,
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(a) (b)
Figure 3.9: Nefs of a cube
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Figure 3.10(b) shows a net of a cuboid represented in Figure 3,10 (a). Rectangles
5 and 6 will form the two longer sides, rectangle 3 and 4 will form the ends or
shorter sides. Rectangle 2 will be the top and rectangle 1 will be the bottom of

a cuboid.
5
I 3 | 4 2
]
(a) Cubeid (b) Met of cuboid

Figure 3.10: A cuboid and its net

When a triangular prism is laid out flat as shown in Figure 3.11{a), its net will
be as shown in Figure 3.11(b). The triangles in the net form the ends, while the
rectangles form the sides of a triangular prism.

Figure 3.11 {a): Triangular prism Figure 3.11 (b): 4 net of triangular prism

When a hexagonal prism is laid out flat as shown in Figure 3.12 (a), its net
will be as shown in Figure 3.12 (b). The hexagons will form the ends while the
rectangles will form the sides of a hexagonal prism.
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Figure 3.12(a): Hexagonal prism Figure 3.12(b): A net of a hexagonal prism
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When a square pyramid is laid out flat as shown in Figure 3.13 (a), its net will
be as shown in Figure 3.13 (b). The square in the net will form the base of the
pyramid and all triangles will be its sides.

Figure 3.13 (a): Square pyramid Figure 3.13 (b): A net of a square pyramid

Figure 3.14 (b) shows a net of a eylinder represented in Figure 3.14 (a). The net

is made up of two circles and one rectangle.
O @

Figure 3.14 (a): Cviinder Figure 3.14 (b): 4 net of a cylinder

Excrcisc 3.2
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Answer the Eulhwing questions:

Sketch two different nets of a triangular prism.

Draw a skeleton view of a cylinder and a triangular prism.
Sketch the net of a cone.

Sketch the net of a solid cylinder.

Sketch the net of a rectangular prism.

Sketch the net of a hexagonal prism.

° n
|
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7. Sketch the net for the following three — dimensional figure.

)

8. Draw a skeleton view of the geometrical figure formed by folding the
following net.

Sketching three — dimensional figures

Activity 3.3: Sketching three — dimensional figures

In a group or individually, perform the following tasks:

1. Sketch a rectangular ]:iEl'-iSIﬂ whose dimensions are 6 cm high, 8 cm long,
and 10 cm wide.

2, Sketch a cube whose edge is 5 em.

3. Sketch a triangular prism of height 4 cm, right angle bases, and sides of
lengths 5 cm and 4 cm.

4. Share your work with your neighbours for more inputs.
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When drawing a three — dimensional object, it is important to show that it is not

a drawing of a flat object. Three — dimensional figures are usually presented on a
two — dimensional plane as oblique drawings. These drawings are presented by

projections known as oblique projections.
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Three — dimensional figures are usually drawn on a two — dimensional plane by

making oblique drawings under certain rules. The rules are as follows:

(a) Parallel lines of the object are drawn parallel.

(b) Vertical lines of the object are drawn up and down the page.

(¢) Hidden edges of the object are drawn dotted.

(d) Construction lines to guide the eye are drawn thinly.

{e) Right angles in the object are marked correctly in the drawings.

The oblique drawings of three — dimensional figures are shown in Figure 3.15.

A D

B ] B H

{, H 2

B o T I_ ....... N S

[
A = []
fa) Cube th) Right triangular {c) Right hexagonal prism
pyramid
@@ Figure 3.15: The obligue drawings of three — dimensional figures &

When drawing three — dimensional figures, the measures of angles and lengths
may not represent their actual measures. For example, in Figure 3.15 (a), the actual
measure of FEH = 90° but it looks greater than 90°. Also, FG is equal to GH.

Lines and planes
v

Identification of lines and planes is
important for describing and drawing

three — dimensional figures. Consider

Basre Mathematics Form Four

the right — rectangular pyramid shown

in Figure 3.16.
A&
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A line is identified either by two points or by two intersecting planes. Forexample,
points ¥V and A determine a line VA. Also, plane VAB intersect with plane
ABCD to determine line AB, which is one of the edges of the base. An example

of this is the intersection of a wall and the floor of a room in a house. Note that,
two distinct parallel lines or planes have no point of intersection. In general, three
planes will intersect in a point. In Figure 3.16, plancs VAB, VAD, and ABCD
intersect at point A. An example of this is two intersecting walls and the floor of
a room in 2 house.

There are lines which do not intersect. These lines are known as skew lines.

For example, in Figure 3.16 VA and BC are skew lines. These lines cannot lie
in the same plane.

A plane is identified by any one of the following conditions as shown in Figure 3.16.
1. Three points not in the same straight line. For example, points V, C, and A;

2. Two parallel lines. For example, lines E and D_C;
3. Two intersecting straight lines. For example, lines VA and "‘-.-T“C;

4. A line and a point not on the line. For example, line E’; and a point V. @

Consider a plane and a line segment as shown in Figure 3.17.

P

X

Figure 3.17: A plane and line segmeni

In Figure 3.17, if a line segment E intersects a given plane at O and PN
is perpendicular to the plane from P, then the line segment ON is called the
projection of PO on the plane. Thus, the projection of PO on WXYZ is ON,

where PN is perpendicular to the plane WXYZ.
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A line which is perpendicular to a plane is perpendicular to every line in the
plane. Its projection on the plane is a point. Figure 3.18 shows that the projection

of PO to the plane is the point O.

Figure 3,18: The projection of PO on the plane at paint O
If a line is perpendicular to two non — parallel lines on the plane, then the line is

perpendicular to the plane. Figure 3.19 shows PO is perpendicular to two lines
in the plane, thus PO is perpendicular to the plane.

=i

Figure 3.19: Perpendicular line OP in the plane
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Angle between two lines

The angle between two skew lines 1s equal to the angle between lines which
intersect and which are parallel to the skew lines. Consider two skew lines HF

and AD ofa cube shown in Figure 3.20.
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H O

A B

Figure 3.20: The skew lines HF and AD of a cube
The angle between the skew lines is found by translating HF to BD and the
angle required is the angle between AD and BD which is ADB. Note that AD

can also be translated to EH to form EHF or translated to GF to form angle
GFH.

Angle between a line and a plane
If a line E intersects a given plane WXYZ at O and PN is the perpendicular

from P to the plane, the angle between the line and the plane is PON (as shown
in Figure 3.21). It is the angle between the line and its projection on the plane.

Figure 3.21: Angle between the line and its projection on the plane
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Angle between two planes

Two planes which are not parallel intersect in a straight line. The angle between
two planes is the angle between any pair of intersecting lines (one in each plane)
each perpendicular to the line of intersection of the planes. Figure 3.22 shows an
angle A between two planes.

/&
\\K

Figure 3.22: Angie A between two planes

Exercise 3.3

® Answer the following questions: ®

1. In the given figures, which of the pairs of lines determine a plane?

(a) GF and ED (b) HF and BG (c) FC and ED -
NN - =
(d) BC and BH (¢) RT and VO () VU and TS
I G \ IS
E E :
: F ™

. ST e C

A B
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2. The following figure is a right pyramid RSTUV. State the projection of:
() RV onRSTU (b) RV onVSU (c) SV onVTR
In each case, name the angle between the line and the plane.

vV

3.  Study the given right square pyramid with base RSTU and then answer the

questions that follow, "

(a) WName the line of intersection of the planes RTV and USV.
(b) Name the angle between the planes RTY and USV at the base.
{c) Name the angle between the planes RSTU and RTV.

1 2014 P
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4, Study the following cube and answer the questions that follow.

£ G

State the line of intersection of the following planes:

(a) ABCD and BCGF (b) ABCD and BCHE
(¢) ABCD and BDHF (d) BDHF and ACGE
(¢) ADHE and EFGH

5. Make an oblique drawing of the following three — dimensional objects:
(a) Arnight pentagonal pyramid (b) A nght square pyramid
{c) A right rectangular prism &

6. Study the following cube and answer the questions that follow.
T W
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Name the angle between:
(a) planes PQRS and PQVW (b)  planes PQVW and RSWV

(¢) planes QSWU and PSWT (d) line Q_V and plane PQRS
(¢) line SU and plane PQRS (®  line UV and plane PQVW
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The following figure is a cube. If the length of its edges is 5 cm, state the
distance between the given point and the plane:

(a) Fand ABCD ) F and CDHG
(¢} N and CDHG

: G
: M
: F
D C
A B
The following figure is a right rectangular prism, Identify and name the ®
line segments which are perpendicular to Q_‘r'
W \
T h U
TR, i R 1 R
P Q
Use the figure in question 8 to state the angles formed by the following
skew lines:
(a) Faﬂnd uv (b) PS and ﬁﬁf
(¢) TV and QR (d) SQand WV
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10. Square pyramid ABCDV has the base ABCD and the point V is vertically
above the centre E of the base.

(a) Draw an oblique projection of the pyramid.
(b} State the angle between the planes AVC and BVD.

(c) Are BV and AD skew lines? Justify your answer.

(d) State the angle between skew lines DV and AB.
() What is the intersection of the planes VEC, VEB, and VBC?
(f) What is the intersection of planes VAD and ABCD?

Calculations of angles and lengths of three — dimensional objects

The knowledge of trigonometry and the Pythagoras’ theorem is used in calculations
of lengths and angles when dealing with problems in three dimensions. It s
essential to choose and draw suitable triangles in different planes, and find the

sides and angles of these triangles as necessary.

@ Example 3.1 @

The following figure is a rectangular prism in which AB = 20 cm, BC = 16 cm,

and CG = 12¢m . Calculate:
(a) the length of AG.

(b) the angle AG makes with the plane ABCD.
{c) the angle that the plane HABG makes with plane ABCD.

fasre Watkemation Form Foter

H G
E : 12 em
[2em *D -------------------------------------- C
16 cm
A 20 cm [
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| Solution
(a) Consider a right — angled triangle ACG as shown in the figure. In order to
find AG, first find AC from the right — angled triangle ABC.
From A ABRC, by using Pythagoras’

theorem we have: C
(ac)' =(aB)*+(BC)
=(20 cm)® + (16cm)?
=400cm’ +256cm”
=656cm’ 16 cm
AC =./656 cm
A 20 cm B

From A ACG, by using Pythagoras’

theorem we have:

(aG) =(AC)' +(caf 5
= (/656 cm)? + (12em)’
=656cm” + 144cm’ 12 ¢cm

= /800 cm?

AG= 1 ; A
AG =28.28cm T
Therefore, the length of AG is 28.28 ¢m.

-

(b} The projection of AG on the plane ABCD is AC. The angle between AG
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and the plane ABCD is CAG. Calculation of CAG is done as follows:

Since AG = 28.28 cm, then

sin (CAG) =55, from AACG
AG

- I
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; g 12 cm
sin (CAG) = T 0.4243

CAG = sin™'(0.4243)
=25%".

Therefore, the angle AG makes with the plane ABCD is 25°6".

(¢) The intersection of a line between a plane HABG with the plane ABCD

is AB. The angle which HABG makes with ABCD is HAD or GBC.
Congider the triangle ADH:

H
12 cm
] @&

i 16 cm £
From A ADH. we have: -
D
tan (DAH ) <D S
» 12 cm —0.75 1,:_
16 cm =
DAH = tan"'(0.75) 3
=36°52" é

Thus, DAH = 36°52".

Therefore, the angle that the plane HABG makes with plane ABCD 1536%52".

Math Fd (BOCK) (DUMMY) Aug 25 ireb 87 & —



Exnm;ﬂe 3.2 o8 el

The following figures is a right angle rectangular pyramid of base ABCD,
vertex WV, and centre of base P.

v

If ﬁ__B=E=Scm, E=E=ﬁcm, and VA =VB=VC=VD= 13 cm,
calculate:

(a) the height VP of the pyramid.

{b) the angle between VB and the base ABCD.

(c) the angle between triangle VBC and the base ABCD.

(d) the angle between triangle VCD and the base ABCD.

Solution
E (a) Considera nght —angled triangle BCD in the pyramid (as shown in the figure).
3
h. B
‘E- 6 cm
=
&
E D . L C
= cm

From the figure, by using Pythagoras’ theorem we have
(BD)’ =(BC) +(CD)
={6cm)’ + (8 cm)?
= 100 cm?

BD = +/100 em?

Hence, BD = 10¢m

D& Deid PRl




To calculate the length of VP, consider the right — angled triangle
VPB in the pyramid.

From the given figure, we have:

] =

BP =— BD
2

1
=—x|0cm=5cm
2

13 cm

(] B

5cm

Then by using pythagoras’ theorem, we have:
(VP)’ + (PB)' = (VB)’
(Ve 2= (13 em)? — (5 em)?

=169 ¢m” —25 e¢m”
=144 ¢m?

VP = +/144 cm?

VP =12cm.

Therefore, the height VP of the pyramid is 12 cm.
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(b) The angle between VB and the base ABCD is VBP.

Since VP = 12 cmand BP =5 cm, then the angle VBP is obtained as
follows:
tan (VBP) = 4
PB
_12em _
Sem

VBP = tan"'(2.4)
=672
Thus, VBP = 67°23".

2.4

Therefore, the angle between VB and the base ABCD is 67°23".

(c) The angle between triangle VBC and the base ABCD is VE‘[P.

The lines ﬁ and PM are both perpendicular to BC and M is the midpoint
of BC . Consider a right — angled tnangle VMP in the pyramid.

From the figure we have: vV
PM = ~DC =4 cm
2

Thus, tan (VNIP) = ——

PM

. 12em i 12 cm
dem
VMP = tan™'(3) ]
P 4 cm M

Thus, VMP = 71°34",
Therefore, the angle between triangle VBC and the base ABCD is 71°34",
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(d) The angle between triangle VCD and the base ABCD is VNP. To find
VNP . consider a right — angled triangle VNP in the pyramid.
v
From triangle VNP we have:
tan {:‘-.?]!';IP] e E‘
PN

=12cm

T em 12 cm

=4
VNP = tan™'(4)

Thus, VNP = 75°58". IC
N 3 cm P

Therefore, the angle between triangle VCD and the base ABCD is 75°58',

Example 3.3

The following figure ABCD is a right triangular pyramid with the baseABC which

is an equilateral triangle. If AB = BC =CA =8 mand ﬁ=ﬁ=ﬁ=lﬂm,
calculate:
(a) the height DO of the pyramid.
(b) the angle which BD makes
with the plane ABC.

(c) the angle between the planes
DAB and ABC,

D

140 m
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Solution

(a) The perpendicular DO from D to the plane ABC meets ABC at the centre
of the triangle ABC. Since P is the midpoint of AB, then,

AP=1AB A
2
— A
a‘!LP:EKEI]] 4 m
=4m P

PAD = ln&c=l X 60° = 30°
2 2

B
Consider the base ABC of the pyramid and the triangle APO, then

]

cos PAD = E,
AOD

S PA 4m
" cos30® 0.866
@ Also, &

=4.62m

tan (PAO) =22

PA

PO

4m

PO=4mx0.5774
=231m

tan30" =

From a right —angled triangle DAO, by using Pythagoras’ theorem we have:
(50)* + (OAY = (DAY’ i
(50)’ = (DAY - (0A)
= (10 m)* - (4.62 m)* 10 m
=100 m? -21.34 m?

Havre Mathemarics Form Four

DO = f78.66m* =8.87m

-
T o A i62m O
Therefore, the height DO of the pyramid is 8.87 m,
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(b) The projection of BD on the plane ABC is BO. The angle BD makes with
the plane ABC is DBO . Consider the right — angled triangle DBO.

We know that AQ = BO = 4.62 m.

D
From ADBO, we have:
s5in (DEG}:E
o i 8.87
x 8.87 Gl
sin (DBO) = ===
10m
= ]
st B 462m O
DBO =sin! (0.887)
DBO = 62°30".

Therefore, the angle which E makes
with the plane ABC is 62°30,

(c) The planes DARB and ABC intersect in E The lines D_P and E are

perpendicular o E The angle between the planes DAB and ABC is DPO.
Consider the triangle DPO,

From triangle DPO, we have: 3
. . DO D e

tan (DPO ) = — =
(db0) - 22 .,

i (Dﬁﬂ} 8.87 m =
n = &

231 =

= 287 m A

DPO =tan™'(3.84)

Thus, DPO =75°24",

Therefore, the angle between the planes P 231m 0
DAB and ABC is 75°24".
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Exercise 3.4

Answer the following questions:

1. A box has a rectangular base ABCD and P, (, R, § are vertically above,

A, B, C, D, respectively as shown in the following figure:

5 R
P 24 m
: [Q
|8 m
A i2m B

If AB=32m, BC =18 mand CR = 2.4 m, find:

(a) the length of diagonal BR.
(b) the length of the diagonal AR.

(c) the angle between the diagonal AR and the base ABCD.
(d) the angle between the plane ADRQ and the base ABCD.

2. Given a pyramid APQRS on a square base PQRS of side 10 cm.
If AP = AQ = AR = AS =8 cm, find:
(a) the height of the pyramid.
(b) the angle between two opposite taces.
(c) the angle between a face and the base.

aixie Mathesrafics Form Fionr

(d) the angle between the edges SA and Q_A
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3. The following figure is a right prism.
I: H

[

Am

D

Find:
(a) the length of the diagonal ﬁ
{(b) the angle between the diagonal BH and plane ADHE.

4. The following figure EFGH is a right triangular pyramid with base EFG
which is an equilateral triangle. If EF = FG = GE =10 m and

HE =HF =HG =12 m.

H

1Zm

Hosie Maethematios Form Fonr

10 m

10m i
Calculate:
(a) the height HO of the pyramid.
(b) the angle between the planes HEF and EFG.




5. The following figure shows a drawing table with a square top BCEF of
length 2 minclined at an angle 40° to the base ABCD. Find the inclination

of the diagonal ﬁ to the horizontal.

6. The following figure shows a right pyramid OPQRS of height 10 cm ona
horizontal rectangular base of dimensions 6 cm by 8 cm.
(a) Calculate the inclination of the following to the honizontal:

@ (i) the face OQR. @

(ii) the edge OQ.

(b) Calculate the angle between:

(i) the lines SR and OR.
(1) the planes OR(Q) and POS.
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Surface area of three — dimensional figures

3.
4,

Activity 3.4: The concept of surface area of three — dimensional figures
In a group or individually, perform the following tasks:
1.
2,

Draw a net diagram of a closed cylinder with radius r and height A.

Find the surface area of the top and bottom part of the cylinder drawn
in task 1 in terms of r and A,

Find the surface area of the folded net in terms of » and A.

Share your findings with your neighbour.

Right circular cone

A right circular cone is a cone whose vertex is vertically above the centre of the
base of the cone. Consider a right circular cone of radius r, height A, and length

of slant height {.

Let AB, BC, CD, DE etc., be approximately small line segments along the
circular base forming small triangles VAB, VBC, VCD, VDE etc. as shown in

Figure 3.23.

Math F4 {BOOK] (DLMMY) Aug 25 ich 47 @

Figure 3.23: A right circular cone
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Fesre YWeaifvemedios Form Foor

Area of curved surface (lateral surface) of a right circular cone is the sum of

areas of all small triangles VAB, VBC etc.
Area of curved surface of a right circular cone

1 i 1 o
=—(Ix AB) + —(I x BC) + ---
E{K ) E[X )

=%.={ATA+ BC s

The sum of the lengths of the line segmenits that is AB + BC+ CD + DE +--

gives the circumference of the circular base of the cone. That is

AB+ BC + CD + DE +-- =2zr.
Thus,

; ; 1
Area of curved surface of a right circular cone = EJ’ x 2xr

= qrl

Therefore, the area of the curved surface of the right circular cone is 7rf,
Recall that the surface area of circular base is m#°. Hence, the surface area of a
right circular cone is given by:
The surface area of a right circular cone = the surface area of a circular base +

arca of curved surface.
The surface area of a right circular cone = a2 + arl
Therefore, the surface area of a right circular cone is 7{r + /).

Example 3.5

Find the surface area of a right circular cone whose slant height is 10 ¢em and
whose base radius is 8 cm (use x = 3.14).

Solution

The surface area of the right circular cone = .’l’l’.i"[.i""l'f]
=3.14 x8 cm %(8 cm + 10 cm)
=452.16 cm’.

Therefore, the surface area of the right circular cone is 452.16 cm?,

&
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Right cylinder

Consider a right cylinder of radius » and height A, as shown in Figure 3.24 (a).
The curved surface or lateral surface of the cylinder looks like that in Figure 3.24 (b).

Top

i Curved Surface
(Lateral Surface) h

-.._‘_..-- --h"‘-..

i . 4
S
Base

Figure 3.24 (a): Right cylinder
Base
Figure 3.24 (b): Lateral and circular
bases of a right cylinder
Area of the curved surface of the cylinder = Circumference of the base x height
=2arxh
= 2arh
Area of two circular bases of the cylinder = 2 x Area of a circular base
=2 x qrl
= 2ur?
Thus, the surface area of the cylinder
= Area of the curved surface + Area of the two circular bases
= vk + 2nrt
=2xr(h + r)
Therefore, the surface of a right cylinder is 2zr(h + 7).
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Example 3.5

Find the surface area of a right cylinder having base radius 10 cm and height 20
cm (Use x=3.14).
Solution
Let, the radius # = 10 cm and the height & = 20 cm.
The surface area of the right cylinder = 2ar{r + k)
= 2x3.14x10cm x (10 ¢m + 20 cm)
=1884 cm’

Therefore, the surface area of the right cylinder is 1 884 em’.

Right pyramid

A right pyramid is a pyramid in which the slant edges joining the vertex to the
corner of the base are equal. Consider a right rectangular pyramid as shown in
Figure 3.25.

v

Figure 3.25: Right rectangular pyramid

In Figure 3.25, the lengths of VA, VB, VC, and VD are equal and are called

slant edges. The line VK is the line segment joining the vertex to the midpoint
of a side of the base.
Area of one face, say VBC is:

Area of ‘VBC=%E::<W.
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The surface area of a rectangular pyramid = Area of lateral surface + Area of the base
= Area of AVARB + Area of AVBC + Area of AVCD + Area of AVAD + Area of ABCD
Generally, for any right pyramid:

the surface area = Area of lateral surface + Area of the base.

Example 3.6

A right rectangular pyramid is such that the rectangle is 12 cm by 8 cm and

each slant edge is 12 cm as shown in the following figure. Find the surface area

of the pyramid.
¥

Solution
Consider a right — angled triangle VAL where AL =6cm and VA =12cm.

By Pythagoras’ theorem, we have:
VL = (VA - (ALY
VL = J{IZ cm}z —(6 cm]z

= Jl[:-ﬂmn*
= ﬁﬁcm

fasre MWathemotion Form Four
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Also, for a right — angled triangle VKC, by Pythagoras” theorem we have:
(VK)" +(KC)' = (ve)

(VK)'= (V) - (Kc)’
VK = /(VC) - (KC)
VK = /(12 em)’ - (4 cm)’

=J128em®
=8./2 em

Area of lateral surface = Area of AVAB + Area of AVCD + Area of AVBC +Area of AVAD
=2 x Area of AVAB + 2 =% Area of AVBC

=zx[%xﬁxﬁ)+zx[%xﬁxﬁ]

=2(1—x12cmx ﬁﬁcm]+2[lx3cmx B-.fl_r.‘m)
@ 2 2

=723 cm3+64‘j2_ cm?

=2152 cm®

Area of the rectangular base = AB x BC
=12cm = 8 cm

=96 cm?

The surface area of the pyramid = (215.2 + 96) cm?
=311.2 cm?
Therefore, the surface area of the pyramid is 311.2 cm?,
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Right prism

A right prism is a prism in which each of the vertical edges are perpendicular to
the plane of the base. An example of a right prism is shown in Figure 3.26. The
lateral surface is made of faces EABF, FBCG, HDCG, and EADH. The bases
are ABCD and EFGH.

A k]

Figure 3.26: Right rectangular prism

Area of lateralsurface = (AB x BF) + (BC x CG) + (DC = DH) + (AD x DH)
But, E‘—- ﬁ = E = ﬁ ,
Area of lateralsurface = {E+ BC +DC + E} % AE
@ = Perimeter of the base  height ®

Area of the bases = Area of ABCD + Area of EFGH
= 2 x Area of one base.
Generally, for any right prism, the surface area
= Area of lateral surface + Area of the bases.

s

The height of a right prism is 4 cm and the perimeter of its base is 30 cm. Find

the area of its lateral surface.

Solution

Area of lateral surface of a right prism = Perimeter of the base * height
=30cm x 4 cm
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= 120 cm?®,

Therefore, area of lateral surface of the right prism is 120 cm®.




Example 3.8

Find the surface area of a rectangular prism 12 cm long, 8 cm wide, and 6 cm high.

Solution

Eoem

12 em

Area of lateral surface = Perimeter of the base x height
=(12¢m+12cm+ 8 cm+ 8 em) = 6 ¢m
=240 cm?

Areaofthe bases =2 = 12 cm x 8 cm

=192 em?
The surface area of the rectangular prism = Area of lateral surface + Area of the bases
=(240 +192) ecm’

=432 ¢cm’

Therefore, the surface area of the rectangular prism is 432 cm’ .

Sphere
Consider a sphere of radius » as shown in Figure 3.27. The surface area of a

sphere is given by §=dxr’.

Basic Mathematics Form Four

Figure 3.27: Sphere of radius r
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Example 3.9

Find the surface area of a sphere of radius 5 cm (Use 7= 3.14)

Solution
The surface area of a sphere = 4~

=4=x314dxS5cm=x5cm
=314 em’.

Therefore, the surface area of a sphere i1s 314 cm”.

Exercise 3.5

Answer the following questions: 4. The radius of the base of a right
(Use r=3.14) circular cylinder is.7 dm and its
1. The altitude of a rectangular prism height is 10 dm. Find its:
is 4 cm, the width and length (a) lateral surface area.
of its base are 2 em and 3 cm, (b) total surface area. ®

respectively. Find the surface area

of the prism. 5. Calculate the lateral surface area

of the following right circular
2. One side of a cube is 4 dm. Find: ‘cone:

{a) the lateral surface area of
the cube.

(b) the total surface area of the
cube.

7

16 em

3. The following figure is a right
triangular prism whose base is
a right — angled triangle.
Calculate its surface area.
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6. The radius of the base of a right

circular cone s 12 cm. If its

10¢m lateral surface area is 721 cm?,
find its slant height.

7. Calculate the surface area of a
regular tetrahedron of edge 6 units
long.
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10,

1L

12.

13.

The base of a right pyramid is a
rectangle of dimensions 6 cm by
8 cm and the slant edges are each
9 cm long. Calculate its lateral
surface area.

Find the surface area of a right
circular cone whose height is 24 cm
and slant height 25 cm.

Find the surface area of a right
circular cylinder of diameter 8§ em
and height 6 cm.

The surface area of a rectangular
prism is 108 cm?, If the base is
4 cm by 3 cm, find the height of
the prism.

The altitude of a square pyramid
is 5 units and a side of the base
is 5 units long. Find the area of
a horizontal cross — section at a
distance 2 units above the base.

Find the surface area of a right
circular cone of base radius 6 cm
and height 8 cm.

14.

15.

16.

17.

18,

19.

20.

One edge of the base of a square
pyramid is 6 cm long. Each slant
edge is 5 cm. Find the area of the
lateral surface of the pyramid.

Calculate the surface area of a
square pyramid having altitude
4 units and edge of the base 6 units.

Find the area of the curved
surface of a right circular cone of
base radius 3 em and height 4 cm.

Find the surface area of a sphere
with diameter 14 cm.

The radius of one sphere is twice
the radius of a second sphere.
What is the ratio of their surface
areas?

If the earth is a sphere of radius
6 400 km, find its surface area.

Find the radius of a sphere whose
surface area is 108 cm?.
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Exercise 3.6

Answer the following questions:

(use 7= 3.14)
1. Calculate the volume of the
following right prisms.

6 cm

_&.__.é"-\_?
L e

oy Ly
4 i

Find the volume of a wire of
length 1 km with circular cross—
section of radius 0.5 cm. Give
your answer in cubic metres.

Eight litres of water are poured
into a cylindrical jug of inside
diameter 20 em. Calculate the
height of the water level.

The cross — section of a right prism
18 dm long is an isosceles triangle
with sides of dimensions 5 dm,
5 dm, and 8 dm. Calculate its
volume.

The volume of a right triangular
prism is 1 200 e’ If the magnitude
of its base area is three times its
eight, find the height of the prism.

A garden roller is 28 cm in diameter
and 30 cm wide. Calculate its
volume,

10.

11.

12,

13.

14,

15.

Find the volume ofa right circular
cylinder of diameter 80 mm and
height 150 mm.

A cylindrical pipe of outer diameter
10 ¢cm is 2 cm thick. What is the
diameter of the hole? Find the
volume of material in such a pipe
of length 30 cm.

A lateral edge of a right prism is
4 ¢cm and its base is an equilateral
triangle with perimeter 30 cm.
Calculate its volume.

Find the volume of a right prism
whose base is a regular hexagon
with a side of the base 4 cm long
and its height 1s 10 cm.

The length of the diagonal of the
base of a cube is 2.3 ¢m. Find the
volume of the cube.

Awater pipe made of material 1 cm
thick has an external diameter of
8 cm. Find the volume of matenal
of the pipe 100 m long.

The radius of the base of a right
circular cylinder is 2.5 dm and its
altitude is 5 dm. Find the volume
of the cylinder.

The outside dimensions of a
closed metal rectangular box are
16 cm, 28 cm, and 40 cm. If the
metal is 2 cm thick, what are the
inside measurements of the box?
Find the volume of space inside
the box.

The altitude of a right rectangular
prism is 4 dm, and its base is 5 dm
long and 3 dm wide. Find the
volume of the prism.

[_
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Volume of pyramid

Consider a triangular prism shown in Figure 3.30 which 1s cut into three triangular
pyramids AEFG, ACFG, and ADCF as shown in Figure 3.31.

E (i

D

Figure 3.30: Triangular prism

A

C
Figure 3.31: Three triangular pyramids from the trianguiar prism
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The pyramids AEFG and ACFG with bases AEF and ACF, respectively have a
common vertex F.

AAEF .. AACF (by S58 theorem).

Therefore, the pyramids have the same base area. Since they have the same vertex F,
they have the same altitude.

Volume of Pyramid AEFG = Volume of Pyramid ACFG.
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Similarly, pyramids ADCF and ACFG with the bases DCF and FCG, respectively

have a common vertex A.
Thus, ADCF ~AFCG (By 58S theorem).

Therefore, the pyramids have the same base area. Since the pyramids have the

same vertex A, then they have the same altitude.
Thus, Volume of the pyramid ADCF = Volume of the pyramid ACFG.

Theretore, it follows that the three pyramids have the same volume.
But, Volume of prism = Base area x height.

1
Therefore, volume of each pyramid = EI:EESE: area x height).

Generally, the volume of a pyramid is one third the product of its altitude and
its base area.

Calculate the volume of a square pyramid whose altitude is 10 cm and a base
of length 6 cm.

Solution

1
Volume of the square pyramid = > (base area x height)
1
Vo= 551'1 where B is the base area and % is the attitude.

= %{ﬁmxﬁcm)xlﬂm

= 120 cm’

Therefore, the volume of the square pyramid is 120 cm’,

Volume of a cone

Consider a cone of radius » and altitude A as shown in Figure 3.32,

A s



I vercise 3.7
Exercise 3. (b)

Answer the following questions:
(use r=3.14)

1. Calculate the volume of each of
the following right circular cones:

(a)

3. Show that the volume of a squarg
pyvramid whose lateral faces are
equilateral triangles of side x i3

X2
6
4.  Find the volume of a square pyranmd

of height 24 cm and slant edges
25 cm each.

cubic units.

(b)

5. Calculate the volume of a right
pyramid if the area of the regular
hexagonal base is 90 cm?, and its
altitude is 12 em.

6. The base of a right rectangular
pyramid is 8 em, and each slant
edpe is 9 cm long. Find the volume

2. Calculate the volume of each of of the pyramid.

the following right pyramids: 7. The volume of a cone is 120 cm’
and its altitude is 5 em. Find its
base area.

%.  The slant height of a cone is 20 cm
and the radius of 1tz base 15 12 cm.
Find its volume in terms of .

9. The radius of the base of a right
circular cone 15 6 cm, and s

12 cm volume is 7207 cm®. Find its:

(a) altitude.

(b) slant height.
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Revision exercise 3 (a)

Answer the following questions:

1. Draw a net for each of the following geometrical figures:

(a) (b)

(c) S (d)

2. Foreach of'the following prisms, copy its net and label the remaining vertices:

@ (a) (b) ®

(c) (d)
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3. Aright square pyramid ABCDV has a base ABCD of length 8 cm and height
6 cm vertically above the centre E of the base.
{a) Draw an oblique projection of the pyramid.
(b} Calculate the length BV.
{c} Find the angle between the planes AVC and BVD.
{d) Isittrue that CV and AB are skew lines?
(e) Calculate the angle between the planes BCV and ABCD.
4. In the following pyramid, the face VAB is an equilateral triangle with sides
of length 6 cm, CA=10cm, CB=10cm and CV =8 cm,

(a) State which angles formed by adjacent edges are right angles.
(b) Copy the figure and mark: aw
(i) the angle between the planes VAB and CAB by x.
(ii) the angle between planes VBC and VAC by .
5. ABCD is the base and EFGH 15 the top face of a cube. AG isa diagonal of a
cube and AB = 10 cm.
(a) Calculate AC and AG.
(b) Find the angle between AG and the base ABCD,
6. The following figure shows a regular octahedron with 5 cm long for each
edge. A
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(a) Name two squares which are congruent to BCDE.
(b)Y Find the volume of the octahedron.,

]
(Hint: Volume of pyramid =3 (Arcaofthebase) x (Perpendicular height)).

7. A school hall is 28 m long, 21 m wide, and 12 m high as shown in the

following figure.
B C
X
A i D : ¥
w 7

Find the angles between:
(a) WC and the plane CDZY.
(b) the planes WBCZ and XBCY. &

8. The base of a right pyramid is a rectangle of dimensions 12 cm by 8 cm
and the slant edges are each 15 cm long. Calculate its:
(a) curved surface area.

(b) surface area.

9. The following figure represents the right rectangular prism,

fasre Wathematics Form Four

.............................................

14 cm

I3 cm

If the surface area of the prism is 1 144 ¢m?, then find its height.




10. The base of the pyramid PABCD is a square whose side has length 10 cm.
If each of the other faces is an equilateral triangle of side 10 cm as shown in
the following figure:

: A 10 em
Find:

{a) the projection of AP to the base.

(b) the height of the pyramid PO.

{c) the angle with which each face makes with the base.
(d) the angle with which the edge PC makes with the base.

11. The given figure represents a room of dimensions 6 m by 5 m by 4 m.

5 R
: 4m
T / 2
FD """ C
Sm
A bm B

{a) Calculate the diagonal AR.
(b} Find the angle AR makes with the floor.
{c) Find the angle with which the plane SABR makes with the floor.

12. The face of a desk is a rectangle ABCD, where AB =2 c¢mand BC =1 cm,
and slopes at 30° to the horizontal. Calculate the angle which the diagonal

A_C makes with the horizontal.
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basic Mathemarics Form Four

13. Aright pyramid ABCDV has a square horizontal base ABCD of side of length

8 em. If Visa vertex and VA = VB = VC = VD = 12 ¢m, calculate:
(a) the perpendicular height of the pyramid.

(b) the angle which VA makes with the horizontal.

(c) the angle with which the plane VAB makes with the horizontal.
(d) the angle between VA and VC.

Revision Exercise 3 (b)

Answer the following questions:
{use x=3.14)

5

Find the base radius of a right
circular cone having height of 5 cm
and a volume of 2 310 cm’,

The base of a right pyramid is a

square with a side of length 4 cmand

the height of the pyramid is 6 cm.

Find:

(a) the volume of the pyramid.

(b) the lateral surface area of the
pyramid.

The base radius of a right circular

cone is 6 cm and its height is 9 cm.

Find in terms of ;

(a) the volume of the cone.

{(b) the area ofthe curved surface,

The area of a regular pentagon
inscribed in a circle of radius r is
15 em?. Calculate the diameter of
the circle.

The lengths of two sides of a
triangle are 10 ¢em and 12 em. If
the area of a triangle is 58 cm?,
find the value of the included
angle.

A rectangular prism is 8 cm
long, 7 cm wide, and 5 cm high.

10.

11.

12;

Calculate its:

(a) volume.
(b) surface area.

The area of a spherical surface is
616 cm’. Find its radius in terms
of x.

The radius of the base of a right
circular cone is 10 cm, and its
volume is 720z cm?. Calculate its

height.

Find the surface area of a sphere
of diameter 18 cm,

A hole of radius 2 cm is drilled
through the centre of a right
circular cylinder whose base radius
is 3 cm and altitude 4 cm. Find the
surface area of the resulting figure,

A triangular prism is such that the
sides of the base are 6 cm, 8B cm,
and 10 cm. If the height of the
prism is 20 cm, calculate its:

(a) surface area.

(b) wvolume,

Calculate the lateral surface area
of a triangular prism if the sides of
the base are Scm, 5 cm, and 8 cm,
and its height is 8 cm.
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13. Findasurfaceareaofarectangular '16. In a hemispherical solid, a conical

prism 20 ¢m long, 12 cm wide, part i1s removed as shown in
and 8 cm high. following figure. Find the volume

14. Calculate the volume of a right and surface area of the resulting
regular pentagonal prism of radius solid figure.

10 cm and height 10 cm.

15. A rnight circular cylinder 2 dm high
holds 30 litres of water. Find its
internal radius.

Projecl 3

1. Write down the methods for finding the surface areas of prisms, cylinders,
pyramids, and cones. Hence, compare the methods.

2. Materials: cubes/blocks.
Step 1: Make a prism like the one shown in the following figure.
Step 2: Make at least three different rectangular prisms.

(a) Assume that the edge of each cube represents 1 unit then, the area of

each surface of each cube is 1 square unit, and the volume of each -*-f
cube is 1 cubic unit. Copy and complete the following table. Z
Prism Area of base Height Volume -E

L 6 2 12 E

2nd =

3% =

4t 5

=

(b) Find the area and volume of the prism.
{¢) Describe how the areas of the base and the height of a prism are related
to 1ts volume.

3. Coastal Soap Company have hired you to design a new soap container. The
company wants the container to be a right cylinder that will hold 150 cubic
centimetres using as little material as possible. How would you design the
container that will meet the needs of the company?

9
®
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Chapter Four

Probability

Introduction

In everyday life, we are always faced with situations involving uncertainties.
For example, when two equally strong football teams play a mateh, it is difficult
to predict the outcome of the game. One team may win while the other loose
the game or the match may end in a draw: Similarly, when a fair die is rolled
once, it is not easy to tell in advance which of the numbers 1 to 6 will show
up. In predicting such uncertainties, the theory of probability is applied.
In this chapter, you will learn the meaning of probability, how te apply the
knowledge of probability to determine the occurrence of an event in real life
situations, to determine the probability of an event through experiments,
interpret experimenial results in relation to the real life situations. Morever,
& you will learn to calculate the probability of combined evenis using a formula, ®
perform experiments of twe combined events, and draw tree diagrams of
combined events. The competencies developed will help you to predict the
occurrence of some events in different fields such as science, technology,
commerce, economics, social sciences, sports, and other daily life activities.

— e .

Meaning of probability

Activity 4.1: Defining probability

In a group or individually perform this activity using the following steps:

1. Mention any four coins which are in use in our country.

2. Identify the number of faces of each coin mentioned in step 1.

3. Identify the features found in each face of the coin mentioned in step 1.

4. Choose one coin and toss it 20 times. Record your observations or outcomes.
5. Using the result of step 4, estimate the probability of occurrence of each
outcome.

Use step 5 to deduce the meaning of probability.

6. Share your findings with your neighbours for discussion.
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The concept of probability occurs in different life experiences as illustrated by
some practical experiments shown in Figure 4.1,

Figure 4.1: Playing cards, dice, and coins

Probability occurs when conducting practical experiments such as tossing a coin,
rolling a die, playing cards, and many other experiments resulting into more than
one gutcome,

Probability in everyday life

In predicting uncertainties, the theory of probability is often applied. Probability is
a branch of Mathematics which deals with the analysis of random phenomena.
It provides quantitative occurrences of situations or events. In other words, it is a
measure of chances.

Activity 4.2: Dﬂermining:the. measure of chances of an event
In a group or individually, perform this activity using the following steps:
1. Using manila sheet, draw a number line as shown in Figure 4.2,

P

0
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Figure 4.2: A mumber line from 0 fo 1
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2. Locate the estimate of occurrence for each of the following situations or
events on the number line in step 1:

(a) You will have Basic Mathematics homework tonight.
(b) A baby to be born today will be a girl.

(c) The local meteorologist predicts a 40% chance that it will rain
tomorrow.

(d) It will rain in your town in December.

(e) A student chosen by chance from your class is wearing jean trousers.
(f) A student will score 100% in final Basic Mathematics examination,
(g) Your grandparents will live 200 years.

(h) You will live forever.

3. Share your findings in step 2 with your neighbours for more inputs.

The sample space and the possible outcomes of an event

Suppose that a fair coin 15 tossed once. The expected results from this experiment

i are the head (H) or tail (T) showing up. The results of the experiment are called
outcomes. A set of all expected outcomes from the experiment are called sample
space, which is denoted by a letter 5.

A specified outcome is called an event, and is denoted by a letter E. For example,
in this experiment of tossing a fair coin once, the outcome that a head shows up
is an event. It is a subset of the sample space. Thus, $ = {H, T} and E = {H}.

In an experiment, the event that may not occur is denoted by E'. For example, in
tossing a fair coin once, if the head (H) shows up then an event set is written as
E = {H}. The event that the head does not show up is writien as E = iT}.
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Activity 4.3: Finding the sample space of the experiment

Perform each of the following experiment in a group or individually and write
the respective sample space:

1. Roll a six sided fair die once.
2. Play cards.
3.  Share your findings with your neighbours for more inputs.

S T 1



Example 4.1

If a fair die 1s rolled once, find:
{a) the sample space of an experiment.
(b} the set of event for the occurence of an even numbers.

{c) the set of event that an even number does not occur.

Solution

(a) The sample space for the experiment is, S = {1, 2, 3, 4, 5, 6}.

(b} The set of event for the occurence of an even number is, E= {2, 4, 6}.
(c) The set of event that an even number does not occuris, E = {1, 3, 5}.

In an experiment of selecting an even number less than 20. Find an event set for
the multiple of 3.

Solution

Let E denotes an event of multiple of 3.
The sample space for the experiment is, S = {2, 4, 6, 8, 10, 12, 14, 16, 18},
Therefore, the event set for the multiple of 3 15, E = {6, 12, 18},

Example 4.3

Find an event of not selecting an even number from a set of counting numbers
less than 9.

Solution

k,
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Let E' denotes an event of not selecting an even number.
The sample space for the experiment is, S= {1,2,3, 4, 5,6, 7, &}

Thus, the event set for even numbers is, E = {2, 4, 6, §}.
Therefore, the event of not selecting an even number is, E' = 8 P . T ]
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Exercise 4.1

Answer the following questions:

‘Write a sample space for each of
the following experiments:

(a)

(b)

(c)

(d)

(e)

A fair die is rolled once and
the face showing up is read.

Two teams play a football
match.

A friend is asked for the
month of his birthday.

Anna asked Juma the day
of the week he wisited his
grandparents.

A card 1s drawn from a box
containing five cards bearing
the numerals 2, 4, 6, 8, and

10.

Write the set of specified events
in each of the following
experiments:

(a)

(b)

{c)

When a fair die 15 rolled, the
number obtained is greater
or equal to 5.

Odd numbers between () and
10 whose product is 3.

A prime number between 20
and 40 is chosen.

(d)

(€)

Cards with odd numbers
chosen from a pack of cards
bearing the numbers 1 up to
20.

Names of days of the week
which begin with consonant
letter,

Write in set notation the elements
of each of the following events:

(a)

(b)

(c)

(d)

(e)

A fair die 15 rolled and the

number showing up is not
less than 3.

Names of months which do
not begin with letter “J”.

Odd numbers chosen
between 4 and 15.

The complement of set E
where the set of sample
space isS={a, b, c,d, e}
and the set of event i
E={b,d, e}.

The complement of event set
E when the possibility set is
S = {Jane, Issa, Bakari} and
E = {Jane, Issa , Bakari}.

od@l 214 P




Probability of an event

The probability of an event is determined from the following experiment.

Consider an experiment of tossing a fair coin 10 000 times and the results recorded
as shown in Table 4.1.

Table 4.1: An experimental results of tossing a fair coin

| Experiment | Number | Number | Number |Ratio of heads | Ratio of tails
of tosses | of heads | of ¢ajls |_occurrences | occurrences
First 100 100 54 46 | 0.54 0.46
First 500 500 254 246 | 0.508 0.492
First 1 000 1 000 501 499 0.501 0.499
First 5 000 5 000 2 516 2 484 0.5032 0.4968
All 10 000 10 000 4 979 5021 0.4979 0.5021

Observations of column 5 and 6 in Table 4.1 reveal that, the ratio of the number
of heads and the total number of tosses as well as that of the tails comes closer
to 0.5 000 as the number of tosses increases. This ratio is called the observed
relative frequency of the event. Using this experiments, it can be deduced that
the probability of an event, P(E) is;
£ P () = Number of outcomes in the event a»
Number of outcomes in the sample space

n(E)

or P(E)= :
where P(E) is the probability of an event, n( E) is the number of outcomes in the
event and n(S) 1s the number of cutcomes in the sample space. The probability

found using experiments such as of Table 4.1 is called experimental probability.

Activity 4.4: Finding the relative frequency of an event
In a group or individually perform this activity using the following steps:
1. Toss a fair coin 100 times.

2.  Record the results for the first 20, 40, 60, 80, and all 100 tosses in a form
similar to Table 4.1.

3. Calculate:
(a) the ratio of the number of heads occurrences to the total number of tosses.
(b) the ratio of the number of tails occurrences and the total number of tosses

4. Compare your results with those obtained in Table 4.1.
5. Present your findings to the class for discussions.
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A drawing pin was tossed 1 000 times, where as the pin fell flat in 563 tosses.
Find the probability that when such a pin is tossed, it will fall flat.
Solution

Let E represents the number of tosses where the pin fell flat.
Given n{E) = 563, n(S) =1 000

Probakilitv of __Number of pins fell flat
ity of an event = =l number of tosses
n(E)
P(E)=
(B)=— ®)
7 ﬂ = (0.563
1 000

Therefore, the probability that the pin will fall flat is 0.563 .

Example 4.5

A certain factory manufactured torch bulbs. If 5% of the manufactured torch
@ bulbs were defective. What is the probability that a bulb from the factory will be @®
non—defective?

Solution
Let E be 5%, the percentage of defective torch bulb.
E'be 100% — 5% = 95%
the percentage of non defective torch bulb.
Thus, n(E’)=95
n(S) = 100
Hence, P(E") = lf)
’ n(S)
95
100
= 0.95
Therefore, the probability of a bulb being non—defective is 0.95.

In general, the formula for probability of an event is defined under conditions that
every expected outcome has an equal chance of occurring as others.

Phrases such as selection at random and fair die or fair coin are used to imply that
the choice is impartial, that is, each event have equal chance of occuring.
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Steps for calculating the probability of an event:

1. Identify the elements of all the outcomes, that is, the sample space.
2. Define the elements of the event, that is, identify the set of events.
3. Calculate the probability of an event using the formula,

P(E) =;E§]}

A fair coin is tossed once. Find the probability that a head will occur.

Solution
Let E denotes the event that a head will occur. Hence, the sample space and
eventare S = [H, T} and E = {H} respectively.

Thus, n(8)=2 and n(E) =1.

<DE)

P(E) =

Therefore, the probability that a head will occur is % :

Distinguish the red and white pieces of chalks by the letters #, rnand w, w,,
wy respectively,
Then, the sample space, S = {r,r,, w, w,, w,}, thus n(S) = 5.
The event, E= {r, r,}, thus n(E) =2
n(s)
2

5
Therefore, the probability that a piece of chalk picked is red 15 % :

A piece of chalk is picked at random from a box containing 5 identical pieces, ':';_
two of which are red and three are white. Find the probability that the piece of =
chalk picked is red. £
Solution E
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Example 4.8

Find the probability that a king appears in drawing a single card from an ordinary
deck of 52 cards.
Solution
Let E denotes the event that a king appears.
n(8)= 52, n(E)= 4 since there are 4 kings in one ordinary deck of 52 cards.
p(E)="E)
n(s)
N 4
52
oyl
13

Therefore, the probability that a king appears is % .

Remember that the event that E does not happen is given by the complement of
E, which is E. From set notation, the set of all outcomes is § and are related to

those in E and E’ by the following relation:
n(S) = n(E) + n(E')

But, p() = “LE) M

Then adding equations (1) and (2) gives:

P(E)+P(E')

[
=]
—
[0
|
+
=
r—
A
'

n(E) + n(E")

- n(S]

,where n(E)+n(E") = n(S)




Hence, P(E) + P(E')= 1 which can also be written as P(E')=1-P(E)
or P(E)= 1-P(E’); where P(E) is the probability of an event E 1o occur and
P(E") is the probability of an ¢vent E not to occur.

Note: The probability of an event is | when there is complete certainty that it will
occur, The complete certainty is also known as a sure event. The probability of an
event is 0 when the event is impossible to occur. Generally, for any event E, its
respective probability lies between () and 1 inclusively; thatis, 0 < P(E) <1 and
can be expressed as fraction, decimal or percentage. The closer the probability of
an event to 0 , the less likely the event is to occur. The closer the probability of an
event to 1, the more likely the event to occur. In set notation, an impossible event

is denoted by © or { } (empty set).

Example 4.9

@ Find the probability of not getting a prime number when a fair die is rolled once. @

Solution
The sample space, S=1{1,2, 3,4, 5,6}, thusn(85)=6

Let E denotes the event of getting a prime number,

Then, E= {2,3,5} P
E'=11, 4,6} v
yen _n(E)
P(E')= = 3
n(S) s
3
6 3

o

2

Therefore, the probability of not getting a prime number is % .
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The probability of selecting a red ball from a box containing red and green balls
is % Find the probability of not selecting a red ball.

Solution
Let E be event of selecting a red ball, then E' is the event of not selecting a red ball.
From P(E)+P(E) = 1

Then, P(E) = 1 — P(E), but P(E)=i

i ; . 3
Therefore, the probability of not selecting a red ball is a3

Example 4.11 -
@

When rolling a fair die, what is the probability of getting a number greater or
equal to 17

Solution

Let E denotes the event of getting a number greater than or equal to 1.

The sample space, S={1,2,3,4,5,6},n(8)=6

Then, E= {1,2,3,4, 5,6}, n(E) =6

o2
6

6
=1

=1

Therefore, the probability of getting a number greater than or equal to 1 is 1.
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Activity 4.5: Finding the probability of an event

In a group or individually perform the following tasks:
1.

Toss a 500 shillings Tanzanian coin on a flat hard surface and note whether
it shows a buffalo or a head. Find the probability that a head shows up by
making;

(a) 10 trials of the experiment.

(b) 20 trials of the experiment.

Write your name on one side of the box with six sides. Drop it 15 times on
the floor. Record the results and find the probability of seeing your name
on the top side of your box.

Open any page of a book and count the number of a’s and the total number
of letters in one line of the page. Find the probability of getting a letter ‘a”
in that particular line.

Investigate the birthday of each student in your class and give the
experimental probability that any student picked out from your class has a
birthday in March.

Share your findings with your neighbours through discussion, for more

inputs,

Exercise 4.2

Answer the following questions:

I-

1 A ° e

Find the probability for each of

A ) the following events:
A fair die was rolled 100 times,

the six numbers and their (8) 5 sppoacs
frequency of occurrence are (b) 3 appears
summarized in the following (c) aneven number appears
table: (d) aprime number appears,
Number | Frequency 2. Aclass has 18 boys and 22 girls,
1 14 If a student is selected at random
3 17 from the class, find the probability
3 50 that the selected student is a girl.
4 18 3. A survey conducted at a certain
maternity ward showed that 60%
3 15 of the children born were females.
6 16 Find the probability that a child

born in that ward is a male.
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10.

In 5 pages of a certain book,
the number of letter ¢ and the
number of all letters were 155
and 1 455 respectively. Find the
probability of a letter e occurring
in a collection of all letters in
those 5 pages of the book.

A box contains 300 bolts and
700 nuts, If one item is picked
at random from the box, find the
probability that it is a nut.

A survey of patients’ blood groups
in a certain hospital showed that
25 out of 100 patients had group
O positive. Find the probability
that the blood group of a patient in
that hospital is group O positive.

Find the probability that a month
selected at random from the
twelve months of the year will
have:

(a) 31 days (b) 30 days.

The winning tickets for selling
20 000 lottery tickets are five.
If a ticket is picked at random,
what is the probability that it is a
winning ticket?

If a fair die is rolled, find the

probability that a number divisible
by 3 appears.

Six identical cards bearing the
names Maria, Al, Juma, Idi,
Elizabeth, and Lea are put in a
box and one card is drawn. What
is the probability that the card
chosen has:

(a) agirl’s name?

(b) aboy’s name?

(c) Lea’s name?

& 1

12,

1

14.

15.

A card is selected at random from

50 cards numbered 1 to 50. Find

the probability that the number

on the card is:

(a) divisible by 5

(b) aprime number

(¢) atwo digit number ending
with the digit 2.

A box contains 6 volleyballs and
& footballs of the same size.

If one ball is picked at random,
what is the probability that it will
be a foothall?

One hundred packets of tea leaves
were weighed and the following

results were obtained.
M'ass_in i _Numﬁer nf
grams packets
490 —494 18
495 — 500 30
501 - 504 30
505 — 510 2

Find the probability that a packet
of tea leaves picked at random
will weigh:

(a) more than 500 grams.

(b) less than 495 grams.

Find the probability that a year
selected at random from the years;
1949, 1950, 1951, 1952, 1953,
and 1954, will be a leap vear.

If the probability that it rains in
Dar es Salaam on 1* April in any
year is (.4, what is the probability
that it will not rain in Dar es
Salaam on 1* April next year?
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16. There are 40 boys in Juma’s class.

17.

18.

22 of them are chosen at random
to play a football game. Find the
probability that Juma will not be
chosen.

Find the probability of picking
a white bead from a box which
contains 144 white beads.

If Sara is pregnant, what is the
probability that her baby will be
born a girl?

19

20.

The probability of winning a game
is 0.459. Find the probability of
not winning the game,

Find the probability that a number
selected at random from the
numbers; -4, -2, 0,2,4,and 16
will be a solution set of the
equation x* - 2x-8=10.

Combined events using tree diagrams, tables, and formulae

1.

into your desk.
Count the number of heads.

Keep track of each trial like the one shown in Table 4.2.
Table 4.2: Experimental trials of tossing a coin twice

Activity 4.6: Finding the probability of the two combined events
In a group or individually, place two fair coins on a plate and toss them

Trials HH

TH

HT T

Number of tails

Number of heads

Find the experimental probability that two heads occur.
Share your findings with your neighbours through a discussion,

Combined event are more than one event which occur together in one experiment.

Consider the experiment of tossing two fair coins at the same time. Let the event

of interest be E = {Obtaining two heads}.

In this case, there are two simple events which are:

E, = {Obtaining a head on the first coin} and

E, = {Obtaining a head on the second coin}
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Two or more simple evenis represented by a single event are called combined
events. In this case, the event E is a combination of the simple events E, and E..
Finding the probability of combined events, requires the use of tree diagrams,
tables, or formulae.

{a) Tree diagram of combined events
A tree diagram is one of the ways of organizing outcomes in order to identify
the possible combinations of the outcomes. The possibility set can be found
using a tree diagram as shown in Figure 4.3,

First coin | Second coin
H

Start

- BTN ANRER ARERA ERRS . IE AR

Figure 4.3: Experimental resuits of tossing a fair coin
twice by using the troe diagram

From Figure 4.3 there are four possible outcomes. Hence, the sample space
tor the experiment 15, S = {HH, HT, TH, TT}.

Basic Wathematics Form Fanr

(b) A table for combined evenis
A sample space can be found without using the tree diagram. For example,
in the preceding experiment, one could obtain the results of the experiment
using the technique shown in Table 4.3,




Table 4.3: Tossing two coins whose sides are Head (H) and Tail (T)

2% ~nin

H T
E
3 HH | HT
T S B IR

From Table 4.3, the sample space, 8 = {HH, HT, TH, TT}.

A table can be used in finding the possible outcome of combined events. This
means that both coins can show heads or one can show a head while the other
shows a tail or both cons can show tails.

B @200 0

" A fair die is rolled and a fair coin is tossed simultanecusly. Find the sample space

- and hence determine the probability that a head and a number less than 3 will occur.
Solution

. Start with rolling a fair die. From one point, draw six line segments indicating

' the possible outcomes (the six numbers) on the die as shown in the given figure.

Then to each of these line segments, draw two branches to indicate the possible
. outcomes of the head and tail of the fair coin.

Die | : Coin

Basie Mathematics Form Four
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From the diagram, there are twelve possible outcomes.

Let E denotes an event of a head and a number less than 3 to occur.
The sample space,

S = {1H, IT, 2H, 2T, 3H, 3T, 4H, 4T, 5H, 5T, 6H, 6T}, n(s) =12
The event, E = {IH, 2H }. n(E) =2

n(E}
Thus, P(E)= ﬁ

=
2

1
e
6
Therefore, the sample space, S = {1H, 1T, 2H, 2T, 3H, 3T, 4H, 4T, 5H, IST, 6H, 6T}

and the probability that a head and a number less than 3 to occur is e

Example 4.13

@

A fraction is written by selecting the numerator from the digits 1, 2, 3 and the
denominator from the digits 6, 8.

(a) Find the sample space of this experiment.

(b) Find the probability that the fraction written is less than %

Basic Mathematics Form Fonr
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(a) Draw a tree diagram as shown in the following figure:

Numerator

ﬁcnumhatnr

Start

e S S e e s

1 1 28 3
Th fﬂl’ ,th IE e P ot} = . it Tl
erefore, the sample space, S {ﬁ A E}

(b} Let E denotes an event that a fraction written is less than l,
1122 E}
6 8 68 8]
n(E)=35 and n(S) =6

n(E)
u(S
5

6
Therefore, the probability that the fraction written is less than % 18 %

thus,E={

i
=
=

=
o~

-
.
B
L
=

L.
F
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=
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L3

e
-
£i

2=

Thus, P(E)=

!
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Alternatively, the outcome can be found as shown in the following table:

MNumerator
1 2 3
Denominator
I 2 3
6 516 | &
1 2 3
3 o = ==
8 8 8
1 k 22 33
a) Therefore, the sample space, S=+—, —, —, —, —, —
() RERCE {6 86 86 s}
1 2 235
Theevent, E={—, —, —, —, = n(E)=35 and n(5) =6
(b) {ﬁ 26 3 E} (E) (S)
n(E)
Thus, P(E)=
us, P(E) n[Sj
® =3 ®
6

Therefore, the probability that the fraction written is less than % is %

In a family of 2 children, what is the probability that:
(a) all are girls?

(b) oneis a boy and the other is a girl?

(c) at least two are boys?
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Solution

Let B denotes an event that a family has a boy chald.
Let G denotes an event that a family has a girl child.
Draw a tree diagram as shown in the following figure.

First bofn | Second born
. B

Then, the sample space is, S = {BB, BG, GB, GG }, thus, n(8) = 4.
(@ E={GG}, n(E)=1

@) E=[BG,GB}, n(E)=2 £

e :% ) P[Ei = 1+ n(E) E

n e e,

n(s) i

1

4 = % £
Therefore, the probability that all ] :'E
children are gitls is % = =

Therefore, the probability that one child
is a boy and the other is a girl is %
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() E={BB}, n(E)=1

n(E)
n(S)
1

4

P(E)=

Therefore, the probability that at least two children are boys is % .

(¢) The probability of combined events using a formula
It A and B are any combined events from a sample space 5, then;
P(AUB) = P(A) + P(B) - P(AMB)

Exampl 4.15

=
"
.
P
I

If P{A}_ ,P(B) = andP{AhB]

Solution

From P(AUB) = P(A) + P(B) — P(ANB)

s GO

S e ———

43 6
_3+4-2
12
=
12

Therefore, P(AUB) = 2.

12

= ﬁndP{AuB)



Example 4.16

A student picked a pair of socks out of his drawer without looking in it. IT he has
3 pairs of black socks, 4 pairs of brown socks, 3 pairs of black sport socks, and 5
pairs of white sport socks. Find the probability that the student will pick a pair of
black socks or a pair of sport socks.

Solution
The events are inchusive because a pair of socks can be both a sport and black.

P (black socks) = I%’ P (Sport socks) = % . P (black and sport socks) = %

P (black or sport socks) = P (black socks) + P (Sport socks) — P (black and sport

socks)
= ah
1515 15
11
@ i C

Therefore, the probability that a student will pick a pair of black socks or a pair

of sport mcksis%.

{d) Mutually exclusive events

Events are mutually exclusive if they cannot occur together. For example, two
students entering the same race, the event that one student wins and the other
wins too cannot happen together.

For two mutual exclusive events A and B, we have P(AUB) = P(A) + P(B).

For mutual exclusive events, P{A™B) = 0 since the events cannot occur together.
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Example 4.17 |

The probability that team A will win the football league is % . and the probability
1

- . What is the probability that a team will win the football

that team B will win is
league?




Solution

1
P (team A to win) = é P (team B to win) = 7

P (a team to win) = P (team A to win or team B to win)
= P (team A to win ) + P (team B to win)
1. 4

5 7
7+3
35
_l2
~ 35
Therefore, the probability that a team will win the football league is ;—i

Examp!e 4.18

There are two prizes. The probabilities that Asha will win the first or second prize are

1 1
e — tively. Find th ility that il wi f'the prizes.
@ T and 2 respectively. Find the probability that she will win one of the prizes B
Solution
" P{Asha winning the first prize) = 10
= 1
& P{Asha winning the second prize) = 2
;: P{Asha winning one of the prizes) = P{Asha winning the first or second prize)
-E:E = P( Asha winning the first prize) + P{Asha winning the second prize)
E 11
2 e e
3 10 &
_ 445
40
=
40

Therefore, the probability that Asha will win one of the prizes is ;—6

T
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{¢) Independent events

Two events are said to be independent if the occurrence of one does not affect
the occurrence of the other. For example, when a fair coin is tossed twice, the
outcome of the first toss does not affect the outcome of the second toss.

When two events A and B are independent, the probability of both to oceur is

P(A and B) = P(A) x P[B), or P(A ~ B} =P(A) x P(B),

Famile

Give that P(A) = 0.6 and P(B) = 0.4, find P(A~B) if A and B are independent
events.
Solution
Given P(A) =06, P(B) =04
Then P(ANB) = P(A) x P(B)
=0.6x04
=0.24
Therefore, B{A~B) = 0.24,

Pample 20

A fair coin is tossed and a fair six sided die is rolled. Find the probability of
landing on the head side of the coin and rolling a 3 on the die.

Solution

P (Landing on the head side) = P(H) = —

[

1
P (rolling a 3 on the die) =P(3) = =

P(H and 3) = P(H) = P(3)
_1.1
2% 6
1

e
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12
Therefore, the probability of landing on the head side of the coin and rolling a

%]
3 on the die is B




Basic Mathematics Form Four

Exercise 4.3

Answer the following questions:

1. Twao fair coins are tossed
simultaneously.
Find the probability that:
{a) two heads appear.
(b) one head appears.
(c) two tails appear.

2. If a two digit number is written
choosing the ten’s digit from the
set {1, 2, 3} and the one's digit
from the set {5, 6}, find the
probability that a number greater

than 20 will be written,

3. A pair of fair dice is rolled. Find
the probability that the sum of the

two numbers showed up 1s:
(a) atleast &

(h) atmost 10

{c) exactly7

(d) exactly 1

4. A regular tetrahedron having its

faces marked 1, 2, 3, and 4

rolled and a fair die 1s rolled.
The number facing down on
the tetrahedron and the number
showing up on the die are read.
Find the probability that the sum

of the numbers involved is:
(a) 8
(b) 9
(c) 10
(d 11

5. A far die and a fair coin are
tossed simultaneously. Find the
probability that a number greater

than 4 and a tail will appear.

10.

In a family with 2 children, what
is the probability that:

{a) both are boys?

(b) at most two girls?

Maria has two blouses. One is
green and the other is yellow. She
also has three skirts, which are
blue, white, and black. What is
the probability that she will put
on a yellow blouse and a blue
skirt?

In a certain village there are two
horses. One is brown and the
other is white. Three boys, David,
Issa, and Stephen want to ride the
horses. What is the probability
that a boy will ride a white horse?

A Fumiture Company has four
designs for chairs and  three
designs for tables. By using a
tree diagram find the number of
different pairs of table and chair
designs the company can provide.

There are 8 girls and 12 boys in
the class. Five of the girls play
sports and 3 do not play sports.
Eight of the boys play sports and
4 do not play sports. If a student
is selected a random, what is the
probability that the student is a
boy or plays sports?

A six sided fair dic isrolled. Let A
be an event in which the number
that shows up is odd and B be an
event that the number is greater
than 3. Find the probability that
the number shows up is odd or
greater than 3.

1



12.

13.

14.

Jane and Hassan are competing
for a managerial post at a certain
company. Their probabilities of
getting the post are 0.5 and 0.4
respectively. Find the probability
that the company will get a
manager?

Given that P(A) = 0.3, and

P(B)=0.45, find P{AUB) if;

(a) AandB are mutually
exclusive events

(b) AandB are mutually
inclusive where P(A—B)=0.2

Two fair dice, one colored white

and another colored red, are

thrown. Find the probability that;

(a) the score on the red die is 2
and white die is 5.

(b) the score on the white die is
1 and the red die is even.

Chapter summary

= —

Probability deals with
measurement of uncertainties.

All expected outcomes in a given
experiment form the sample space,
which is denoted by a letter “S”.
The results of the experiments
are called events which is usually
denoted by the letter E.

The total number of outcomes in
the experiment is the number of
sample space denoted as n(S) and

10.

the number of events is denoted

by n(E).

For any event E, its respective
probability lies between 0 and |
inclusively thatis, 0 < P(E) < 1.

Probability of an event dencted
by P(E) is the ratio of number
of outcomes in the event and
the number of outcomes in the
sample space.
That is, P(E] = ﬂ

n(S)
Probability of an event not to
oceur is denoted by P(E').
P(E} = 0, when an event is
impossible to occur or cannot
happen.
F(E) = 1, when there 1s complete
certainty that the event will occur.
Hence, P(E) + P(E') =1
which can also be written as:
P(E)=1-P(E) or
P(E') =1-P(E).

If A and B are two mutual
exclusive events then,
P(AUB) = P(A) + P(B),

If A and B are two combined
events then,
F(A_UB)=P(A)+P(B)-P(AB).

If A and B are two independent
events then,
P(AmB) = P(A) x P(B).
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Revision exercise 4

Answer the following questions:

1.

A survey about the birth months
of students in a certain school was
carried out and the observations
was recorded as shown in the

following table.

| Months Number of students
| January 40
| February 52
| March 60
| April 1{
| May 2%
| June 9
| July 31
| August 20
| September 15
| October 45
November i3
;-Dtcmbcr 57

Calculate the probability that a

student selected at random was

hom in:

(a) January

(b} a meonth beginning with a
letter J.

(c) one of the months of the
year except June,

A pair of regular tetrahedron with
their faces marked 1,4, 9, and 16
are tossed, and the numbers on
the face down are read. Use a tree
diagram to find;

(a) the possibility set,

(b) the probability that the sum
of two numbers involved is
at least:

(y 7 (i) 20
(iii) 32 (iv) 1

Abag contains 10 red balls, 5 blue

balls and 7 green balls.

Find the probability of selecting

at random:

{a) ared ball

(b) a green ball

{c) ablue ora red ball

(d) ared ora green ball

An integer is chosen at random
from 2, 3,4, 5, ..., 10.
What is the probability that:

{a) itisa factor of 187

{b) it is divisible by 37

{¢) 1tis either less than 3 or
greater than 77

A letter is chosen from the word
“random”. What is the probability
that it is:

{a) ann?

(b) avowel?

{c) anx?

In a class of 40 students, 24 take
Chemistry, and 8 take Biology.

Find the probability that a student
selected at random will take either

Chemistry or Biology.

What does it mean when we say
that the probability is:

(a) Zero? (b) One?

-




8.

10.

—

A bicycle tyre manufacturing
factory kept a record of the
distance at which a particular
kind of bicycle tyre needed to
be replaced. The following table
shows the results from 800 such

tyres.

Distance (km) |  Frequency
Less than 501 125
1501 to 1000 257
1001 to 1500 328
‘More than 1501 90

What is the probability that if you

buy a tyre of this kind:

(a) it will need to be replaced
before it has covered 500 km?

(b) it will last for more than
1000 km?

{c) it will not last for more than
1000 km?

There s a 60% chance that
tomorrow will rain. If it does,
there is an equal likely chance
that Michael will read, watch TV
or play table tennis. What is the
probability that it will rain and
Michael will read?

Two pairs of shoes are in a
bag. If two shoes are taken at
random from the bag, what is the
probability of:

11,

12,

13.

(a) drawing a matched pair?

(b) drawing a shoe for the left
and right feet?

(c) getting shoes of the same

feet?
(d) getting two shoes of left feet?

Let A and B be independent

events with P(A) = % and
P(B)= %, find;

(a) P(AnB) (b) P(AUB)

In a group of students, the probability
that a student is chosen at random
walking to school is 0.35 and
the probability that a student
has blonde hair is 0.2, If the
probability that a student’s walks
to school or has blonde hair is
0.45. Find the probability that a
student has blonde hair and walks
to school.

A bag contains 6 green balls and 9

blue balls. Two balls are drawn one

at a time and without replacement.

Find the probability that:

(a) both balls are of the same
colour

{(b) the balls are of different
colours.

(c) at least one of the balls is blue.
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Chapter Five

Trigonometry '

Basic Mathematics Form Foar

Trigonometry is the study of relationships between sides, lengths, and
angles of a triangle. Generally, triconometry has great practical
importance to builders, architects, surveyors, engineers, and fo many
other people of different fields. In this chapter, you will learn how to
determine the sine, cosine, and tangent of an angle, apply trigonometric
ratios to solve problems in daily life, interpret the graphs of sine and
cosine functions, derive and apply the sine and cosine rules in solving
prablems on triangles and apply the compound angle formulae in
solving frigonometric problems. The competencies of trigonometry can
be applied in various real life situations such as in solving problems
related to astronomy, navigation, and building construction. )

*

Trigonometrical ratios in a unit circle

Activity 5.1: Introducing the relationship of sides, lengths, and angles of a
triangle

In a group or individually, perform the following tasks:

1.  Using scale, draw three right — angled triangles PQR, ABC, and MNT such

thatﬁ=4¢m;ﬁ=3m, ﬁ=5cm, E=Ecm,ﬁ=]5cm,

AC =17¢m, MN = 6cm, NT =8cm, MT = 10 cm.

2. Caloulste the ratios of —2, A0, and N
PR AC T MT
3. Calculate the ratios of E, E,mﬂ NT
PR AC MT




4. Calculate the ratios nff.?,, f_B.. and E
| QR BC NT

Use scale drawing methods to find PRQ, ACB , and MTN -
Compare the angles obtained in task 5 and the ratios in task 2.
Use scale drawing method to find BAC , QﬁR, and Ni:lTi
Compare the angles obtained in task 7 and the ratios of task 2.

Comment on the results in tasks 6 and 8.
1[} Share your findings with your neighbours for more inputs.

© 0 N oo

The three trigonometrical ratios of sine, cosine, and tangent have been defined
using the sides of a right-angled triangle ABC as follows:

If A 15 an acute angle as shown in Figure 3.1 then:

i length of opposite side _ a A
length of hypotenuse side ¢
] oo length of adjacent side _ & . ) W
length of hypotenuse side ¢
leneth w3
—_ ength of opposite side i " ] &

length of adjacent side & @
Figure 5.1: Sides of a right — angled
triangle
From Figure 5.1: BC is called the opposite side to angle A whose length is
denoted by a.

CA is called the adjacent side to angle A whose length is denoted by b.
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BA is called the hypotenuse side to angle A whose length is denoted by c.

Consider a circle of unit radius subdivided into four congruent sectors by the
coordinate axes whose origin is at the centre of the circle as shown in Figure 5.2
Let @ be any acute angle (0° < 0 < 90°) and P be the point on the circle with

coordinates (x, v), where OP is the radius of the unit circle.
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The trigonometrical ratios in this circle can be obtained by using the sides of a
right — angled triangle OPQ as follows:

Ly
QP _y
sind==—===
or 1 7
cu&ﬂ:-.?-—_g:i:x - o
op |1
t.':m-!f-'=£=z
0Q =x
L]

Figure 5.2: An acute angle in a unit circle

All the trigonometrical ratios in Figure 5.2 are positive as per corresponding axes

of x and y.

In Figure 5.3, 0 is an obtuse angle (FJD" <0< IED"}. The trigonometrical ratios
® of 0 are the same as the trigonometrical ratios of 180" — 0. ®
The trigonometrical ratios in this circle can be obtained by using the sides of a
right — angled triangle OQFP as follows:

'-":: s = {ﬁ ¥ il

= sin @ =sin (180°-2) = = = = = .

{ =oF 1Y

“E msﬂ=—cm[l$ﬂ”—€}=£=_—x=—x.

< opP 1

= e

£ tan 8= —tan (180°- ) = = - ¥ _ Y j
0oQ -x x

1
Figure 3.3: An obtuse angle in a unit circle
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In Figure 5.3, the trigonometrical ratios of sine is positive while that of cosine
and tangent are negative as per corresponding axes of x and v.

In Figure 5.4, 8 is a reflex angle (180° < § < 270°).

The trigonomeirical ratios of 8 are the same as the trigonometrical ratios of 8 — 180°,
The trigonometrical ratios in this circle can be obtained by using the sides of a
right — angled triangle OQP as follows:

, . QP -y
sin @ =—sm (@-180°) = —= = —=—y.
( Y=op-1 -7
oty g 0 O s DL ey
OF 1

tanﬂ=tan{ﬂ—l8ﬂ"}=£="_f =¥
0Q

Q -z [}

{8 - L3 )"

4
ol/

HY

P{—r. —u)

Figure 5.4: Reflex angle in a unit circle

In Figure 5.4, the trigonometrical ratios of sine and cosine are negative while for

the tangent is positive as per corresponding axes of x and y.

From Figure 5.5, 0 is a reflex angle (270° <@ < 360°). The trigonometrical
ratios of 8 are the same as the trigonometrical ratios of 360°— 0.
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The trigonometrical ratios in this circle can be obtained by using the sides of a
right — angled triangle OQP as follows:

- : QP -y
gin f=—sgini3e)"— @A =" == = .
( sl
cos B = cos (360° - #) =£= -y,
or 1
tanﬂ=—t3n{36ﬂ°—ﬁ'}=Q__P=_£_
0Q x
'y
e I.E"— ¥ Q .
= oS- BT T
!
Plx, —g)
1

Figure 5.5: A reflex angle in a unit circle

In Figure 5.5, the trigonometrical ratios of sine and tangent are negative while for
the cosine i1s positive as per corresponding axes of x and y.

Signs of the trigonometrical ratios

We have seen that the trigonometrical ratios are positive or negative depending
on the size of the angle and the quadrant in which the angle is found.

The results obtained are illustrated in Figure 5.6. These results will be helpful in
determining whether sine, cosine, and tangent of an angle is positive or negative.
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QUADEANT 11
Sine is positive
Cosing is negative
Tangent is negative

i

UADRANT I
Sine is positive
Cosine 15 positive

Tangent 15 positive

QUADRANTIII
Sine is negative
Cosine is negalive
Jangeni is positive

F
Figure 5.6: Signs of

beginning with the fourth quadrant.

BY

QUADRANT 1V
Sine is negative
Cosine is positive
Tanpent is nepanve

trigonometric ratios

The results can best be remembered using the letters ASTC (All, Sine, Tangent,
Cosing) or CTSA (Cosme, Tangent, Sine, All) if read clockwise direction

(a) sinl70° (b) cos240°

Solution

(b) 240° is in the third quadrant hence,

Write the signs of each of the following trigonometrical ratios:

(a) 170° is in the second quadrant hence, sin 170" is positive.

{c) 3107 is in the fourth quadrant hence, tan 310° is negative.
(d) 300° is in the fourth quadrant hence, sin 300° is negative.

(c) tan310° (d) sin300°.

cos 240° is negative.
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Example 5.2

Express each of the following in terms of the sine, cosine or tangent of an acute
angle:
(a) cosl65® (b) sin317° {c) tan 95° {d) tan 258°

Solution
(a) 165° is in the second quadrant

cos 165° = —cos (180°-165°) = —cos 15°

(b) 3177 is in the fourth quadrant
sin317° =—sin (360°-317°) = —sin 43",

(c) 95° is in the second quadrant
tan 95° = —tan (180°-95°) = —1an§5°,

(d) 258° 18 in the third quadrant
tan 258° = tan (258° - 180°) = tan 78°,

asre YWaihemaines Form Four

Approximate values of sine and cosine of angles

Figure 5.7 represents a unit circle shown on a graph paper. Angles 0°, 10°, 207,
. . . 360° marked on the circumference correspond to the angles at the centre O.
Approximating values of sine and cosine of the respective angles are found by
reading the coordinates of the points on the unit circle. For example, in finding
the value of sin 20° we read the y— coordinate at the point as .34 and the value
of cos 20° we read the x - coordinate at the point as 0.94.

Table 5.1 has been partly completed by entering approximate values of sine and

cosine of an angle using Figure 5.7.

8421 214 PM




Activity 5.2: Approximating values of sine and cosine of angles using a
unit circle
In a group or individually, perform the following tasks using Figure 5.7:

1. Copy and fill in the missing values in Table 5.1,

Table 5.1: Approximate values of sine and cosine of angles between 0° and 360"

Angle Sine cosine Angle Sine cosine
20° 0.34 0.94 190° -0.17
30° 220°
70° 2907
120° -0.5 3110° 0.64
140° 0.64 330°

2. Compare the values in task 1 with the values given in the tables of
trigonometrical ratios.

3. What did you cbserve from this activity?
4. Share your findings with your friends for more inputs.

vh

Mmih F4 (BOOK | [DUWMMY) Aug SS.ndh 161

Fasre Waihemaiios Form Foar




|
=
-
=
|
=
=
g
=
=
e
o
S
—
3
=
B
a
S
=
e
=
—
-—
r=
=
£
=]

Figure 5.8 represents a unit circle shown on a graph paper. The line segments
corresponding to central angles 07, 10°, 20%, ..., 360% meet tangents to the

circle at points A and A,. The tangent of any angle can be found by using the
coordinates at the point as follows:

¥ —coordinate value
tan ) = - 2
x—coordinate value
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Figure 3.8: Reading angles measured in a unit circle
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For example: tan4(0” = g =0.84.
tan 130° = % =-1.2.

tan210° = “—fg = .58,

Activity 5.3: Approximating values of tangent of an angle using a unit circle
In a group or individually, perform the following tasks using Figure 5.8:

1. Copy and fill the missing values in Table 5.2.

Table 5.2: Approximate values of tangent of angles between 0° and 360°

Angle 20° 60° | 140° | 210° | 240° | 310° | 330°
Tangent 0.36 —0.84 )

2. Compare the values in task 1 with the values given in the tables of
@ trigonometrical ratios. @
3. What did you observe from this activity?

4, Share your findings with your neighbours for more inputs,

The use of coordinaie of a point in determining trigonometrical ratios

Trigonometrical ratios and their respective signs can be determined by using
coordinates of points in each quadrant. Figure 5.9 represents a circle with centre
O and radius », subdivided into four quadrants by the coordinate axes.

asie Mathemarics Form Four
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Figure 5.9: Signs of irigonometrical ratios in a unit circle

The x — coordinate is positive in the first and fourth quadrants but negative in the
second and third quadrants. The y - coordinate is positive in the first and second
quadrants but negative in the third and fourth quadrants.

Note that, » is the radius and 8 is the angle of the triangle as shown in Figure 5.9.
The trigonometrical ratios of 8 from the first quadrant are as follows:

y —coordinate
sinf = = =2

radius ="
4o x = coordinate o
cos radius r
tan O = y—tog - 1:E=£.
x —coordinate  x

Therefore, we are able to find the trigonometrical ratios of angles using the
coordinates of the terminal points of each side.
Let © be any angle and P be a point with coordinate (—4, 3) which is the terminal

point of OP as shown in Figure 5.10.
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Figure 5.10: Measurements of obiuse and reflex angles in xy — plane

By Pythagoras’ theorem: » = OP= (Y +3 = V25=5

: i 3
Therefore, sin & = sin (1807 - ==,
® ( 1=3 @

COs & = —COs {ISU“—H}=—:.

tan & =—tan (180°— &) =—%.

Consider another point Q( —2,—35) being the terminal point of ﬁ making a
reflex angle & (See Figure 5.10).

Hence, r = E = 1}'(—2]2 +(=5) =-\.I"2_9

-5 _ s5v29

V29 29
2 249

cos @ =—cos{a—IR0%) = e .
V29 29

Therefore, sin @ = —sin(a —180°) =
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tan o = tan (& —180%) = j= 2 :
-2 2
When such ratios are calculated out for each quadrant the signs of sine, cosine,
and tangent will be as shown in Figure 3.6,
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The terminal side of line O has the coordinates (=5,-12) and is inclined at
the angle 0 with the x — axis. Find sin 0, cos 0, and tan 0.

Solution
The hypotenuse side, D_Q = J[—j)z +(-12)*
=4/169
=13
Therefore, sin# = —E-
13
5
e
oS T
tan & = =t E
-5 5

¢ .

The line segment OQ is inclined at an angle 0 with the x — axis. If 0Q =26
and ) =(a,—4), find sin 0, cos 8, and tan 6.

Solution
0Q = \Ja* +(—4)
0Q =+a* +16 ,but 0Q = 24/6
2£=dﬂﬂ+]ﬁ
a +16=24
a' =g
a:ﬂ\f’f
4 s

Therefore, sin 8 =— =——.
256 3
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Note: Coordinate () may be located to the third and fourth quadrants.

Exereise 5.1

Answer the following questions:

L.

r—

Write the signs of each of the
following trigonometric ratios:
{a) cos160°

(b) sin310°

(¢) tan75°

(d) sin220°

(e) cos355

(f) tan 190°

Express each of the following in
terms of sine, cosine or tangent
of an acute angle:

{a) cos308°
(b) sin217°

(¢) tan 175°
(d) sin333°
(e) cos268°

(f) tan 103°

Express each of the following in
terms of sin 30°;

(a) sin 130° (b) sin230°

(c) sin310°

° e
i

Express each of the following in
terms of cos 20°;

{a) cos 160°
(b) cos 200°
{c) cos 340°

Express each of the following in
terms of tan 40

{a) tan 140°
(b) tan 2207
{c) tan320°

Findsin®, cos 0, and tan® if Bis
the angle made by the positive x
—axis and the line from the origin
to each of the following poinis:

(@) (2.6)
(b) (-12,5)
(€) (-4,-3)

@ (4,-242)
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Relationship between trigonometrical ratios
Consider AABC as shown in Figure 5.11. Angles A and C are complementary,

that is:
L B C
A+C=90°
C=90°-A
b
But, sinA =2 and cos C=2 g
b b

Thus, sin A = cosC = cos (90° - A)

-
Hence, sin A = cos (90° - A). A = B

Figure 5.11: Relationship between trigonometrical
ratios in the right — angled triangle

The sine of an angle is equal to the cosine of its complement and vice versa,
From Figure 5.11,

sinA _a ¢ g
® cosA b p ¢ W
But, tanA =—
H ‘smﬁ. Sk
cos
z 2
Also, sm2A=—5_— and cos® =

T R
. a’+
5&n1A+msz.ﬂL=E-f+£z~= 1':
k b b
But, @’ +¢’ =b*(Pythagoras’ theorem)
2
Hence, sin’A + cos’A = :—] =]
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Therefore, sin’A + cos’A =1,
Generally, for any angle 0 the corresponding trigonometrical identity is

sin’f + cos’@ =1, which can also be written as cos’d =1-sin’@ or
sin’@ = 1 — cos’d,
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Givmthatsinﬁ=§*ﬁndcusﬂaudtanﬁfnrﬂ°5559ﬂ“.

Solution
From sin'8@ + cos @ =1 Using Pythagoras' theorem,
c0s’0 =1-sin’8, the other side of the triangle
18 given by:
; 16 —_— 2 R, [
B 0=, AB| =[|AC) —-|BC
ut, sin’ = o= (AB) = (Ac) -(BC)
2 pl_42
19 _ 1 16 _ 65 i g
WRYCSITER 81 =81 - 16=265
65 JE Hence, x:-,fﬁ
HEIICI:‘, cosf = a :T- JEE
cosl =——
sinf 4 65 465 9
WY el B8 W6
cos SN o

N 65 ®

Thereflore, cosé = %ﬁand tand = E—

i Therefore, cosé = 1@— and
Alternatively: Sketch a right — angled ’ 9
triangle such that the side opposite to ©) has 4.J65

4 units and the hypotenuse side has 9 units tan & = 65
as shown in the following figure.

N Bireie Matkematios Form Four
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Example 5.6

Given that o and /4 are complementary angles and sina = %, find tan /.

Solution
Since, a and Sare complementary angles then,
a+ f =90°

a=9%0°-4

Hence, sin a = cos(90° - a)=cos = %

But, sin” f=1-cos’ f#

25 44
169 169
A 12
Hence, = .
L
sin
tan 5 =
A cos fi
@ 12,5 i3 ®
13 13 5

If sin 8 =0.9397 and cos#=10.3420, find without using trigonometrical tables
or calculators the value of tan 8.

Solution
siné
cos &

_ 0.9397
0.3420

=2.748
Therefore, tan @ = 2.748.

Basie Mathemarics Form Four

tanf =

a5 B2 218 PH: —
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Exercise 5.2

Without using trigonometrical
tables and calculators answer the
following questions:

Given that cos ¢ = ;—‘ find the
value of 5in B,

N2}

Iftan = TE* find the value of
sin (90° —a),

If o and 3 are complementary

N

angles and tan & = —, find the
value of tan .

If sin A=0.9733 and cos A=0.2250,
find the value of tan A.

. Given that cos 6=09272 and

tan 8 = 0.4040. Find the value of sin 6.

If tan & = %, find the value of
sin 0.

Given that tan 6 = 0.75, find the
value of cos 0.

If cos x=L and tan x=—,
g P
find the value of sinx.
r s

]ftan,ﬁ=T and tanag = —,
¥

r
shnwmatmsﬁ=,ﬁ 15 ,
r+s

where « and P are
complementary angles.

10.

11

12,
13,

14.

15,
16.
17.

18.
19.

20.

What will be the sine and cosine

of an acute angle whose tangent

i8 23?
5

If o and B are complementary

angles and sina = %" find the
value of sin [},

If sing = % , find the value of
COS .

Given that cos A = g , find the
value of tan A.

Given that sinx = —%, find the
value of cosx.

If t:uscr:—% , find the value of
tan .

If sin B = 0.9848, find the value of
cos 0.

Find the value of tan A if
sin A=08192.

If cosP =0.3746, find the value
of sin P

If cos Q = 0.9063, find the value
of tan ().

Given that cos £ =0.3090, find
the value of sin # and tan &.
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Positive and negative angles
Angles may be positive or negative depending on the direction in which the angle
is measured. An angle may be measured in a clockwise or anticlockwise direction

as shown in Figure 5.12.
yj[

Q

)

Figure 5.12: Measurements of angles in a clockwise and anticlockwise divections

Angles measured in the clockwise direction from the positive x — axis are negative,

Angles measured in the anticlockwise direction from the positive x — axis are @
positive.

Figures 5.13 and 5.14 illustrate how positive and negative angles can be located

in the four quadrants. The corresponding positive and negative angles whose
trigonometrical ratios are the same can easily be found.

i
anticlockwise
direction
THO™ i
Aa00
AT0R

Figure 5.13: Location of positive angles in the first guadrant




If @ is positive, the negative angle corresponding to 8 is (=360°+ &), If 2 is

negative, the positive angle corresponding to # is (360° + & ).

a0e
E 0e
3607
clockwise
direction
270

Figure 5.14: Location of negative angles in the fourth quadrant

Example 5.8

W _ _ _ - : @
Find a positive or negative angle corresponding to each of the following angles:
(a) 273° (b =210° (c) 304° (d)y =115°

Solution

(a) The negative angle corresponding to 273 is (-360° + 273%) = 87"
(b) The positive angle corresponding to —210° 1s (360° — 210%) = 150"
(c) The negative angle corresponding to 304° is (—360° + 304%) = —56°.
(d} The positive angle corresponding to —115° is (360° — 1157) = 245°.

Example 5.9

Find the sine, cosine, and tangent of each of the following angles:
(a) 144° (b) =231° (c)y =70° (d) 310°
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Solution

(a) sinl44”=sin (180°-144") =sin36"=0.5878.
cos144%= —cos (180°-144°) = —cos 36" =—0.8090.
tan 144° = — tan (180° -144°) = —tan 36° = —0.7265.

(b) sin{-231")=sin (360°-231°) =sin129°=sin (180" -129") =sin51°=0.7771.
cos (—231°)=—cos 51° = -0.6293,
tan (—231°) = —tan 51°=-1.2349,

(¢) sin (=70°)=sin (360°—70°) = sin 290°= —sin (360°~290°) = —sin 70°= —0,9397.
cos (~70°) = cos 70° = 0.3420.
tan (—70°) = —tan 70°= —2.7475,

(d) sin (310°)=—sin (360°~310°) = —sin 50°=—0,7660,
cos (310°) = cos 50°= 0.6428.
tan (310°) = —tan50°= —1.1918.

Trigonometrical ratios of special angles

Referring to Figures 5.7 and 5.8 the trigonometrical ratios of angles 0°, 90°,
180%, 270°, and 360° are summarized in Table 5.3.

Table 5.3: Trigonometrical ratios of angles 0%, 90%, 180° 270%, and 360°

Basie Mathematics Form Four

Angle o o0° 180° 2707 360"
Sine 0 1 0 -1 0
Cosine 1 0 -1 0 1
Tangent 0 o0 0 at ]

B 2215 PM
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The trigonometrical ratios of other special angles such as 307, 45°, and 60° can
be examined.
Figure 5.15 represents an equilateral triangle with length of 2 units on each side.

Line AX is perpendicular to BC.

Since AABX is congruent to AACXK, then:

BX = XC = 1 unit

Therefore, using Pythagoras' theorem the length AX can be obtained as follows:
(AX) =(AB)Y -(BX) =(ACP -(€X) =2"-1'=3

Thus, AX = +/3 units.

AABX is a right — angled where ABC = 60° and BAX = 30°.
From Figure 5.15 the following trigonometrical ratios can be obtained:

sin 60°= ‘Ji. cos ﬁﬂ“:%, ’Eﬂﬂﬁﬂ“=£‘ sin 3[]""':%1
2

1 s

cos 30°=—, tan 30"= —.
2 3

by
=
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]
e
-
=
m
=
=
=
By
b
vl
b
=
=
gl
‘ad
=
e
=}
Ny
-
a
L
iy
=
£5

Figure 5.15: Equilateral triangle ABC
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The trigonometrical ratios of 45° can be obtained as follows:

Consider an isosceles right — angled triangle ABC shown in Figure 5.16 in
which: A
AC =BC = 1 unit

Then, by using Pythagoras’ theorem;

SR, R SR | 1
(AC) +(CB) = (BA)
—_— 2
I+’ = (BA) :
e B 1 ¢
BA = 4 —
1+ 1‘5 Figure 5.16: An isosceles
The trigonometrical ratios of 45 are: right — angled triangle
. 1 A2 1 V2
5in 45°= —==—_ (05 45°=—=——, and tan 45°=1.
V2 2 2 2

The results of special acute angles are summarized in Table 5.4 as follows:

Table 5.4: Trigonometric ratio for special acute angles @
Angle 30° 45° 60°
1
Sine = E ﬁ
2 2 2
1
Cosine ﬁ £ =
2 2 2
Tangent g 1 J_’;'

By using ratios of the special angles, the equivalent trigonometrical ratios for
both positive and negative angles in each quadrant can be determined without
using trigonometrical tables.



Example 5.10 Al |

Find the sine, cosine, and tangent of cach of the following angles without using |
trigonometrical tables and calculators:

(a) —135° (b) 120° (c) 330°
Solution
(a) sin{—135°}=-—sin45°=—%. (b) sin(lZD°]=5inﬁn°=%,
iR 2 Dt
Cnﬁ[—]35“]=—ms4j“=—%, cos (120%) = —cos 60 =3

tan (—135°) = tan45°=1. tan (120°) = — tan 60°= —+/3.

(€) sin(330°)=-sin30°=——.

5 0]

@& cos (330°) =cos30°= 2 z ®
NE)

tan (330°) = —tan30°=—=.

BN @200

Find the value of 6 ifmsf?z-% and 0°< @8 <360°
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Solution
The value of cos 8 is negative in the second and third quadrants.

|
Hence, —cos (180°-¢) = cos (180° +8) = - 5= ~cos 60°,
Thus, @ = 180° — 60° = 120° or & = 180° + 60° = 240°.
Therefore, the values of 6 are 120° and 240°.
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Example 5.12

Find the values of each of the following without using trigonometrical tables

and calculators:
(a) tan30°sin60° (b) tan 60°sin 30° (c) S (-150)"cos315°

cos45° sin 45° tan 300°

Solution
V3 3
@ tn30%sin60° 375 3 2 2
= = —
cos 45° V2 g7 2
2
3 1

(b) tan60°sin30° &= . ﬁ _

sin 45° J2 2

2

® () Sin(=150%)cos315° 3

AT _¥6
tan 300° k1A

Exercise 5.3

Answer the following questions:
1. Find the sine, cosine, and tangent 3.  Find the angles 8 between -360°
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of each of the following: and 0° for each of the following
(a) 162° (b) 2500 equations;
(c) 318° (@ -72° (a) sin 0=-04365
(e) -157° (H -245° (b) tan®=0.7856
2. Find the angles 8 between 0° and (1 e =004 1
360° for each of the following
equations: 4,  Find the value of y if

(a) sinB=-04365
(b) cos 8=-0.8766
(c) tan®=0.4321

N ¢ T

2cos ytan 30°=1 and
—360°< y <360°.




In question 5 to 8, find the value for 9.
each of the following without using
trigonometrical tables or calculators;

3.  sin60°cosal®
6.  cosd45%tan 30°

7 5in45° tan 60°
cos 30°

g tam (—30%)cos60” 10.
sin (—45%)

Applications of trigonometrical ratios

Find positive or negative angles
corresponding to each of the
following:

(a) -333°

(by 192°

(e) -204°

(d) 265°

If sin © = sin 160° and @ is an
acute angle, find 6.

Trigonometrical ratios can be used in solving real life problems. For example, in
surveying, trrigonometrical ratios can be used to determine the angle of elevation

and depression of buildings, trees, mountains, and many others.

EXE @

A man who is 172 cm tall, observes that the length of his shadow is 158 cm.

Find the angle of elevation of the sun.

Solution

172 cm

158 cm
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=
-
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Let x and y be the distances in km due west and north of P respectively as

shown in the figure.
Using a right — angled triangle PRQ:
sin 41°22' = ——
19.8km
x=198km x sin41®22'
= 13.09 km
cos 41° 22’ = Y
19.8km
y= 198 km * cos 41°22'
= 14.86 km

Therefore, Mr. Petro travelled 13.09 km west of P and 14.86 km north of P.

Example 5.15

From a certain point A, Fatuma observes the angle of elevation of the top of
iy a church tower to be 32° Moving 30m further away to a point B on the same
horizontal level as the bottom of the tower C, she observes the angle of elevation
to be 22°. Find the distance AC and the height of the tower.

Solution
Present the information as shown in the following figure.

Let h be the height of the tower and x be the distance AC as shown in the figure.

A
Then: tan32°® = Ll and tan 22° =
x x+30

=
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h=xtan32° (1)
b= (x + 30) tan 22°
h=x tan 22° + 30 tan 22° )

Eliminating A& from equations (1) and (2), gives:
xtan 32° = xtan 22° 4 30 tan 22°
x (tan 32°—tan 22°) = 30 tan 22°
30 tan 22°
tan 32° —tan 22°
30 = 0.4040
0.6249 — 0.4040
12,12
0.2209
= 54.88
Substituting this value of x in equation (1), gives:
h =54 88 > tan 32°
& = 54.88 = 0.6249 &
=34.29

Therefore, distance AC is 54.88 m and the height of the tower is 34.29 m.

Exercise 5.4

3. From the top of a cliff 35 m high,

Answer the following questions: i aigles ‘o deytessios BE twa

1. Ata point 182 m from the foot of
a tower on a level road, the angle
of elevation of the top of the tower
is 36°44". Find the height of the
tower.

boats lying in a line due east of
the cliff are 27° and 23°. Find the
distance between the boats.
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4. The points A and C are on the same

A ladder rests against the top of the
wall and makes an angle of 62°
with the ground. If the foot of the
ladder is 8.3m from the wall, find

the height of the wall.

‘_4‘-....... b

bank of the river (see the sketched
figure). If AC measures 90 m and
PAC = 59°, find the width of the

river.
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The lengths of a rectangular garden
are 163 m long and 109 m wide.
Find the angles made by a canal
and the edges if the canal cuts the
garden diagonally.

A ship starts from a point P and
travels 22 km in a direction N32°
41'E. How far North and East of P
is the ship?

A ladder 18 m long rests against a
vertical wall. Find the inclination
of the ladder to the horizontal if the
foot of the ladder is 8.5m from the

wall.

. A pendulum 28 cm long swings on
either side of the vertical through an
angle of 17° (see the sketched fgure).
What height does the pendulum
bob rise?

9.

A ladder lies along a vertical wall.

If the ladder makes angles of 7510/

and 60° 27’ to the horizontal with 3 m

between the two angles. Find:

(a) the length of the ladder.

(b) the distance from the foot of
the ladder to the wall.

10. An electric pole casts a shadow 5.5

11.

12:

m long. If the angle of elevation of
the sun is 55° find the height of
the pole.

A rope 15 m long is stretched out

from the top of a flag — post 10 m

high to a point on a level ground.

(a) What angle does it make with
the ground?

(b) How far is this point from the
foot of the flag post?

The angle of depression of a boat
from the cliff 25 m high is 12°.

Find the distance of the boat from
the bottom of the cliff.
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Sine and cosine functions

Sine function is a function of the form f(#)=sinf and cosine function is the
function of the form f(&#)=cos#.

For example: Tables 5.5 and 5.6 show a set of ordered pairs for sine and cosine

functions respectively for angles between —720° and 720°,

Table 5.5: Ordered pairs of sine for angles between —720° and 720°

0 =720° | =630" | =540° | -450° | =300° | =270° [ -180° | <90 | 0©°
sim@ | 000 | 100 | Q.00 | 100 0.00 | 1.ODO | O.00 | —j00 | 0.00

o 90° | 180° | 270" | 300" | 450° | 540" | 630" | 720°
sin® | 1.00 | 0.00 | 100 | 000 | 1.00 | 0.00 [ _1.p0 | 0.00

Table 5.6: Ordered pairs of cosine for angles between —720° and 720°

6 ~720° | -630° | —540° | -450° | —300° | —270° | —180° | —90° | 0°
cos® | 1.00 | 000 | _j00/000 [1.00 |0.00 |—1p0/000 |1.00

® 6 90° | 180° | 270° | 300° | 450° | 540° | 630° | 720° ®
cos® 0.00 |_1po 000 |1.00 |0.00 | _1p0|0.00 |1.00

These ordered pairs can be plotted to obtain the graphs of sin 0 and cos 0 as _:'-_E
shown in Figure 5.17. E
' e T ~
» //" L g
60 3y - e e -0 -1y -4 W NG 8hie 7 450 EE 3 Al

=1

Lez]

—_———

Figure 5.17: Sine and cosine graphs of some special angles
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The graphs of sin & and cos & in Figure 5.17 shows that the values of the functions
repeat at the intervals of 360°.

For example, when 8 =-270° sin 8 = 1. This value occurs again when 8 = 90°,
Similarly, when & =—-180°, cos 8 = -1 and this value occurs again when B = 180°
after a difference of 360"

This means that sin& =sin (@ + 360 )=sin (#+2x360") and s0 on.

Also, cos@ =cos (@ +360°)=cos (?+2x360") and so on.

Generally, sinf = sin (8 +360%n) and cos@=cos (#+360°1) wherenis

an integer.

Each of these functions is called a periodic function and the interval 360% is
called the period.

The values of sine and cosine can be found from graphs of trigonometrical

functions by drawing a horizontal line equal to, say, the value as shown in Figure
5.18.
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Figure 5.18: Sine graph showing values of some special angles

Line AB corresponds to ¥ = sin () = 0.5, The line intersect the graph at points P,
Q, R, and S. Angles corresponding to these points are obtained vertically down
on the x — axis at points G, H, 1, and J respectively.
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Example 5.16 i

Using trigonometrical graphs in the interval —360° < & < 360°, find the
values of B such that:

(a) sinf=04 (b) cosB=09

Solution

Therefore, from Figures 5.17 and 5.18 the required angles are:

(a) —336°, —204°, 24°, 156°

(b) —334°, —-26°, 26", 334",

Example 5.17

Using the graph of sin 8 in the interval —360° < & < 360° find the values of
Bif 4sind = —1.8.

Solution

4sin 8 = —-1.8

sin# = —0.45

@ Therefore, from Figure 5.18 the required angles are —153°, —27°, 207° and 333°, @

Example 5.18 |

Using the trigonometrical graphs, find the sine and cosine of each of the "E
following angles: 3
(a) —300° (b) 155° (c) —40° (d) 249° <
Solution ;‘-E
From Figures 5.17 and 5.18 the required values are: ::j
]
(a) sin[—Sﬂﬂ“] = 0.87 (b) sin 155° = 0.42
I;IJS{—3[][}"}] —{F cos 155° = -0.91
(c) sin{—dﬂ“] = —=0.64 (d) sin249° = -0.93
cos(-40°) = 0.77 cos 249° = —0.36

. R ° e



Exercise 5.5

Answer the following questions:

1. Use the graphs of Figure 5.17 and Figure 5.18 to read approximate values of
8 such that:

(a) sinB=06 (b) cosB=02

2. Use the graphs to find approximate values for each of the following:
(a) sin (-245%) (b) cos(-1907)
(c) cos320° (d) sin 130°

3.  Use the graph of cos 8 to find the values of 8 if 5 cos 8=-1.5 and
0° =8 =360°

The sine rule

Activity 5.5: Explaining the concept of the sine rule
In a group or individually, perform the following tasks:
1. Draw atriangle ABC . By using a protractor, measure ABC, Eaﬁ, and

“— BAC.

é 2. Using a ruler measure BC. AC, and AB. Then, find the value of PC :
% :i—_ﬂ o sin A
S sinB’ m .

E What conclusion can you make from task 27

4.  Give the meaning of the sine rule.

5. Share your findings with your friends for more inputs.




Consider AABC in which A, B, and C are the angles and letters a, b, and ¢ denotes
the corresponding sides of the triangle as shown in Figure 5.19.

Figure 5.19: fllustration for the sine rule using the sides AB and BC

By drawing a line perpendicular to side AC from angle B, AABD and ACBD are
formed. The two triangles share the same height A.
Using a right — angled AABD, the following is deduced:

h .
inA = —, thus, h = ¢csin A (1)
SN 5 @
Using, right — angled ACBD, the following is deduced:
sinC=&,lhu3, h=asinC (2)

i
Eliminating A from equations (1) and (2) gives:
csinA = asin C (3)

Dividing by sin Asin C on both sides of equation (3) results to;
csinA _ asinC
sin AsinC  sin AsinC
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sinC  s=smA

(4)

Hence,

Suppose AABC is divided by drawing a perpendicular line from angle A to the
side BC as shown in Figure 5.20.
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Figure 5.20: lllustration for the sine rule using the sides ABand AC
Using a right — angled ABAD the following is obtained:

iR thus, k< esinD (5)
C

Using a right — angled ACAD, the following is obtained:

sinC = gﬁ thus, & = bsinC (6)

Eliminating & from equations (5) and (6) gives:

csin B = psinC (7
Dividing by sinBsin C on both sides of equation (7) results to:
esinB  bsinC
sinBsinC  sinBsinC '
b
Hence, _ < = (8)
sinC sinB

Using equations (4) and (8) results to:

i = b e C {g}
smA sinB  sinC

The relations in equation (9) is called the sine rule.
The sine rule states that if @, b, and ¢ are the lengths of the sides of a AABC, then,

a _ b .-
sinA sinB  sinC’

The sine rule is used when both two angles and one side are given, or two sides
and one angle are given.

A




| @®

Find the length of the unknown side and angles in the following triangle ABC:
A

7.5 cm
Solution
The following unknowns have to be found: AC, A, and B.
Using the sine rule,

a b ' I
SiIlJ"-'L=5inE. = Ei_n{:,WhE!'EHZT.S ﬂm?-::=3.l5m1, and C = 8’0°

73cm _86cm

sinA  sin80°
@ ; 7.5 cm=xsin80° @
sinA = = ().B588
86 cm

Hence, A = 59° 11’

But, A+B+C =180°
B = 180° - (80° +59°11)

= 180* = 139° 11"
Hence, B = 40° 49’
b 8.6 cm —
= — whﬂre h= AC,

sin40°49'  sin80° "’
_ 8.6 cmxsin 40° 49'
sin 807

=57 cm
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Therefore, AC =5.7 cm, BAC = 59°11°, and CBA = 40°49'.
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In the following triangle, find:
(a) BCA (b) AC

A

223 cm

Solution

(a) BCA+ CAB+ ABC =180° (sum of angles in a triangle)
BCA = 180°—(26°+86°)

a = 68°

Therefore, BCA = 68°,

' 5in86°  sin26°

223 cm xsin 86°
sin 26°

=50.7 cm

b
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Therefore, AC= 50.7 cm.

b a -
. . W — 2 & =agn
(b) Using the sine rule, E where a = 22.3 cm, 26°, and
B = 8&6°
b 223 cm
Then =
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Points X and Y lie East of a stationary kite P and are 60 m apart. The angles
of elevation of the kite from X and Y are 40”and 35° respectively. Present this
information in a triangle, then find:

(@) PY (b) the height of a kite.

Solution
The information given is presented as shown in the following figure:

(a) PXY = 180° — 40° = 140° (Supplementary angles)

Hence, XPY = 180° — (140° + 35°)
= I180° - 175° = 5°
In APXY,
PY XY
sin140°  sin 5°

N XYsin 140°
sin5°
- 60 msin 140°
sin 5°
=442 5m

==

N Bavic Mathematics Form Four

Therefore, PY = 442 5m.
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(b) Using a right-angled triangle PQY where Y =35° , PY = 442.5m
PQ _ 4425m

—

sin353°  sin90°

442 5mxsin35°

sin 90"
=25338m

Therefore, the height of the kite is 253.8 m.

Then, 1T2=

Exercise 5.6

Answer the following questions:

1. Find the unknown sides and angles for each of the following triangles:

(a) (b)

i ¢im
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2. Juma notices that the angle of elevation of the top of a coconut tree 1s 32°,
Walking 11 metres in a direction towards the tree he observes that the angle
of elevation is 45°, Find the height of the tree.

3. Anna wishes to find the width XY of the Kilombero river. She measures a
distance AB = 100 m along the bank of the river. She observes that a point

X on the other bank of the river is such that XAB = 49° and XBA = 58°,

Find the width of the river.

4. Two boats A and B are due south of a ¢liff, the two boats are 890 m apart. The
@ angles of elevation at the top of the cliff at the two points A and B are 26°14 &
and 17°56" respectively. Find the height of the cliff.

5. A boat at point R is nbsr:w::d from two pmnts P and Q which are 3 km apart
(see the figure). If RPQ = 84° and PQR 67° find:
(a) PR (® QR
P

Basic Mathematics Form Fonr

R Q

5. A ship sails 302 km from port O to port P on a bearing N35°W and then

moves to port Q on a bearing F50°S . If ﬁ = 400 km, find:

(a) the distance PQ.
(b) the bearing of O from Q.
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6. Arailway signal SP is supported by two chains SQ and SR of length 6 m and
9 m respectively as shown in the following figure. If the angle of elevation of
the top of the signal from point () is 487, find:

(a) SRQ.
(b) the distance QR.
(c) the height of the signal.

The cosine rule

Activity 5.6: Explaining the concept of the cosine rule

In a group or ndividually, perform the following tasks through the following

steps:

1. On the graph paper, draw x) — axis on the first quadrant, draw a convenient
triangle ABC with vertices A(0, 0), B(c, 0), and C(b cos A, b sin A).

2. Using the distance formula, find the distance CB.

3. Repeat steps 1 and 2 when the altitude is drawn from point A and from point C.

4. Give the meaning of the cosine rule.

5. Share your findings with your friends and discuss.

W
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Consider a triangle ABC in which the side BD is perpendicular to the line drawn
from point B to the side AC.

Let, the side BD be &, AD = x,and DC =b—x as shown in Figure 5.21.

B

=

-

]
L
]

M
o

=1
h—x

b

Figure 5.21: Iiustration for the cosine rule

By drawing a line perpendicular to side AC from angle B, the triangle ABD
@ and CBD are formed. From a right — angled triangle ABD, using the Pythagoras’
theorem gives:

W+t =c

Thus, b’ = ¢’ —x° (M
Also from a right — angled triangle CBD, using the Pythagoras” theorem gives:
B+ {b-x}z =

Thus, &* = a’ —-[b-x}z (2)
Eliminating & from equations (1) and (2) gives:

c-x'=a’-(b -:)2

2 2 Z 2 2
o —x = +2hx—x

Thus, ¢’ = a® —#" + 2bx (3)
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From a right — angled triangle ABD,
X=ccosA (4)

On substituting equation (4) into equation (3) gives:
e’ =a —-b* +2bccos A (5)

Rearranging equation (5) gives:
a’ =b +c'—2bhccosA (6)

Also, when the altitude is drawn from point A or from point C, the similar
expression for the other side of the triangle ABC can be obtained as:

b* =a +¢* -2accosB (7
el =g’ +h* —2aboosC (8)

Hence, equations (6), (7), and (8) are the formulae for the cosine rule.
Therefore, the cosine rule states that the square of the length of any side of a
triangle equals the sum of the squares of the length of the other sides minus twice
their product multiplied by the cosine of their included angle.

The cosine rule is used when:

(a) two sides and an included angle are given.

(b} three sides are given,

Example 5.22

Find the unknown side and angles in AABC given that a =3 cm, ¢=4 cm,
and B = 30°,
Solution

In the given figure, A, B, and C are angles of a triangle and a, b, and ¢ are the
sides.

 © T—




a—3 cm
Figure 5.22: A triangle ABC with two sides and included angle

By using the cosine rule:
¥ = c*+a*- 2accosB
= l6cm’ + 9cm’ — 2 x 3cm = 4cm cos 30°

= (16 + 9 — 24 x 0.866)cm?

4.216 cm?
2.05 cm.

b

To find angle A the cosine rule is used again as follows:

2

¢ +b -a®  (4em) +(2.05¢m)” - (3em)’

cos A =
2he 2 x2.05ecm=4dem
11.2025¢cm’
= =7 —(.6831
16.4cm’
A = 46°55'

C = 180" - (46°55' + 307)
= 180° - (76°55') = 103°5

Therefore, b = 2.05 cm, A 46°55', and C = 103°5".

a = ¢ +b° — 2beccos A where A is an angle between the sides b and ¢.
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Find the unknown angles in the following ALMN:
IJ

4 rm b o

Il

3 om

Solution

Let, M, N, and L represent the angles in the ALMN.

By using the cosine rule;

P =m+n - 2mncosL
2 2 g2
m- + =i
cosL = ————
2mn

{Eu:m]z+{4c:m:lz - (Scmjz .
2 x bem x 4em
= 0.5625
L =55 46

mt o= n*+1" - 2nl cos M

HJ.‘ +_l!|2_m1
2nl
(4em)’ +(Sem)’ - (6em)’
2 xdcm x Scm
=0.125
M = 82°49'
N =180°-({M+ N}

cosM =

= 180°—(82°49" + 55° 46")
= 41°2§'

Therefore, the unknown angles are 55°46, 82°49', and 41°25'.
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Example 5.24

An object is hung from a horizontal beam by two chains fastened at points (@ and
R, 5 m apart. If the chains are 4.5 m and 4 m long, find the angles made by the
chains with the beam.

Q 0 R

Solution
In the figure, P, (), and R are angles of a triangle PQE.
Let, p=5m, r=45m, and g=4m

Using the cosine rule:

g on Similarly * = p* + ¢ - R
qz:fr +ru_gprmsq lm]ﬂ.[}" pz q qucﬂﬁ

2 b 2
3 Pty —-r
2 - S [ R_ -———
cos Q = - Bt i e 2pg
2pr
) \ \ _ 25m’+16m’ —20.25m’
2 (Sm) +(4.5m) —(4m) B 2xSmx4m
2=x5mx4.5m .
20.75m
= (.65 = T a0m’
Qisfdios = 0.5188
R =58"45%

Therefore, the angles which the chains

make with the beam are 49°28’ and
5845
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Exercise 5.7

Answer the following questions:

1. Find the unknown side and angles in each of the following triangles:

(a) (b)
S

U

T 4 em

(c) 2 (d)

()

4.8 cm i cm

Q .7 cm .



2. Given AUVW withsides u= llcm, v=14¢m, and w=21cm  If

W = 67° , find the measures of Vv and U.
3. InAABC,a=14c¢m, b=4cm, ¢ =12cm, find the middle — sized angle.

4. If EFGH is a parallelogram whose sides are 12 ¢m and 16 cm, find the length
of the diagonal EG given that F =119

5. The diagonals PR and QS of the parallelogram POQRS are 24 cm and 16 ¢cm

respectively. If the acute angle formed by the diagonals is 38°27, find the
longer side of the parallelogram.

6. Given a parallelogram ABCD with adjacent sides measure 40 cm and 22 cm.

If the largest angle of the parallelogram measures 116°, find the length of the
larger diagonal.

D C
22 cm
116¢
A A0 ¢ B

7. A road is bent at point Y so that XYZ = 130° and makes a short road XZ.
If XY is 100 mand YZ is 80 m, what a distance is saved by walking along
the short cut XZ ?

Buasie Mathiematics Form Fonr
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8. The ports E and F on a straight coast line are such that F is 53 km East of E.
A ship starting from port E sails 40 km to a point G in a direction N 65°30'E.
Find:

(a) the distance of the ship from F.
(b} the ship’s bearing from port F.

9. The hands of a clock are 4 cm and 5 cm long. Find the distance between the
tips of the hands at 5.00 p.m.

10. Arhombus PQRS has a side of length 6 cm and with the longest diagonal of
T cm, If one of 1ts smallest angles is 37°, find the sum of its largest angles.

Compound angles

Activity 5.7: Comparing values of sine and cosine of compound angles
Perform the following tasks in a group or individually:
1. Check whether the following values of angles are the same.

(a) sin (45° + 30°) = sin 45° + sin 30°

(b) sin (90° — 60°) = sin 90° — sin 60°

(c) cos (45° + 30°) = cos 45° + cos 30°

(d) cos (90° — 60°) = cos 90> — sin 60°

2.  What did you observe?

3.  Share your findings with your neighbours for more inputs.

Other useful trigonometrical relations can be determined by considering the sine
and cosing of the sum or difference of any two angles.
Let us investigate whether sin (60° + 30°) = sin 60° + sin 30°.
sin(60°+30°) = sin 90° = 1.

V3

sin 30° = l,and sin 60° = —.
2 2

T © A
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Therefore, sin (60° + 30°) # sin60° + sin 30° since, 1¢?+5_

Similarly, we can investigate whether
cos (180" — 90°) = cos 180° — cos 90°.

cos (180" — 90°) = cos 90° =0, cos 180°=-1 and cos 90" =0
Therefore, cos (180° — 90°) = cos 180° — cos90° since 0 = —1.
From these examples, it can be deduced that:

{a) sin{A+B)# sinA+sinB

(b) sm{A-B) # sinA-snB

(c) cos(A+B) # cosA+cosB

(d) cos(A—B) # cosA—cosB

The cosine of the sum and difference of any two angles

The sum and difference identities for the sine and cosine functions are identities

involving angles A and B. These identities are as follows:

cos (A - B) = cosAcosB + sin AsinB
Let us derive the relation for cos (A + B). From the fact that cos (-B) =cos B

and sin (-B) = - sinB, cos (A+B) can be derived as follows:
cos (A + B) =cos(A—(-B))
= cos A cos (—B) +sin A sin (—B)

=cs A cos B-sinAsinB
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Hence, cos(A + B)= cos 4 cos B — sin A sin B.

This relation is true for cos (A — B) and cos (A + B) for angles A and B,
will also be the same for functions of numbers.

Therefore, cos{A — B)= cos Acos B+sin Asin B

cos (A+B)=cos A cos B - sin A sin B.
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Example 5.25

(a) Find the value of cos 135° from cos (90° + 45°) without using
trigonometrical tables or calculators.

(b) Simplify cos(90° + &).
Solution
(@) cos135° = cos (90° + 45°)
= cos 90° cos 45° — sin 90° sin 45°

2L
2

2

V2

Therefore, cos 135° = Gt

(b) cos (90° +8)
& = c0s90° cos @ —sin 90°sin & oy
=(D)cos@—(1)sin @
=0-sinf

= —sin@

Therefore, cos(90° + #) = —sind.

Hoacie Wathematiocs Form Fonr
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Find the value of cos [% - %) without using trigonometrical tables or calculators.

Solution

EGS[E—E]—WSECOS£+SM£SM—
3 4 3 4 3
AL 2 2
_ N2 A6
4 4

T
4

]

Exercisc 5.8

Answer the following questions:

1. Verify that cos (180° — 90°) =
cos 180 cos 90° + sin 180° sin 907,
2. Verify that cos (90° — 60°) =
cos 90° cos 60° + sin 90° sin 60°.
3. Find the value of cos 15° by
using cos (45° —30°).

4. WVerify that for any angle C,
cos (907 — C) =sin C.

b

: 2
Verify that cos [?.r = E?r]
2 : P g
= 008 % co08 % + sing S

6. Verify that cos(n—x)=
COS T COS T+ 8in T 8in m.

Verify that the following relations
are true for all values of t:

(a) cos(m —1) = — cost.
(b) cos (27 —¢) = cost.

(c) cos {g— :] =

(d) cos(x —t) = sinz.

sin .

Verify that cos (30° + 60°) =

cos 30° cos 60° — sin30° sin 60°,
Find the value of cos 105° from
cos (45° + 60°).

Find the value of cos 255° from
cos (45° + 210°).

. Verify that cos (180° + 45°) =

cos 180° cos 457 — sin 1807 sin 45°.
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12. Verify that the following relations 14,

13.

are true for all values of 1.
(a) cos (& +t) = —cost.
(b) cos (27 +¢) = cost.

(c) cos {§+ r] = —sint
(d) cos (%:r + t] = —sginf.

Verify using the formula for

cos (t + 5) that cos (r+ 2x) =cos L.
What does this show about the
period of the cosine function?

Simplify the following
EXPressions:

cos2A
cos A +sin A

(a)

T
(b) cns[g—ﬁ]

Fa
() cos [H - E]

cos2A
cosA—sin A

The sine of the sum and difference of any two angles

If C is any acute angle, then
cos (90° — C) = cos 90° cos C + sin90° sin C “
=0xcosC+1xsinC

= gin C.
Hence, cos {9':}“ - C:l =sin C.

Let, C be (90° — A), then 90°-C =90°~ (90° - A) = A
This means that cos (90° - C) =sin C and cos A =sin (90— A).

Now, let C be another name for (A + B). The formula for the sine of the sum of
the two angles A and B can be found as follows:

sin (A +B) = cos (9[}“ - (A+ E])

= cos [(90°—A) -B]

= cos (90"~ A) cos B +sin (90°- A) sin B

= sinAcosB+cosAsinB

Hence, sin (ﬁ + E) =gin A cos B + cos A sin B.

The formula for the sine of the difference of any two angles A and B can also be
found by considering sin [A + (= B]] using the derived formula for the sum.
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Note that cos (HB} = cos B and sin [-—E) = —sin 8, results to:
gin [A + (—H)] = sin A cos (—B) + cos A sin (—B)
sin (A — B) = sinAcosB + cos A (—sin B)
Hence, sin (A -~ B) = sin Acos B - cos AsinB.
The relations for sin (A + B) and sin (A — B) for angles A and B will also be
the same for function of numbers.
Therefore, sin (A +B) =sin A cos B+ cos A sinB and
sin (A — B) = sinAcos B — cos A sin B,

{a) Verify that sin ['Eiﬂ“ + 3[}“] = sin 90° cos 30° + cos 90° sin 30°.
(b) Find the value of sin 75% without using trigonometrical tables or calculators.

Solution
(a) LHS: sin [QI}"+3I}*'] = gin 120°
= sin (1 80° - IZD")

® i
=sinﬁl}“=l‘§-.
RHS:
sin 90° cos 30° + cos 90° sin 30° = [1 < ? ]+ [nx %] = %

Therefore, cos [‘}ﬁ“ + 3{3”] = sin 90° cos 30° + cos 90° sin 30"
(b) sin75° = sin (45°+30°)
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Therefore, sin 75° = JE:’E
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The tangent of the sum and difference of any two angles

Activity 5.8: Deriving the compound angle formula for tangent

In a group or individually, perform the following tasks:

1. Find the ratio between the compound angle formula for sin( A+ B) and
cos(A4+B).

2. Use the ratio obtained in task 1 to obtain the compound angle formula for
tan{ A+ B).

3. Repeat task 1 and 2 for the compound angle formula for tan(A- B).
Give a conjecture from the formula obtained in task 2 and task 3.

5. Share your findings with your neighbours for more inputs.

From activity 5.8, the relation for tan (A + B) and tan (A — B) for acute angles A
and B are also the same for a function of numbers.

To find the value of tan(A + B) , one needs to consider the trigonometric ratio

relations for tan B, sin 8, and cos 8 where 0 is an acute angle.

Generally, 1t 1s known that: tan@ = sin &
cos
Then, suppose that 0 =A+ B.
sin{ A+B
Thus, tan(A+B) = M
cos(A+B)
g .
tan[A+B]= sin Acos B+sin Becos A

cosAcos B —sin AsinB

Then divide all the terms of tan{A + B) by cos AcosB to obtain:

tan A+tan B

t A+B) = 5
a.n( ) l —tan AtanB

tanA—tan B
l+tan Atan B

Conversely, tan (A— B) =



fo:impie 5.29
Find the value of tan105° from tan(45°+60°).
Solution
tan (45° + 60°) = tan 45° + tan 60° =1+2Jj+3
1— tan 45°tan 60° -3
1443 4423
1-4/3 =2
1+w..|'r3|T ]+1.|E
= x Theref: tan105° = -2 — /3.
I—ﬁ ]+£ ereiore, lan ‘\J'r_

- .

(a) Simplify tan E % H].

T Fia
tan ——tan —
® (b) verifythmtan[f - E]: 31 fr. @

Solution

T
tan — 4 tan &
4

T
(a) 1tan (I + H) =

l—tanExtanH
4

_ l+tand

l-—tan #

I+tan @
Therefore, tan {E 2 H] ¢
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Revision exercise 5

Answer the following questions:

1.

‘ Plurtbs B SR T IR B 30 il ST

Evaluate the following without
using trigonometrical tables or
calculators:

@ tan 60° sin 30°
sin 45°
sin 30° cos 60°
b
(b) tan 30°
© sin 45° tan 60°
cos 30°

(d) 2cos135" — sin 30°
(e) tan (-300°) — tan 120°
(f) sin 225° + cos 45°

If o and P are complementary

angles and sina = ﬁ find the
value of:
(a) coso (b) tan

Using the trigonometrical tables,
find the value of each of the

following:
{a) sin 192°

(b} cos224°
(c) tan321°
(d) sin (-15°)
{e) cos(—1299)
(D) tan (= 310%.

4.  Find the angles between (7 and
360" which satisfy cach of the
following:

(a) sinB= —0.2468
{b) cos0=0.73579
{¢) taneo=—2.356.

5.  Find the angles between — 360°
and 360° which satisfy each of
the following:

(a) sin0=0.1234
(b} cosf=-0.5678
{c) tanf=0.3546.

6. If P is the point ( - 3, 8), find the
sine, cosine, and tangent of the
obtuse angle between OP and
the x — axis, where O is the point
at (0, 0). ®

7. Express each of the following
in terms of the sine, cosine or
tangent of an acute angle:

{a) sin 238°
(b) cos({—263%)
(c) tan{—36").

In questions & to 11, find the unknown
angles and sides in each of the given
AABC such that:

8. a=9%lcm,c=78cm, C=29°27
9. b=14cm, B=41"37,C=84°2¥
10, a=16cmb=18¢cm, C=110"
11, a=19¢em,b=21¢m,c=36¢cm
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12,

13,

The length of the shortest side of
a triangle is 5.4 cm. Two of the
angles are 31° and 40°. Find the
length of the longest side.

Two islands A and B are 5.9 km
and 9.2 km respectively from
a point O of a straight coast
line OX. If XOA = 29° and
XOB = 46°, find the distance

between the islands.
0 X

14.

15.

3
From a certain point X, Hamisi

observes the angle of elevation of
the top of a tall building to be 40°.
Moving 50 m further away to a
point Y on a level road, he notices
the angle of elevation to be 29°.
Find:

(a) the distance of ¥ from the

bottom of the building.

(b) the height of the building.

Calculate the angle between the
diagonals of a parallelogram
whose sides are 5.1 cm and 2.5
cm enclosing an angle of 70°.

16.

The angles of elevation of a
balloon from two points A and B
which are 0.3 km apart are 62° and
48° respectively. If the balloon is
vertically above the line AB, find
its distance above the line.

-

17.

18.

In triangle ABC, AB=11cm,
AC = 12cm, and BC = 15 cm.
Find the value of the largest
angle of triangle ABC.

Khadija travels from wvillage A
to village B, 8.6 km away in a
direction N 30° E and then 5.6 km
to village C in a direction S 28° E.
Find:

{a) the distance AC.

(b) the bearing of C from A.

(c) the bearing of A from C.



19. Find the value of each of the 20. (a) Simplify the following:
following: ) tan [ 6 2_.?:']
(a) sin|-Z : 1
3 (i) tan (A~B)if tan B=
3

(b) tan{;”) (b) Ifsinﬁ=l]—zandccsﬂ=%,
evaluate:

(c) cns(ST}r] (i) tan({A +B)
(ii) sin(A-B)

3
£):an [ ‘T) (iii) cos(A-B).

Make a visual display that shows the vertical drop and angle of elevation for

several different roller coasters. In your presentation, include the following:

. Scale drawing of the right triangles.

2.  The vertical drop, horizontal change, length of track, and angle of elevation
for each roller coaster. %

3. An explanation of @a trigonometry to find measures in your
display. =,
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Vectors

Various daily activities require the use of gquantities which have both
magnitude (size) and direction. These quanitities are generally called
vectors. In this chapter, you will learn the meaning of a vecitor quantity,
concept of displacement and position vectors, resolve vectors into { and z
components, magnitude and direction of a vector. You will also learn the sum
and difference of vectors, multiplication of vectors by a scalar, and solve
real life problems on velocities, displacements, acceleration, and forces. The
competencies developed will help you to solve problems related to magnitude
and direction in military, games and aircrafl, navigations, towrism, sports,
designing, and other daily life activities.

—————————————————————————— e ———————————)

Displacement and position vectors

Displacement vector

Activity 6.1: Defining the displacement vector

In a group or individually, perform this activity using the following steps:

1. On the graph paper, locate a point A.

2. Locate another point B which is 4em in the direction of North East from
point A,

3. Jointhe points A and B by a straight line showing an arrow to the end at point B.
4. What did you observe in step 37 Give the name of the vector obtained in step 3.

5. Inyour own words, define the term displacement vector.

The distance moved by an object from point A to point B in the direction of B is
called the displacement. The displacement from point A to point B is denoted by

AR. Figure 6.1 shows the displacement from the point A to point B.

i



— —

Figure 6.1: The displacement from point 4 to point B
A vector is defined as a physical {E&;ﬂtit}-’ which has both magnitude and direction.
In Figure 6.1, the displacement AB is a vector because it has magnitude as well
as direction. Some examples of vector quantities are displacement, velocity,
acceleration, force, momentum, electric field, and magnetic field. Quantities
which have magnitude only are called scalars. For example, distance, speed,
pressure, time, and temperature are scalar quantities.

Vectors are named by either two capital letters with an arrow above, like (T; or
by a single capital or small letter in bold case, like a. Sometimes as a single small
letter with a bar below like a. In Figure 6.2, {;ﬁ 15 the displacement from the
origin O to the point A.

iy | |
" :A
3 1
|
2 "
OA=a
1
£
i 1] 1 2 y  r
| [

— .
Figure 6.2: Displacement vector QA from point O to point A on the positive xy — axes

When the notation OA is used to describe a vector, the arrow indicates the
direction of the vector. That s, vector D_E has initial point at O and end point at
A, whereas vecior Iﬁ has its initial point at A and end point at O,
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Example 6.1 NG

any real numbers.
Solution

(a) OA=(1,-1),
Horizontal component is (1, 0),
Vertical component is (0, —1).

(c) OC = (-4, -3),
Horizontal component is (-4, 0),
Vertical component is (0, —3).

Write the position vectors and their components for each of the following points:
(a) A(L,-1) (b) B(-5,5) (c) C(—4, -3) (d) D{u, v) where u and v are

(b) OB = (-5, 5),
Horizontal component 1s (—3, (),
Vertical component is (0, 5).

(d) OD = (u, v),
Horizontal component is (i, 0),

Vertical component 1s (0, v).

Example 6.2

equivalent vectors,

For each of the vectors @ and b in the following figure, draw a pair of




Solution

In the following figure, the vectors P and 7 are equivalent to @, while the
vectors w and v are equivalentto b.
Ezzae

fZ

@& The unit vectors, { and J &
In the xy — plane, the position vector with unit length in the positive x — axis is
named { and the position vector with unit length in the positive y — axis is named

J - That is, both fand j are unit vectors. Figure 6.5 shows the unit vectors in the
positive xy — plane.
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In terms of position vectors, these vectors are written as | = (1, 0) and

j= (1),

Now, consider the position vector op = {:-:, ¥} in Figure 6.5, The vector oF

can be resolved into QP = (x,0) + (0, y) and factorized into

OF =x(1,0) + ¥(0,1). But, i= (1, 0) and j = (0,1). Hence, OP = Xi + ¥/.

Generally, any position vector OP = (x, ¥) can be written as an algebraic sum

of the unit vectors {and j asaﬁ=x{+yi'.

Example 6.3

Write each of the following in terms of the unit vectors { and j :
@ a=(-3,-4) () b=(-55) ) c=(-1.6) (@) d=(u.v)

where u and v are any real numbers.
Solution
(a) a=(-3,-4)

() b=(-5.5)=(-50)+(0,5)
=-5(1,0)+ 5(0.1)
The horizontal component of @ is

(-3,0).
The vertical component of a is

=—5i+5]
Therefore, b=—5i +5/.

(0,-4) (c) c=(-16)
Thus, =-1(1, 0) + 6(0,1)
a = (-3,0)+(0,4) =—i+6]
=-3(L, 0)+—4(0,1) Therefore, ¢=—i +6,.
=—3i —4j @ d=(uv)
Therefore, @ =—3i —4. =(, 0)+ (0, v)
) =u(1,0)+ v(0,1)
=ui + vj

Therefore, d = ui +vj.




Write each of the following vectors as position vectors:
: h 25
(#h ==hi ®) ¥=77 oF
(d) w=wi+ w,j where w; and w, are real numbers.
Solution
(a) s=-8i (b) u=7j
oty =0i+7)
= -8(1, 0) + 0{0, 1) =0(1,0) + 70, 1)
=0, +(0,7)
=[-8 0)+{0,0
(.0)+(0.0) el
= (-8, D
( ) Therefore, u =(0,7).
Therefore, s = (-8, 0).
2i J . s
== = d) W=wil+w,j
@ (c) ¥ it (d) I 24 @
2 2 = w (1,0) + w, (0, 1)
=§{L 0) + Ef‘l 1)
; . = [w,,ﬂ]+[ﬂ, wz}
=[‘§= “]+ (“* E] =)
= {E E) Therefore, w = (W, w, ). L;
gt 5
: [z 2)
Therﬂfurf:, - 3’ 5 -i:"i
=

Addition and subtraction of position vectors

If U= (u,u,) and V= (v, v,) where u,u,, v, and v, are any real numbers,
then, U+V¥ = [u,+ Vi, U, + v?_] and U-V = [u,— Vi, Hy— vz].
Similarly, if U=ui+u,j and ¥ =v,i+v,/, then

U+ V= (1) + (i + 9 ) = (0, )i+ (1, % 3,) 7 and
uU- v=(“|~f+ H:i}_{ulé * Vli-:l z(”a = Pl)i + {”: = ""1}{.‘
fr S
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Example 6.5

Given U=(3,2) and V= (1,3) ,find U+V and U - V in terms of:
(a) Position vectors.

{(b) Unit vectors i and J-
Solution

(a) Given U=(3,2) and V=(13),then (b) U=(3,2)=3i+2/ and

U+V = (3,2) +(1,3) V=(13)=i+3j

U+ V=3 +2/)+(i +3))

=(3+1,2 +3)
=i +D+(25 +3))
= (4.5) =4i+5]
Therefore, U+V = (4,5). Therefore, U+V =4i+5;.
Similarly, U-V =(3,2) - (L.3) Similarly,
= (3-1,2-3) U-V=(3+2f}-(i +3))
=(3i-0D+(2j-3))
= (2,-1) =2-j ®
Therefore, U-V =(2,-1). Therefore, U-V =2i— j.

E .u‘u!lpll.’. 6.0

If OP =xi + ¥J » show that the coordinates of a point Pare (x,y), where x
and y are real numbers.

Solution
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Given El-!"=.r£ + 34, then we have,
OP =x(1,0) +¥(0,1)
= (x,0) + (0, »)

=(x¥)

Therefore, the coordinates of a point P are (x, ).
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Exercise 6.1

(a) Write each of the forces as a

Answer the following questions: position vector,
1. Draw two displacement (b) Write the two forces as a
a= (3, 4) such that one has its unit vectors { and j .
origin at (3, 0) and the other at
(0, 4). 5. Write the position vector of each
of the following points:
2. Write each of the following in A(3. 4
terms of the unit vectors iand j: (a) ::z s ))
a (b) B(5.3
={-3,6
=(5, -2
b} 4=l 2) @ D(u,u,)
&) z=i-4:2) where u, and «, are real numbers.
(@ s=(-7.-3)
(e) u=(0,-9) 6. Given u=-6i +12j,
i v=—ll§-13£,ﬁndU+Vand &
3. Write each of the following as a U — ¥ m terms of:
position vector: (a) position vectors.
(a} ﬂ=3!'+2j fh] ﬂ[ﬁtVEﬂtﬂlﬁ-iﬂﬂd i
(b) b=6i-7j

7. If the components of the vector r
(c) c=i+4f arc (x,0) and (0, y),express
r as a single vector in terms of

k=
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=
B
I~
R,
ey
o
=2
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=
T
=
=,
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e
b
&

d) d=2i :
@ d=2 the unit vectors j and ;.
(&) e=-3j i
8. Draw a position vector which is
4. Two forces of magnitudes 3N equivalent to AB joining A(3, 0)

and 4N, are acting in the positive and B(0, 3).

x — axis and negative y — axis,

respectively at the same point 9. Draw the position vectors P

and —P on the same diagram if
010.9). P=(-4,).

T— s R —



10. An aeroplane flies 200 km due
East from town A to town B, It
makes another flight 300 km from
town B to town C due South.

(a) Write the final destination of
the aeroplane as a position
vector with reference from
town A.

Magnitude and direction of a vector

(b) Write the position vector of the
aeroplane at town C in terms
of the unit vectors § and j,
taking town A as the origin.

{c) Find the vector which will
represent the direct journey of
the aeroplane from town C to
town A in terms of { and ;.

direction of P.

RTINS

Activity 6.3: The concept of magnitude and direction of a vector

In a group or individually perform this activity using the following steps:
@ 1. On a graph paper, draw x and ¥ — axes.

2. Locate a point P(x, y) in the first quadrant.

3. Join the origin and point P(x, ¥} by a su‘a_i'ght line with an arrow in the

What is the name of the resulting vector?

o
Find the distance d of the vector OF interms of x and y .
State the physical meaning of the distance obtained in step 5.
Share your findings with your friends through discussion.
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Magnitude of a vector

The term magnitude of a vector is used to define the size of a vector. Magnitude
is sometimes called modulus. The magnitude or modulus of a vector is a scalar
guantity. The magnitude of a vector is calculated by using the distance formula
which is based on the Pythagoras’ theorem. Consider the right — angled triangle
ABC as shown in Figure 6.6.

—

Figure 6.6: Right angled — triangle ABC

Using Figure 6.6 and Pythagoras’ theorem, {E]E = (E}E + (E]E Taking the

square root on both sides we obtain AC =J (ABY +(BC).

Now, consider the position vector r={(x,») asshown in Figure 6.7.

vh
P N Y A .Pf-"“ u)
r
L4
3 :
- o ] N
0O(0,0) Qlx, 0)
Y

Figure 6.7: The position vector ¥
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From the position vector oP = r =(x,y) draw P_(i perpendicular to the x — axis
and PR perpendicular to the y— axis. The coordinates of Q are (x,0) and
that of R are (0,y). The AOPQ is a right — angled triangle at Q, thus by the
Pythagoras’ theorem we get

(Gp) =(00) + (@)
But, 0Q=x and QP = OR = y. Substitute x and y for OQ and @
respectively to get

(GB)’ = (x-0)" + (y-0)

=x’ + }F
Eﬁ=1l||.r3 + y* , but Eﬁ=£=xf+y£

Since OP isa position vector, the magnitude of OP is denoted by OP or |61g"|
Therefore, r :.”1_;;3 + p* , where # is the magnitude of the vector #.
This formula is used to calculate the magnitude of any position vector. In
Figure 6.7, the position vector of P(x, y)is defined by OP . The position vector
of point P can also be denoted by # as shown in Figure 6.7.
In Figure 6.8, the position vector ¢ has its initial point at P(x,,y, ) and the end
point at Q(x,,¥, ). Thus, the vector PO is given by:

ﬁi: (x=x)i+(y, _yi:'i

i
Therefore, PQ = r = (x,—x,)i+(3,-»)J.

vi
(0, u,)

—
Figure 6.8: The position vector P(Q)
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From Figure 6.8, the magnitude of the vector Fa where the initial point is

P(x,, ) and the end point is Q(x,, y,) is given by the distance formula:

ﬁ|‘—‘- -J{Ji‘z —-1'1]] +[J’z _.]"L}l

£]|=[PQl= (x, - Y +(3-n) -

Therefore,

A vector whose magnitude is one is called a unit vector. If & is a vector, the unit

) -
vector in the direction of ¥ is given by E and denoted by ¥ (notation for unit
B

vector), that 1s i = :

N 2000 020

(a) Calculate the magnitude of ov = (-3.4).

(b) If r=ki + 7, find the values of & when|r|=25.

Solution
(a) Let, (x, ) = (-3, 4)
(b) Given r= ihj+?£‘and le| =25

Given OV = (~3,4), then the

magnitude of oV is given by: we have that: |z |= k" +7°
|0_1:'|-‘| = Ifxz +_}='2 N = n.||kz+49
Square both sides to get:
e {_3]*’- + 42 625 =K%+ 49
T K =625-49
=370
=25 k =%.576
=5 =324

Therefore, the magnitude of OV IS Tperefore. k = 24 or k — — 24.
3 units,
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Example 6.10

Find the bearing of the position veclor v = (6, 8).

Solution
Let, (x, ¥) = (6, 8)

The magnitude of v is given by:
Y= ' +y?
= 6! +8

= +/100
=10

Hence, |v| =10,
E'Y

&,

bt

P
L
1

r

Using trigonometric ratios we have:
6

cosff=—
10

= A =cos 0.6

E
B
=

=

L
-
=
=

Ty
1

et
e
=
=
=
LT

=
=

-

=
i}
=

@' =53.F;
Since the bearing of the vector is measured in a clockwise direction from due
North (N), then the bearing of ¥ = 090° - 053.1° = 036.9°.
Therefore, the bearing of the position vector v is 036.9°,

o i |
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Example 6.11

Find the direction of the vector ﬁ whose initial point P1s at (2, 3) and end point

Qisat (5, 8).

Solution
Let, (x, 1) =(2,3) and (x,,»,)= (5, 8)
Then the vector P_6 is given by:

P_QF =(r,—x,)i+ (o -y) J

PQ = (5-2)i+(8-3)

{ _x%

L O5, &)

=3i+5)
Hence, P_Qh=3£+5£.
where x=3 and y=5.

Thus, tanf =

= tanf =

wiv |

(= =}

B

P(2, 3)

= 0= tan"{iJ el
3 =2 -1 0

= tan™ (I .ﬁﬁ?:l
g =359°
Therefore, the direction of the vector P_QF is 59°.
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Direction cosines

Figure 6.11 shows the vector ﬁz{x,y} which makes angles o and p with
the positive x and y — axes, respectively, the cosines of o and B are called the

. - . i
direction cosines of OP.

vk

3 :
R0, 1) Pl gl

! .
00, 1) AT ) 4

v @

Figure 6.11: The position vector

Figure 6.11 shows that the coordinates of Q are ( x,0) and thatof R are (0, y). The

AOQP is right — angled at Q and POR = Gf‘Q because they are alternate interior
angles.

#,@=x,aﬂd@=ﬁ=p

Thus, OPQ = 3, OP =
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% x
Therefore, cosa =— and cos g —: or f:nscf—— and r:nsﬁ—
op| 0P|

direction cosines of OP.
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Iixampﬁz 6.12

Given a=6i +8 J, find the direction cosines of @ and the angle that @ makes

with the positive x — axis.

Solution
Let, (x, ¥) = (6, §)

Then, the magnitude of a vector a ., is given by

la| = fxt+
T
=,/36 +064

=+/100

=10

Hence, |2 | = 10.

Suppose g makes angles oo with the positive x — axis and B with the positive

y — axis, then, direction cosines are given by:

and cos j =

cos O

Elm Elk‘:

wiw Sle &n

wh| b

4
Therefore, the direction cosines of @ are % and L




Since g makes angle a with the positive x — axis then;
Alternatively, the angle « can be obtained from
tanar = l cos g = i
; i
=8 -
6 10
s =0.6
3 a = cos "1(0.6)
- a
o [ i) 53.1
3
= tan " [1 .333}
=53%1"
Therefore, the vector g makes an angle of 53.1° with the positive x — axis.

Example 6.13

@
Find a position vector in the form of r = xi+ yj whose direction cosines are
5 12
-— and -—.
T e
Solution

For any vector r = xi+ v the direction cosine are

o ot o, @ ¥ 12
H and H.Thus E_-H and |£| —
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On comparing we get X = -3 and y=-12. Hence, §=—5§—12£.

Therefore, a position vectoris ¥ = —3(—12j |

Note: Given a set of direction cosine, one can find the corresponding vector.




Addition of vectors
Resultant vector 1s the sum of two or more vectors. The resultant vector has

its own magnitude and direction. There are three laws used in adding vectors
namely; the triangular law, the parallelogram law, and the polygon law of vectors.

The triangle law of vector addition

The process of vectors addition involves joining two vectors such that the initial
point of the second vector is joined to the end point of the first vector. The resultant
is obtained by completing the triangle with the vector whose initial point is the
initial point of the first vector and its end point coincides with the end point of

the second vector. For example, if ¢ and b in Figure 6.12(a) are vectors, the

resultant vector @ +b is obtained as shown in Figure 6.12(b).

Figure 6.12(a): Vectors a.’n space Figure 6.12%(b}: Reswdtant of vectors by
tricngilar law

The parallelogram law of vector addition
When two vectors are sharing a common initial point P, then the resultant vector is
obtained by completing the parallelogram. The two vectors form the sides of the
parallelogram and the resultant is the diagonal with its initial point at P and its end
point at R as illustrated in the given example.

fsre Wathematios Form Foor




Example 6.14

Find the resultant of vectors 4 and v given in the following figure.

\

e
g &

Solution
Complete the parallelogram by joining the end point of u at S by an equivalent

vector of v to R and the end point of v at Q) by an equivalent vector of 4 to R
using dotted lines to obtain the parallelogram PQRS.
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Therefore, from the figure the resultant vector is ﬁ%‘t=g+y=£+g.

Note: In this type of vector addition the commutative property hold.




| - El &

The polygon law of vector addition

When adding more than two vectors, the resultant of the vectors is obtained by
joining the end point to the initial point of the vectors one after the other. The
resultant of the vectors is the vector joining the initial point of the first vector to
the end point of the last vector. The resulting figure is usually a polygon.

Example 6.15

Find the resultant of the vectors a, &, ¢, and 4 given in the following figure.

L

-

~

@ a
Solution
Start with a and let its initial point be P "
and end point be Q. | I
Joinh to g &t Q tooblain PE =%:b. | | | & 3
Jomctoa+hat R tﬂuhtainFS'- “é
=a+b+c. é
Join d to a+b+e¢ at S to obtain PT. ;
=a+btc+d. =
Therefore, the resultant is PT
=ag+b+tct+d

The resulting figure is a polygon PQRST
as shown in the figure.
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Opposite vectors
Consider the vectors OP and PO as shown in Figure 6.13.

O

Figure 6.13: Opposite vectors

In Figure 6.13, OP and PO have equal magnitudes but opposite in direction.
Thus, the vectors a['; and ﬁ‘_“‘l’ are called opposite vectors. When E['; 1s added

to PO the resultant is a zero vector. That is, OP + PO = 0. Thus, OP =-PO. A
The negative sign indicates that OP is in opposite direction to PO .

Example 6.16

Frrnr

Find and draw vectors which are opposite in direction to the vectors a, b, ¢,

and d shown in the following figure.
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Solution

The opposite vectors of @, &, ¢, and @ are —a, —b, —¢, and —d as shown in
the following figure.

L™

[ ]
f : g

Subtraction of vectors

The process of subtracting one vector from another gives the same result as adding
one vector to the opposite of the other vector, Thus, the difference of two vectors
also gives a resultant vector. Twwo laws can be used when subtracting vectors,
namely; the triangular law and the parallelogram law of vector subtraction.

Triangular law of vector subtraction

Given two vectors ¢ and b, the vector & can be subtracted from a using the
triangular law as shown in Figure 6.14.

Figure 6.14 {a): Vectors in space Figure 6.14 (b): Opposite vector

Basic Mathematics Form Four




Example 6.19

Find the magnitude and direction of the resultant force as shown in the
following figure:

Solution
The 8N force will not contribute anything to the horizontal components and the
10N force will not contribute to the vertical component,
Resolving honzontally gives:
EI =10+ 16 cos 58" — 12cos42°)i

=(10+ 16 = 0.5299 - 12 = 0.7431){
=9.56124.

Resolving vertically gives:
E,, = (16 sin 58" + 12 sin 42° + 8 sin 270°) J
= (16 % 0.8480 + 12 X 0.6691 + 8 x —1) J
=13.5972 J.
The resultant force R is given by

-

- -
R=R,+R,
=9.5612i+13.5972 J,

Thus, |R|=,f(9.5612) + (13,5972

= q.f 276.3

=16.6
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Basic Marhemarics Form Four

_ 135972
9.5612
= 1.422
0 =tan"(1.422)
= 54.9°

tan 6

Therefore, the magnitude of the resultant force is 16.6 N and makes an angle of
54.9° with the 10 N force.

Exercise 6.3

Answer the following questions:
l. Find the magnitude of the resultant force of a system of two forces each of
magnitudes 7 making an angle of 120° to each other.

2. Find the resultant of two vectors of magnitudes 4 and 7 at angles of 30° and
60°, respectively with the horizontal. @

3. Find the resultant of three vectors of magnitudes 3, 4, and 5 along the sides
AB, BC, and diagonal CA of a rectangle ABCD.

4. Given vectors P, gL &, and ¢ as indicated in the following figure:




N T ®

5. Use the vectors P, g.r, 8, and ¢ in question 4 to find:

(@ p-q (b} r-s

() p-q-r-s @ (p—g)-(r-s-1).

6. Find the resultant of three vectors of magnitude 6 units each along the sides
AB, BC.and CA of an equilateral triangle ABC.

7. Three vectors with the same magnitude act along (}_,Ei {jﬁi and EE where
AOB and COB each measures to 60°, Find the resultant of the three vectors.

8. Three forces of magnitudes 10N, 20 N, and 30 N make angles of 30°, 120°,
and 2107, respectively with the positive x — axis. By scale drawing, find the
magnitude and direction of the resultant force.

9. By scale drawing, find € + b given that Hz 10 in the direction N45°E
and [B|=3 in the direction N45°W
@ : : . ®
10. Find the resultant of the system of forces F, and F, acting at point O as
shown in the following figure.
F'I

Havre Mathematios Form Four

11. Find the vector opposite to the resultant of the vectors 2, b, and €.
where 2 =(1,2), 8=(2,3) and ¢=(3.4).

: Mieth F4 [BOCK) (DUVBIY) Aug 25.irdb 253 &
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5.

Two forces acting on a particle have magnitudes 8N and 3N. The angle
between their directions is 60°. Find:

(a) the resultant force acting on the particle.

(b) the magnitude of the resultant force acting on the particle.

{c) the direction of the resultant force.

Given that @ =4i + 6j and b =-2i - 3j then find @ - & by using a
parallelogram law of vector subtraction.

Multiplication of vectors by a scalar

Activity 6.5: Multiplication of a vector by a scalar
In a group or individually, perfom the following tasks:

1.

L TR - U R

Draw a vector OP = (2, 2) in the first quadrant on the x — plane.
Increase the magnitude (modulus) of 0? three times to obtain EF'.
Find the coordinates of P'.

Determine the relationship between the two position vectors.

Share your findings with your neighbours through discussion.

Consider a vector ¢ of magnitude 5 units making an angle of 45° with the

positive x — axis. If the magnitude of ¥ is doubled, a vector v of magnitude 10

units in the direction of u is obtained as shown in Figure 6.15, Hence, v=2u.

The vector v is called a scalar multiple of vector u .

) @. aME1 215 P e
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Figure 6.15: Multiplication of a vector by a scalar

Generally, if the vector ¥ = (u,, u,) where », and u, are real numbers and 1 is
any non—zero real number, then fu = t{ul, ”1} = (fu,, tu,). The vector tu _ (fu,, fu,)
is a scalar multiple of the vector ¥ =(u,, u, ) as shown in Figure 6.16. @

Similarly, if 4 =wu,i+u, j, then tu=nu i+, j

v

fu., tu 5
ruz _________________________________ Q ( 1 2} -__‘:
| S
1 [c
" =
g =
fu ) =
: S
. -
HE ________________ 1 P{ulg uz) : ‘:'1'..:"
: : <

1 i

I i

u : '

i :

| '

i i

: i

ok : : o
D ﬂ] t“; b

Figure 6.16: Scalar multiple of vector




Example 6.20

If a=3i+3; and b=5i+4, find —5a+3b.

Solution

—5g+3é=—5{3{+3i}+3{5{+4£}
=—15i-15/+15i+12j

=(=15+18)i+(-15+12)J
=-3j

Therefore, —5a+3b=-3;.

Example 6.21

Given p=(8, 6) and ¢ = (7, 9), find 9p — 8q.

Solution

9p — 8¢ = 9(8, 6) - 8(7,9)
= (72, 54) — (56, 72)
=(16, -18)

Therefore, 9p — 8g = (16, -18).

Exercise 6.4

Answer the following questions:
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1. Givena = (1, 2), b = (-2, -1),and ¢ = (3, 7), find 2¢ + 3b + 4c .

2. Draw on the same diagram the vectors u, 3u, 4u, —u,and —4u  given
that u = (-1 1).

3. Find3da-5b —6¢c giventhata=(3,2), b =(-4,-2), and ¢ =(4, 6).

e © TR
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4. If ¢ is a non—zero real number, find each of the following vectors:
(a) ta, where @ = 2i — 3, = 10
(b) tu,where 4 = 6i + TE e
(c) tv where v=v,i+v, /. ¢, v,,and v, are any real numbers.

5. Draw both the vector and its scalar multiple on the same pair of axes,
given that:

(@u=(34)adt=3 (b)v =1(3,4) and 1= -3

6. Given p=(12,5) and §=(-24,-15)find:

@  |5p-34] (b) 2p+54
2o+ 5 50 =3

© B4 @ =24
2p + 54| |3 — 34|

7. Write ¢ = 3i — 9 as ascalar multipleof a= —i + 3j .

& Simplify @ — 2b +¢ giventhata = i + 24, b = 3i + 5j,and
C = 4 + 4j.

9. Given p = (9,7) and 4=(7,35) find:
@ 3(p - q) ) 3(p + q)

10. Given u =(1,2), v =(3,4) and =8, find:
(a) tu+ty (b) Jru +2v

(c) t{u-v) (d) futsty
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Application of vectors

The knowledge of vectors is useful in solving some real practical problems,
including situations involving forces or velocities. For example, the forces acting
on a boat crossing from a point on one bank of a river to a point on the other bank.
The boats motor generates a force in one direction and the current of the river
generates a force in another direction. Both forces are vectors. In this case, both
the magnitude and direction of each force must be considered in order to know
the direction of the boat.




Example 6.22

A student walks 400 metres in the direction S45°E from the dormitory to the
parade ground and then he walks 100 metres due west to his classroom. Find
the student’s displacement and direction from the dormitory to the classroom.

Solution

Let D, P, and C represent the dormitory, the parade ground, and the classroom
respectively.

The following figure describes the displacements which join the dormitory D,
parade ground P, and classroom C.

N
[

e 00 m

T4

Y
5

Basic Mathiematioy Form Fi:?m'

From the figure, the resultant DC is obtained by using the cosine rule that is
(Be) =(DPY + (PC)*~2 % BP x BC cos
= (400 m)2 + (100 m)? - 2 x 400 m = 100 m = cos 45°
= 160 000 m* + 10 000 m? — 80 000 m* = (.7071
=113432 m*

i QaE1 BT P L



Thus, DC=./113432 m? = 336.8 m,

Let, CDP= &
Then, by using the sine rule, we have:
sin @ sin 45°

100m ~ 336.8m
_ 0,7071 x 100
SE = T 3368
=0.2099
@ =sin! (0.2099)
o =]2°

Bearing = S(45° — 12°)E = S33°E.
Therefore, the student’s displacement from the dormitory to the classroom is
336.8 metres at a bearing of S33°E.

Example 6.23

A boat crosses a river at a velocity of 20 kmv/h southwards. The river has a current
of 5 km/h due east. Calculate the resultant velocity of the boat.

Solution
Let the velocity of the boat be v, the velocity of the current be v_ and the

resultant velocity of the boat be v. Consider the following figure:

Basic Mathemartics Form Four




Chapter summary Revision exercise 6

1. Displacement is the change in

position of an object. It has both Answer the following questions:
magnitude and direction. In question 1 to 5 use the vectors:

2. Equvalent vectors have the same
magnitude and in the same direction.

3. Position vectorsare vectorshaving |,
the same origin and different end

points. =
3
4. The unit vectors are vectors
whose magnitude is unit, 4
5. Magnitude of a vector is givenas 5

|§|=«\.|||1171—|ry2 ,for r = xi+ yj.

6. The unit vector i in the direction 6.
of ¥ isgiven as ﬁ=%.
& 7. Bearing is the angle measured in 7
degrees in clockwise direction from

due north.

8. The direction of a vector is the
measure of the angle it makes with
the horizontal line. 8
9. For any vector r = xi+ yj the
direction cosines are given as:
(a) cosa= i

Izl 9.

(b) cosfB= ﬁ
10. Opposite vectors are vectors with
the same magnitude but in the

opposite direction.
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11. The resultant force of two or more
forces is a force that has the same
effect as two or more forces acting

together.

__l_...-.

a=2 - j,b=i - j,and ¢ = 4§
to find:

a+ band b—c.

. 5(2a—-3b+2c) - 2—4a +3b—-8c).

3g-2b+4c.

. |b—¢| and |B] - |c|

la+8| and |a|+8].

a
H| . What can you say

a
about E 2

a
ja| and

. Two forces of magnitudes 5 N and

6 N act on a parOticle. They act at
right angles. Find the magnitude
and direction of their resultant.

. Determine a force p such that p,

g=3i—4j,and r=i- j have
resultant zero.

A person walks 600 m at a bearing
of 045°, 500 m at a bearing of
090°, 300 m at a bearing of 135°,
and 400 m at a bearing of 225°.
Find the resultant displacement
made by the person.




10. The forces OP, 0O, OR, and 12. A boat moves at a velocity of
OS act at the same point O in the I5 km/h upstream against a
same plane such that POQ = 45°, downstream current of 12 km/.
QADR =135° and ROS = 90°. Calculate the velocity of the boat:
Find the resultant if the magnitude (a) In still water
of each of the four forces is SO0 N {b) when moving down stream.
and that OP acts northwards. 13. In order to get across a river to

11. Given the vectors a dock on time, a boat would
a=6i-2j, b= 2i + j and have to row 65° upstream at a

=31'—5; find: = velocity of 80 km/h if no current
T t. If th ti
[ﬂ] |2E+ E_? o 3{_'| Wis presen 2 CUITENT 15

25 km/h, what velocity and
direction must the boat travelled?

(b} Scalars tand k if
ta + kb =4i - 34.

Project 6

1, where AB=a and AH =b
. Use the figure in 1 above to express the following vectors in terms of g and b .

(8) FE (b ) BG (d) HD

3. Draw ledtriangle PQR, the point S divides PR =g in the

mml,%@&:s RQ in the ratio 3:2, and PQ =5 .

4. A swimmer wishes to cross a river to an exactly opposite point on the far
bank. If she can swim 5 km, what angle to the bank she must make? Use a
scale drawing and verify the result by calculation.
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Chapter Seven

[ =
=
—
=
=
=
=
L
Py
]
-
=
=
=
=
L)
-
-
=
Sy
-
-
L
=

B

Matrices and transformations

A matrix represents the way of writing information in rectangular arvay of
numbers, symbols, and expressions. The information is represented in rows
and columns to simplify wunderstanding and interpreting of the quantities they
represent. In this chapter, you will learn basic operations on matrices such
as addition, subtraction, and multiplication, calculating determinant of
matrices, finding the inverse of matrices and applying matrices in solving
simultaneous equations and transformations. The competencies developed
will help you in different fields such as business, engineering, demography,
airplanes during taking off and landing, and many others.
e ————————————————— R —————————

Operations on matrices

Activity 7.1: Determining the number of rows and columns in a2 matrix

In a group or individually perform the following tasks:

At a certain Secondary School, every class has four streams: Form One class;
stream A has 35 students, stream B has 30 students, stream C has 29 students, and
stream D has 34 students. Form Two class; stream A has 28 students, stream B
has 25 students, stream C has 18 students, and stream D has 10 students. Form
Three class; stream A has 20 students, stream B has 19 students, stream C has 17
students, and stream D has 8 students. Form Four class; stream A has 12 students,
stream B has 15 students, stream C has 19 students, and stream D has 22 students.
Arrange the streams in rows and classes in columns.

How many rows and columns are formed in task 17

What is your observation in the rows and columns formed?

Identify the number of elements in each row and in each column.

Share your findings with your neighbours through discussions.

gt B o

Note: The rectangular array of rows (m) and columns (n) with the order
m xnisenclosedby [ Jor ( ).

o
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Types of matrices
'- There are various types of matrices; this chapter concentrates on the following:

{a) Row matrix: This is a matrix having only one row. For example, A= (8 6)
is a row matrix of the order 1 = 2.

(b} Column matrix: This is a matrix having only one column. For example,

4
B =[l 6] 15 a column matrix of the order 2 = 1.

(c) Scalar matrix: This is a square matrix whose elements in the main
diagonal are the same and the rest of the elements are zero. For example,

16 0
M = [U 16] is a scalar matrix of the order 2 = 2.

0 0
{(d) Null matrix: This 15 a matrix with all zero clements. Thus, A = [I} {}] is
a null matrix or a zero matrix of the order 2 = 2.

O (¢) Square matrix: This is a matrix having the same number of rows and &

columns.

6

12 6) is a square matrix having 2 rows and 2 columns .

For example, P :[

(f} Diagonal matrix: This is the matrix with zeros elements except in the main

4

diagonal. For example, p =[ ﬂ] is the diagonal matrix of the order 2 = 2,
0 6

(g) Unit matrix or identity matrix. This is a diagonal or square matrix in
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which the main diagonal has all elements equal to 1. An identity matrix is

1 O
usually denoted by the symbol L. Thus, 1= ([} : ] is the unit matrix of the
order 2 x 2,
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Addition and subtraction of matrices

Two matrices may be added or subtracted provided they are of the same order.
It is done by adding or subtracting corresponding elements in each of the given
matrices. The results give another matrix which has the same order as the original
matrices.

F.xample 7.1

i ) 8 5 3 7
Given the matrices A = and B= ;
6 4 g8 2

Find: (a) A+B (by B-A
Solution

(a) A+B={E 5]+{3 7) - [ R =[” 12].
6 4) |8 2] |gi3 442) \I* 6
370 [ Sy (3-8 7-3) (-

(®) BFA:(S 2]_[6 4)=[8—-6 2-4] =[z —z]-

. @200

6 2 4 3
Find the matrix C, when C=A - B given thatA = [1 3] and B= [7 5}
Solution

-6 3

2 -1
Therefore, C=[ J




Exercise 7.1

Answer the following questions:

5 2
. I F=[j 2] and Q =[ ) then evaluate:
(a P+Q (b) Q-P

2. Ifthe matrix R =[j :) and the matrix S= [z ;], find the matrix T

such that R + T = S.

g 6 10 4
5 If r’t=[ ] and B=[ ] find:
6 4 6 4

(a) A+B (b) A-B
4. Find the values of L and M in the following:
L 4 zZ 2 (-1 2) (3 8
&0 L T 1) e 4

3 1)
2 0
such that C=A+B.

|
5. Ifthe matrices ﬁi=[ and B =[2 ; J, then calculate the matrix C

6. Given the following matrices:

2 (4 3 .
N = 5.Fm{! M-N.
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(b) IfR = o g , then find R—S.
75 5




2 b
8  Given that p = L 4 and Q=(a ],ﬁndthevaluesufa and b
if P=Q = 2L 8

1 2 1 =1
9. i M=[3 4]and[?=[2 aJsﬁndﬂaﬂhﬂfleﬂ“[}Wiﬂg:

() M+Q ® M-0Q

1 2 -1 3
10. Fi trix P in th tion P+ = 3
ind the ma in the equation [3 4] [[‘,l 5]

11. Find the values of w, x, y, and z in the following:
W Xy 1 =2 N -5 6
y z; |3 4 7 -&f

® Scalar multiplication of matrices @

A matrix may be multiplied by a real number, where by each entry in a matrix
is multiplied by a scalar &, If M is any matrix and £ is any scalar (real number),
then the product kM is the matrix obtained my multiplying each entry of the
matrix M by a scalar &. The matrix &M is said to be a scalar multiple of M.

a
Forexample, A = [
i

b ka kb
and & be any constant real mimber, then kA = “ ;
d ke o kd

. @000

v Al GF I GRA3A,
6 4

avic Wathematios Form Four

Solution
3ﬁ=3[2 IJ =[3x2 3x1]=[ﬁ 3]
6 4 Ix6 3Ixd 18 12

6 3
Therefore, 3A =[ ]
18 12
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waz[; Ejﬁﬁnd: (a) 2W (b) 4W (c) —5W
Solution

w a7 8)_[14 16 R
(@) 5 9) |10 18 ®) 4W=%s o/5(20 36

swe_s|? B[S -
16} W S {5 9]'[-25 —45}

Multiplication of matrices

Two matrices can only be multiplied if the number of columns in the first matrix
is equal to the number of rows in the second matrix. The multiplication 1s done by
multiplying the elements in a row by the elements in a column, and the order of
the resulting matrix will have the number of rows of the first matrix and number
of columns of the second matrix. For example, if matrix P is of order m = u
and matrix Q is of order v = », then PQ) is possible if and only if ¥ = v and the
resulting matrix will be of the order m = n,

When matrix A =[{; ;] is multuplied by another matrix B =[; ‘i]

the product matrix 1s AB = [z ;J 4 [E i], wherea, b, ¢, d, e, f, g and h are
any real numbers. f

In this case, A 15 called the pre—multiplier matrix because it is multiplied to the
lefi of B and B is called the post-multiplier matrix because it is multiplied to the
right of A. Briefly pre—means done before and post-means done aftet.

Consider the 2 x 2 matrices where by A = [: ;’] and B= [*’ L’}

a ¢ e g . 3
The product AB = is obtained as follows:
modus 8= ¢ J=(5 )
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2 1
IfA= [ J, then find AZ.
3 4
[1 l] [2 I) [2x2+lx3 2xl+]x4]
Azz b —
3 4 3 4 Ix2+4x3 Ixl+4x4

(4+3 2+44) (7 6
“le+12 3+16) 18 19

Therefore, A= [ I B )

Solution

18 19

Example 7.7

9 7 6 -1
Given A=[B EJ and B=[ ) 5],ﬁnd: (a) AB and (b) BA.

) akett h® e Ox6+7x(-2) 9x(-1)+7x5
-2 5 8x6+6x(-2) Bx(-1)+6x5
_[54-14 -9+35) (40 26]
l48-12 -8+30) 36 22
40 26
36 22)

.
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Therefore, AB = [

2 5)718 8) [(2)x9+35%x8 (2)x7+5x6

( 54-8  42-6 ) (46 36
“l-18+440 —14+30) |22 16

I © i 4

(b) BA=(6 _1],{[9 T]_[ﬁx9+[-l]x8 ﬁHT+[’-—]}xﬁ)
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ldentity matrix for multiplication

The identity property for matrix multiplication is such that for any square matrix
A, Al =[A where | is the matrix multiplicative identity.

B 200000

(a) Al and IA (b)

Solution
(2 4
(a) Al= ]x

2 4 a ¢ Lk
i th tri A= B= 1= . Find:
Given the matrices [3 1], [b d]’ and [{] 1] ind

BI and IB.

Excrcise 7.2

Answer the following questions:

1. Given A=(3 4) and Bz[i]. Find: (a) AB and (b) BA

3 2 1 -1 5 7 ]
=, Given A = ,B= 1 .and C= S oy Find:

15
(a) AB ()
(d) CA (e)

1
BC (c) AC
A’ H C

i
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ol T R B dN—[S ?JF'd-
: wcn-—lﬁ, -—_}],an 6 —g | Find:
(a) 3L—2M (b) 4M + 6N (c) 6M —4N
(d) 5(L+M) (e) S(L—M)
4U"thniR—g?S=53audT—24'ﬁnd'
x sing the matrices g &) 4 2) —{]5, :
(@ R(ST) () (RS)T
5. Given A=[4 4J,B=[3 ﬂ],and C=(_2 4]. Find:
5 0 3 4 5
(@) A(B+C) (b) AB+AC
{c) Ismatrix multiplication distributive over matrix addition? Give reasons.
F E_l}—] F“—IIG_I}I dH_lu
@ L Ry e Y L 2t Lap gtett BT by ikt @
Find: (a) EF (b) GE (c) EH
4 3y (1 0 1 0
7.  Find: b .
Y M PO L P
(5 -7\ (1 0 : [l u] [ ?] %
4
©@ls 801 o 1 £
(18 %12 2 -3 -18 =] ‘?.
© |, x (f) =
(13 -14) -1 4 -12) -3 -4
n.:=
I
g, Givcnthall—l:[:} ﬂJandK= 7‘5 2 | ping
N7 )
(a) HK (b) KH V2

_
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10.

® 11.

12,

13,

14.

(a) Calculate AB in each of the following:

— 17 R i
(1}.#1“[] ﬂ] and 134[2 (ii) A—[_l {IJ and BA[J
... (-1 0 (Y . (1L 0 2

{ii1) A—[] _J and B_J] (iv) A_[:} 1] and B—[l)

(b) Is it possible to calculate BA in each case? Why?

0 -1 5 3
() GivenA=[" ©|and B= . Find: A if AB=
b d 0 4 2

b

Ifa=[: i] and B=[; 2].Find: (a) AB  (b) BA (c) A’

(b) Given P:[_f 6J and Q:[P

"1 Find: Qif PQ= #
" i s} ind: Qi Tl

i S T =3
IFX=[3 ﬁ]anﬂYz[E 2]. Find: (a) 3X+2Y (b) 4X-Y

9 4 8 3
ITA= and B = - Find: (a) BA (b)y 3A-2B
3 6 o R

e -9 5y |
ErR=L4 ), ands=[_2 E].Fmd: (a) 4R (b) S+ 2R (c) SR

If }{=[l§ __f] and v:[‘g lSJ.Find:

3 =7
(c) X+3Y



16. If J= . and K= b , find JK.
a 3 3

4

17.1f U=[:5 5] mv{f].ﬁnﬂ: (@ UV (b) UV

Determinant of a matrix

Determinant is a scalar number that is the function of the entries of the square
matrix. Determinant of a matrix is obtained by subtracting the product of the
entries of the anti-diagonal (or off - diagonal) from the product of the entries of
the main diagonal (or leading diagonal) and is denoted by |A| or det(A) where A

] ) a c
any s x n matrix. Given A — J

b d
a c
Then, |A|= = ad —bc .
b d
@® Determinants exist for square matrices only. ®

For example, (2 x 2), (3 x 3) ..., (n = n); where neN,

Given A = [1 3], find |ﬁ| ; Find the determinant of A =[21 H]J_ E,

2 4 -1 12 £

Solution Solution _:j

1. 3 21 10 E

b ] wfl

— (1x4)=(243) = 21x12-(~1x10) =
i =252 +10

—_3 =262

Therefore, |A|= -2. Therefore, |A| = 262.

A g |
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Example 7.12

Ik 23
1 T= [2(] 4;:]‘ find the values of & given that [T| = 300.

Solution
2k 25
1= o 4&‘
= 8k* —500. But, IT| = 300
8k’ —500 = 300
8i* = OO
k=100
k = £+/100 = £10

Therefore, k=100or &k =-10.

Singular and non-singular matrices

If the determinant of a matrix is zero, then the matrix is called singular.
1 2
For example, P = [4 B]’ then, |P|=8 — & =0.

Therefore, P 15 a singular matrix because its determinant is zero.

If a matrix has non—zero determinant, then the matrix is called non—singular.
6 3

For example, Q = S then, |Q|=24-6 =18.

Then, () is a non—singular matrix because its determinant is non—zero.

Generally, if R = [z ;] where a, b, ¢, and 4 are any real numbers, then R is a

singular matrix if | R |= ad —bc =0 and non—singular matrix when

|R|= ad —bc 0.
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Exercise 7.3

Answer the following questions:
In questions 1 to 10 calculate the determinant of the matnx and state whether

the matrix is singular or non — singular.

i e
1, A= ]3] £, B:[l l]
L2 4 Q..
(52 58 [ﬂ —I]
3, Cs= 4 D=
18 1?] 1 0

LA
m
il
p—
LN e
&
S
o

I

|
_—

¥ )
b-l.ﬂ
I
_—
W o0
e

ap s 125 -18 ap

I T

10. j= [ & b } where @ and b are any real numbers and £ is any =

ak bk <2

non-zero real number, =

10 £

11. (a) lf‘[{:[; iu}ﬁ“d a giventhat |K |= 10. g

a 2x : :i

by If Lz[ ], find x giventhat|L| =-8. =

x D =

(c) Given that A =

[x+l x-1
values of x.

) is a singular matrix, find the possible
2x X
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Inverse of a matrix

The inverse of a 2 x 2 matrix A is another 2 * 2 matrix denoted by A~' such that

1 0
AAT = ATA =1 where [ = [{} 1] is the multiplicative identity matrix,

Properties of inverse of matrices
Let A and B be matrices with A-! and B! respectively, The following properties hold:
1.  AA' = A'A =1, where | is an identity matrix.

2. The inverse of matrix A exists if and only if A is a non — singular matrix. i.e.
|A|= 0.

3. When |A| =0, then A is a singular matrix, hence, ﬁ is undefined and the
A~ does not exist

4. (A7) =A.

5. (AB)" =B'A,

T

i
Considera 2 x 2 matrix A =
1 T TIX [b d'

] where a, b, ¢, and d are any real numbers,

r
Let the inverse of Abe Al = [F ] where p, g, r, and 5 are any real numbers.
g s

; a c pF 1 0
Since, AA~! =T then, -
o e [b d]x(q ] (U 1]

ap+cg ar+er) (10
bp+dg br+ds o 1

R
=
=
-
|
=
o
—_—
HE
-
=
=
I~
]
£
=
=
E
o
ey
——
b
P
=
£3

-@ B 217 PR
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Equating corresponding elements we obiain:
ap + cg=1
bp + dg=0
ar + cs=0

br + ds=1

We need to solve for p, g, v, and s in terms of a, b, ¢, and 4.
Multiply equation (1) by b and equation {2) by a we get

bhap + beg=>b
abp + adg=0

Solving equations (5) and (6) simultaneously we get
beg—adg=h
—lad - be)g = b, factorizing —g

Hence, q:ﬁ, dividing both sides by —(ad —

faa — oo

Multiply equation (1) by & and equation (2) by ¢ we get
adp + cdg=d
bep + cdg=10

Solving equations (7) and (8) simultancously we get
adp — bep=d
(ad — bc) p=d, factorizing p

Hence, p=
P ad

Multiply equation (3) by b and equation (4) by a we get
abr + bes=0

ahr + ads=a

|

Math F4 BOCK] DUMMY] Aug 25 indh 783 an

(1)
(2)
(3)
(4)

(3)
(6)

be)

(7
(8)

% - dividing both sides by ad — be

€}
(10)
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Solving equations (9) and (10) simultaneously we get
bes — ads=—a
—(ad — bc)s=—a, factorizing —s
(ad — bc)s=a, multiplying by negative sign both sides

Hence, s=— i —. dividing both sides by ad — be

Multiply equation (3) by & and equation (4) by ¢ we get
adr + cds=0 (11)
ber + eds=c (12)

Solving equations (11) and (12) simultaneously we get
adr — ber=—rc¢
(ad — bc)r = —c, factorizing »

Hence, r= , dividing both sides by ad - be
ad — bc
d -,
t i d -c 1{d -¢
o _|ad=bc ad-bc| _ _ ! [ ]=_
Ll s ’ ad-bc\-b a) |A\-b a ) ®
ad —be  ad-bc

Generally, in order to obtain A~ fora 2 x 2 matrix A= [: ;J one needs to

use the following steps:
1. Interchange the elements of the leading diagonal.

2. Change the signs of the elements in the anti — diagonal, if the element i1s
positive become negative and vice — versa.

3. Divide each element by the determinant of A,

e
=
=
)
=
=
=
=
o
F
—
=
e
=
=1
-
==
—
-
=
"
mea
~d
gy
-
=
)
ey

Inverses do exist for matrices having non — zero determinant. Singular matrices
have no inverse because they have zero determinant and division by zero is not
defined.

— ) 2 3 1 5 3
Consider the two mairices 3 5 an 3 a2 f

e © e



the product of the matrices is:
2 3) (5 3)_(10-9 —6+6) (1 0
3 5 -3 2] l15-15 -9+10)  lo 1

The product of these two matrices gives the identity matnx.

If A= [i ij , then [i ;J is known as the inverse of matrix A and is written
as AL,

Therefore, finding the inverse of a matrix can be done in two ways:

(i} By simultaneous eguations

(i1) By formula

- 1 3 . 2%
Given A:[z 4], fnd: @ A" @ (A7)
Solution
@ AL P s of I 7 15 &
i = = 3 E=
34 g4 12 4 10 22
|A|=lx4—2x3 i 735 i3
_ & then, (A2y! = — &
e G en, (A°) |.4*|(-m - ] ;
Fd L
_y & w
O, 4 -3} 2 L 1 (22 =18 =
T B N N, 154-150 | 10 7 P
v 2 122 15 :
&L “4l-10 7 E
Therefore, A™' = :'; . i1 15 =
1 —E- o 2 4 =
. =
2. 4
11 iS5
Therefore, (A ! _| 2 4
7
2 3




Example 7.14

Which of the following matrices have

aufl3 o855 15
Ll | B L
Solution
(a) |‘H|:‘_; z‘ =-6-6=-12, Since |Bi#‘l},thenﬂ'texist.

() |C]= % 1 020-1020-
68 12

inverses?

0, Since |C| = 0, then C! does not exist.

Example 7.15

Solution

By using simultaneous equations:

a3 322 26 0)

2 3 01
6w+ 8x =1 (1)
Zw+3x=0 (2)
Multiplying equation (2) by 3 and

eliminating w gives:

_{Ew+ﬂx=l

Gw+9r=10
Hence, x = -1

W L,
X =

—x=1

" Basic Mathematics Form Four

Substituting x = —1 into equation (1)

gives:

6w+ 8(-1)=1,6w—-8=1, 6w=9
3

Hence, w=E_

Find the inverse of matrix A given that A ={

6 8

L
6y +B8z=0 (3)
2y+3z=1 (4) &
Multiplying equation (4) by 3 and
eliminating y gives:
] 6p+Bz=0

Gy+9z=13
—r =3

Hence, z = 3.

Substituting =z =3 into equation (4)
gives:

2y +9=1

2y=-8

Hence, y = —-4.
3

z
-1

—4

ARG F4R PM —

Therefore, A1 =

3




Alternatively: By using the formula:

lf,dL:[“'H y}ﬁﬁ: : [z _}']
X Z Wz""'.'l'_]."' it W

Hence, if A .—_[z B], then

3

i 3 -8
1I8-16 -2 6
13 -8
ol g

L s
2 ;

Therefore, A~ =

3

MAmih B4 (BO0K) (DUMMY) Aug 26.indb 287 @

Example 7.16

If'.?"j=2
)
Solution
£ Ay % Sl
72 (% B f2 (5 8
3 4)-03 4) 18 7

i s Py =
s 2 g =[12 13}
18 24

™
o e
g a1kl 17

4] then show that 7> —6Z +171 = 0, and find Z ',

T ] ® _

Heasee Wathematios Form Fonr




@
% —[RY (12 =18
Then, Z2 623171 = 3
18 7 18 24
C(-5-12417 -18+18+0
CLIRSIE LD T i1T
(o0
“lo o
Hence, Z' —6Z +171 = 0 shown.
3 3
Zl = =8-(-9) =17
2=f 3]s
4 3
Cow At gl TR T
1743 2) | 3 2
17 17
4 3
@ Therefore, 7+ _ |17 17|,
3 2
17 17

17 0
i ekl

i
]

|

Exercise 7.4

Answer the following questions:

non — singular. Hence, determine their inverses.

o
=
=
)
—y
-
=
=
E
-
LR
Sy
e
¥
et
=
E
=
)
=
—
=
.y
-—
]
]
e
it}
e

T 2 B-(_'_t
ST Tl M R
f
4.D=ﬂ? 5,‘::-":'5']I
5 0 L0 8
N s
?_M::G 8 8.H=3 12
24 12 5 20

_;

In questions 1 to 10 determine whether the following matrices are singular or

12
24

15
30

3 3
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ak
10, I=[§ bk] where a, b, and & are any real numbers, k not equal to 0,

11. Using the matrix in question 1, find: (a) (A*)"' (b) (A")"

12.  Using the matrices in question 5 and 6, find: (2) (E™')* (b) (F')

4
13. If N = ],thenﬁmlthcvatuenfﬁz+ﬁﬂ'"131 where 1is an
identity matrix

Activity 7.2: Solving simultaneous equations by using matrices
In a group or individually, perform the following tasks:

Given that each kilogram of food M contains 10 units of calcium and 4 units of
iron. Each kilogram of food N contains 6 units of calcium and 4 units of iron,
and the mix of M and N contains 92 units of calcium and 44 units of iron.

1.  If the variables x and y represent the number of kilograms of food M and
N respectively, then use the given information to formulate the system of
linear simultaneous equation.

Transform the system of linear equations into matrix form.

Find the determinant and inverse of the matrix.

Use the inverse in task 3 to find the number of kilograms of each food.

Share your findings with your neighbours for more inputs.

o B L L

Use of matrices in solving simultancous equations

Matrices can be used for solving simultaneous equations. Consider the product
¢

B,
b d

real numbers and x and y are real variables.

Thus, [* €)[* _[ax+ ey
b d ¥ bx + dy

of a2 = 2 matrix [ ) and a 2 x | matrix [x

}, where a, b, ¢, and d are any
¥

=
E
<
=
&=
L
=
A=
&
)
]
—
=
=
=
=
]
—_—
—
=2
-—
=
-
Py
it}
£1
==




dasic Marhematics Form Four

The elements of the product matrix are linear expressions.

The general system of linear simultaneous equations has the form:
axtcy=p
bx+dv=gq (13)
where p and g are real numbers.

For any system of simultaneous equations a matrix method can be used o solve
for x and y provided that the determinant of the coefMficient matrix is not zero;

that is ad —he 20 .

The coefficient matrix of equation (13) is [ﬂ C} The system can be writlen in
mattix form as follows: b d

L0

1 d —c
The i f th trix of coefficients of d y is:
e inverse of the matrix of coefficients of x and y is ad—bc[—h J

Pre — multiply the inverse matrix on each side of the matrix equation:
1 d —c a ¢ c 4 i [d —ﬂ]x[!—’]
x % T o
ad—bhc\-b a b d) \y ad—bc\-b a i
Recall that AA™ = A”'A =1 for any matrix A. Then:
1 0 X 1 dp —cg
b —.
0 1 ¥ ad —hc| ag—bp
dp—cq

[x] o ad —be
v ag —bp

ad — bhe

ga: —b :
Therefore, =[dp C‘?J and y =[aq i ] provided that ad — be = 0.
o ad —be

Pt 6 Pu



Example 7.17

Use matrix method to solve the following simultaneous equations:
S5x+6y=11
Tx+8y=15

Solution

5 6 (x 11
In matrix form, the system of equation becomes (? E}{y] = [15]

Lr;:tﬁ.:[: :] then |A|=40-42=-2

5l s |2 2

— o

2 2

Pre—multiply the inverse matrix to both sides of the matrix equation to get,
i !

= 3'5 e e N A

® H = =

2 e LR G A S|
0 o,
(1 1}) f x] [1]

> A=

L \ Y 1
Wit
o A

Therefore, x =1 and y=1.

|
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L=
=
s
'y
b
=
=
L=
F
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Example 7.18

Solve the following simultaneous equations by using matrix method:
dx +2y =40
x+3y=35

Solution

4 2
The matrix of coefficients of x and y is [I 3]
‘? i ={dxPN—-(Ix2)=12-2 =10

The e [4 2)_1(3 -2)_[03 02
w1 5wl 4 )i a3

: . T . X 40
The matrix equivalent to the equation is ® =
1 3) Ly 35

Pre — multiply inverse matrix to both sides of the equivalent equation:

S o W R g b
[;) {1?;.]

Theretore, x = 5 and y = 10.

421 218 PW



A business person is running a grocery near a certain school. She is selling pieces
of cake and soda. Each piece of cake costs 1 500 shillings and each bottle of soda
costs 500 shillings. In one aftermoon, the person made a total of 255 500 shillings
by selling a total of 225 pieces of cake and soda. Use the given information to;
(a) Formulate the system of simultaneous equations,
(b) Transform the system of linear simultaneous equations in a matrix form.
(c) Find the inverse matrix in part (b).
(d) Use the inverse obtained in (c) to find the number of pieces of cake and
bottles of soda sold.
Solution
(a) Let x denotes the number of preces of cake sold and y denotes the number of
bottles of soda sold. The system of linear simultaneous equation becomes:
1 500x + 500y = 255 500
x+y=225

(b) In matrix form, the system of linear simultaneous equations becomes ®

[ T

] 1500 50
(c) Let]:[ 'Tm 5?{]],&&11 |J|=‘ 1 lolzlﬁﬂ[:--ﬁﬂ'{]:l{]m
Therefore, J!' = L N0 :
1000 -1 1500

(d) Pre — multiply ] to both sides of the equivalent equation in (b)
1 (1 =-500)(1500 500)(x} 1 (1 -500)255500
1000l -1 1500l 1 1 Ny) 1000l-1 1500)| 225
1 0)(x) 1 (143000
0 1)ly) 1000\ 82000
s A 143
y) |8

Therefore, 143 pieces of cake and 52 bottles of soda were sold.

| —
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A transformation in a plane is a mapping which shitts an object from one position
to another within the same plane. Examples of transformations in the xy - plane
are; reflections, rotations, enlargement, and translations.

Consider a transformation T and any point P(x, 3} in the xy — plane such that
T maps the point P(x, ¥) into the point P'(x", ) as shown in Figure 7.2. Then
point P'(x", »') is called the image of P(x, y) under transformation T. In Basic
mathematics this mapping is denoted by Tx, ¥] = T'(x", ") which reads T of (x, ¥)
15 equal to ordered pair (x’, ¥').

u |
>, o) T Ple.y)
2
1
- B i -
AR M s R 1 2 3 i =
— . _i_.._ 1
| |
it i SESmmER.REmsSEEP Aln. o ®
[ | i :

Figure 7.2: Transformation of a point in the xy — plane

Reflection

When looking at a mirror the real face of the observer as far as in front of the
mirror the image is behind the mirror. In addition to this, the size of the image is
equal to the size of the object (See Figure 7.3).

=
E
ey
-
=
£
=
=

_‘:‘:‘: 1
;‘:‘; =y
L
5 |
» il m o .
Object }-d—-.—d.l Image

Figure 7.3: Reflection on the mirror



Example 7.21

Find the image of the point B(3, 4) under a reflection in the y — axis.

Solution

Refer to the following figure. Draw BB’ at right angles to the y — axis at C,
such that BC = B'C,

B~ =5 -.--.;-..-.--.-.----.-..-.--“. e

The given figure shows that the image of (3, 4) under a reflection in the y — axis
is (-3, 4).
Therefore, M, [3, 4] =(-3, 4).
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Now consider the image of the point P(.x, _u] when reflected in the line inclined

at an angle a passing through the origin. Then, y = xtana where tana is the

gradient of the line (See Figure 7.4). Draw vector ﬁF inclined at £ with the

coordinates of P being P [x, }’), 61;' is the image of Eﬁ- under reflection on Eﬁ'
By the physical laws of reflection PP is perpendicular to the line of reflection.

N @ © T




=Y

R(z,0) | Qlz, 0)

Figure 7.4: Reflection of a line

In Figure 7.4, POS=POS=qa-8 and OP is equal to OP' Draw PQ
perpendicular to the x — axis at (). From coordinate geometry the coordinates of
Q are(x, 0). OQ = x and PQ = y. Triangle OPQ is right — angled at Q.

Hence, x = ﬁmg_& and y = Eﬁsinﬂ. Now, draw P'R perpendicular to the
x — axis at R. Then the coordinates of R are (x', 0). Length of the line segment
OR =x' and length of RP' = ¥'. AOP'R. is right — angled at R .
POS=POS=a- £ . Since reflection is an isometric mapping, angle
POR=a-f+a-B+8=2a-8

Hence,

1
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x' = OP' cos (2a— )
= OP cos (2a- ) since, OP' = OP
=ﬁ[c052acnsﬁ' +sin 2a sin 7 |

= ﬁcmﬁmﬂa +OPsin Fsinla

+ i ° -




Basic Mathematics Form Fonr

But,x:ﬁcnsﬂ and y:ﬁsinﬂ
x'=xcos2a+ ysin 2a
Also, y'=OPsin(2a - )
= OP [sin 2a cos # —cos 2asin ]
=a§3inhmsﬁﬂ5ﬁm52asinﬁ
=(ﬁcmﬁsin 2¢ —OP sin JFeos2a
But, x=ﬁcﬂsﬁ and _y=ﬁsinﬁ

Therefore, y' = xsin2a — ycos2o,

This information can be summarized as follows:

If M is a reflection in the line inclined at e then M[x, y] =(x', ') where

X' =xcosla+ysin2a and ¥ =xsin2a—yeosla
These two linear equations are called the transformation equations for reflection.
In a matrix form these equations are written as:

3 _[cos 2 sin2a \f x
¥ ) isin2a -—cos2a /i ¥
cos2er sin 2

The matrix ( ] is called the matrix of reflection in the line

sin2a  —cos2o
inclined at angle o passing through the origin.

x' x
The column matrix [}J 1s the image of [ J under the transformation M. The
.}J

column matrix [ J is equal to the position veclor (x, y) and sometimes it is

5

xr
called column vector. Similarly, the column matrix ( y,] is equal to the position

vector (x', y').

W2 P16 PM —



Example 7.22

Find the image of the point A (1, 2) after a reflection in the line y = x.

Solution
Gradient of y = x is 1 (See the following figure).

4 SEEd 1Vl

b

/ &
Y
Since the gradient of the line y = x is 1, then tana = 1, which gives a = 45°,

cos2a sin2o
sin2a —cosla

N cos90°  sin90° 3 0 1
¥ | sin90° —¢os90°) (1 0

Hence, M = (

Therefore, the image of the point A{l, 2} 15 A' (2, l] ;
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Find the image of the point B(3, 4) after a reflection in the line y=-x
followed by another reflection in the line y=0.

Solution

Let My __, be the reflection in the line y =—x and M_be the reflection in the
line y=10.

Then, MF_I = (@', y)and M [X', y]=(", "

The gradient of the line y=—xis —1

e yh

Then tanaz=-1 which gives & =135 as shown in the given figure.
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¥EF Asin2a -cosla sin270° —cos270°

w5 3) = ()0
ME AR

Hence, (X', y) = (-4, -3).

v _[cﬂs.?a sin 2a ]_[cnsi?ﬂ“ sinz?ﬂ“]




The gradient of the line y=01is 0.
Then tane=0 which gives @ =0% as shown in the following figure.
y 1
Wi = cos2a  sin2a | [cos0®  sin0®
" |sin2¢ —cos2a) |sind® —cos0®
e apcld B oY " 2 -
us, M _= an = _
Lo -1 #if LB y=g =
i 1 0y (-4} (4
s ()= (o 2) (3)5) "
P 0 -1) {-3 3
Therefore, (x", ¥")= (-4, 3).
Alternatively: (x",y")=MM _ (x)canbe
interpreted in terms of matrix multiplication by the
@ ®
; X 1 0 0 -1 x
AT = b3 =
PR LT e aF L 6.4 W
1 0 0 -1 E
M, = ™, =
piem e [ﬂ —IJ A (—a 0 ] :
In which case the same result is obtained: g
L 1 0y yo -1y (3 £
)7 o S k=1 o) |a 5
! Therefore, (x", ¥")= (md-., 3] ] m'é
" [] 0 ] % (_4] Note that the matrix product
0 -l -3 MM, _, isinterpreted as M, _
-4 followed by M,_and not vice
z { 3 J versa. Hence, the reflection M,
followed by M, is equivalent to
the matrix product M, M, .
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Example 7.24

Find the equation of the image of the line y = 2x + 5 after a reflection in the line
y=2x.

Solution i

Choose any two points on the line y =2x+5, P(0, 5) and Q[— > DJ

respectively. Reflection in the line v =x is governed by the matrix
(cos2a  sinla

M= _A&0
|, sin 2 —l:crslﬂr] where a=43

_(cos90°  sin90°
| sin90°  —cos90°

(0 1]
10

: 5 .
Let P'(x', ") and Q'(x",y") betheimage of P(0, 5) and Q[- 7 ﬂ) respectively

me (33 o)+(3)-(o)

Hence, (x', ') = (5, 0)

d I” l:] I _E l}
fan e — 1 l} b4 2 = _E
¥y 0 5

5
Hence, (x", ') = [ﬂ'_i)
The image of the line passes through the points {5, El] and [IJ. - 9
The equation of image of the line 1s:

5
D3| e
y—=0 _ [2)

x—5 5-0
3
Then, ¥ - )
x—5 5
e AN
x-5 2
L. 2
Y=3%73
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Rotation

The transformation which shifts a vector by turning it through an angle # about a
fixed point O is called a rotation. This is another example of isometric mapping.
The rotation by an angle #about the origin will be denoted by R, When measured
in the anticlockwise direction & is positive and when measured in the clockwise
direction @ is negative.

Consider the following example:

Example 7.25

Find the image of the point B(1, 2) after a rotation by 90° about the origin in
the anticlockwise direction.

Solution

Use graphical method to locate B'(x’, ') by measuring BOB'=90°
maintaining OB=0B' as a radius as shown in the following figure.

® B @
: .3 NN _ Bk Y S R
: | B(1, 2)
£ B'(—2,1) ! :
E | 1
& - -
S i WP\ SRS i 2 3T

_1'

Therefore, the image of the point B(1, 2) under Ry, is B'(-2,1).
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Where [

¥y
through angle 8 about the origin.

X
15 the image of [ ] under the rotation matrix [
}I-

Example 7.26

Find the image of the point (1, 2) under a rotation through 180° anticlockwise.
Solution
A [x, y] = (x', »') where

x cos180° —sinl80° 1
- X
¥ sinl80°® cosl80° 2

(o 5)lHE)

Therefore, (x', y') = (-1, -2).

B 2 2020 0

Find the image of the point (3, 2) under a rotation of 90° followed by another
rotation of 180° anticlockwise.

Solution
R R (x.3)= (x', ¥') firstobtain (x', y') = R, [x,¥].

—rhm ﬂbtain {I", .}-’”)= R1m| [Illiy’]
’ x") (cos90° -sin90°) (5
i 4
Ty ) T Lsin00°  cos90° ) (2

GG )+




'I.]:lm Ir = -
¥ /) | sinl80® coslBOF 3

Fxn‘\ _1 ﬂ ] [_2]
= o

A A . =1 5

fIH"\ 2

u-]""; i h_S]

Therefore, R .R,.[(5.2)]=(2.-3).

{x"Y (cosl80° —3in13ﬂ°] [—2]
b s

Excreisc 7.7

Answer the following questions:
In questions 1 to 6, find the matrix of

rotation through, 9.
I.  90° about the origin. 10,
2. —90° about the origin. 1
3. 270" about the origin.

4, 360° about the origin.

5. 45° about the origin.

6. 180" about the origin. 12
In questions 7 to 10, find the image of

the point (3, 5) after a rotation through:

7. 90° about the origin. 13.

8. —180" about the origin.

Meth F [BOCK] (DUMMY] Aug 25 b 311 @-

2707 about the origin,

360" about the origin.
What transformation is this?

Find the image of the point (1, 2)
after a rotation through 90°
followed by another rotation

by 270° about the origin.

Find the image of the point

(3. 4) after a rotation about
—-90° followed by another
rotation by —180° about the
origin.

Find the matrix of rotation in line
¥ = x about the origin.
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Translation

Consider a triangle OPQ in Figure 7.8, The transformation T which maps triangle
OPQ into triangle O'P'Q’ by moving it 2 units in the positive x direction and 3
units in the positive y direction is called a translation by the vector (2,3). Under
this transformation the object size is equal to that of the image.

Y | [
e ARsaamBn] (AmORERIaEReRy [ L MRS
02, 3)
3 ! Q5,3
2
. _P(3.1) |
= O . ! -
=110 1 2 3Q(3, 0}4 b 6 T
I . _ ‘
L |

Figure 7.8: Translation of object by a vector

The vector 0O' = (2, 3) is called the vector of translation.

In this particular example, T'[(0,0)] =(2,3), T'[(3,0)] = (5,3) and

T[] =(54).

Generally, if T is a translation by a fixed vector (a,b) then T maps every point

(x,y) into (x",»") where (x',)") =(x,¥) +(a.b).
In a matrix notation this equation is written as:

)G

o 2-iE P




Example 7.28

If T is a translation by the vector (4,
translation.

Solution

T[(x»)]=(x">) where
s
)

Therefore, (', ") = (5, 5).

GIG)-6) 2=l

3}, find the image of (1, 2 junder this

Example 7.29

{a) the origin

Solution
[ )]= (%) then | )

for (ﬂ, h} ceR.
( ']
.Pr

il
()

|

ia

b

)

Given
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A translation T maps the point (-3, 2) into (4, 3). Find where T maps:
(b) the point (7, 4).

)

a

b

a

b

K

J 15 a vector of translation
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1o

®) T[(7,4)] = (,5) where [j,] . [;] .

E
The fixed vector of translation 1s [ ] :
Therefore,

(@ T[(0,0)]=(x")") where[

el M

)
[:]=Zj‘

Exercise 7.8

Answer the following questions:

1. A translation takes the origin to 3
the point (-2, 5). Find where it
takes the point:

(a) (-6,6) b (-5,4)

2. A translation takes every point a
distance | unit to the leftand 2 units 6,
» downwards. Find where it takes:
(a) the origin
(b) the point (1, 1)
{c) the point (3, 7}
3.  Atranslation T maps the point (3, 2)
into the point (-4, —5). Find where
T maps: 7
(a) (0,0) (b} (5,5)
(c) (5,4)
4. A translation T takes the origin
to the point (3, —2) and a second
translation S takes the origin to
the point (-2, 1). Find where:
(a) T followed by S takes the 8.
origin.
(b) S fﬂ!lnwed by T takes the 9.
origin,
(c) T followed by T takes the
origin.

M
=
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5
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=
e
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e
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A translation T takes the ongin to
the point (-2, 3). Find a second
translation S such that the
composition ST leaves the origin
fixed.

A translation moves the origin a
distance 2 units along the line y = —x
upwards, Find where it takes:

(a) the point (0, 0)

(b) the point (2, -1)

(c) the point (1, 1).

If a translation T takes the
arigin to the point (8, 7). Given,
U=(-12,12), V=(6,-16),
find:

(a) T[U+V]

(b) T[U]+T[V]

Find T[1, 0], T[0, 1], and T[1, 1]
if T[10, 0] = (9, 8).

Find the image of the line
3x + 4y + 6 =0 under a translation
by the vector (-6, —-1).

[EAY 1




Enlargement

The transformation which magnifies an object such that its image is proportionally
increased or decreased in size by some factor is called enlargement. The general

k 0
matrix of enlargement is (ﬂ k] where £ is a non — zero real number called the
linear scale factor. This transformation 18 non—isometric.

k 0
Gienerally, the enlargement of the point (x, v) by the matrix [{] ﬁ:] is given by

()= 2)-C)

Example 7.30

Find the image of the square with vertices O(0, 0), A(l, 0), B(L 1), and

C(0, 1) under the enlargement matrix [; E]

Hence, sketch both the object and the image on the same pair of axes.

Solution

By using the formula [x:J = [k I}) x [I] where k= 4,
1.
D':(I:\z[d 0) [
y) (0 4,

o, 4= loH
= ® .
0. 410
N
={ v ® 5 [41 hence, E’ 4, 4

= O
"--._.--"
f"'_-_--“\.
= =
Ty B S
=
(1}
=1
L]
I
Q
i:l
*:'
x-_-
E‘-*
—_—
=
E
\_H

Al

>
B': {x'j
W
i (IT

=
h_“i‘x

=
g

o

¥
2

—
.l:-.
1:::1

&=

=

4) (1) (4

0y (0Y (0
&= * = hence, C’ [ﬂ,4} .
0 4/ 1 4

Hence, the image is the square with vertices O'(0, 0), A'(4, 0) B'(4, 4), and
C'0, 4).
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C'(0, 4) 13'(4, 4)

RED LR LTS AR N

0 A(L 0) A'(4, 0

Ry

% 0
Find the image of the point (6, 9) under enlargement by the matrix 1 -
0 =
3
Selution
By using the formula SRR where k=l and (x, ¥) = (6, 9) gives
\ ) o &)y 3
' =
CH, o)
A4 1o

Therefore, (x', ¥ = (2, 3).
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Excrcise 7.9

Answer the following questions:

5 0)
1. Find the image of the point (1, 2) under enlargement by the matrix T =[ 0 sb

g

3
;0
2. Find the image of the point (4, 4) under enlargement by the matrix 1
0 =

47

1 1
3. Find the image of the point [‘ s ‘g] under enlargement by the matrix

-12 0
T= -
0 -1z
4, Suppose T is a matrix of enlargement by factor £. Find the matrix S such
that ST[(x, )] = (', ¥).

5. Find the enlargement matrix which maps the point (=3, 4) into the point (18, —24).

B 6. Sketch the image of the triangle having vertices A(1, 2), B(3, 4), and C(3, 8) ®
30
under the enlargement matrix | 5 5 |-

7. Draw the image of the unit circle of unit radius and centre O{0, 0) under the

30
enlargement matrix Mz[ﬂ 3].

8. Find the matrix which enlarges the vector » =(3, 4) to the vector »" = (15, 20).
9. Find the image of each of the following points under enlargement by

7 0
trix T= s
matrix [:} _J

(a) (1,2)
(b) (3.4).

e
=
S
:
:
;
b
]
]
-
n—
:
T
=]
:
=
:
=
g
s
=
2
-
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Chapter summary

1. Types of matrices:

(a)

(b)

(c)

(d)

(e)

0

(g)

=
=1
-
P
L
-
=
=
-
=
—
e
(=4
b
=
£
B
-
=
oy
-
=]
L[>
=
=

Row matrix: This is a matrix having only one row.

For example, N=(2 3).
Column matrix: This is a matrix having only one column.

3
For example, N = [ 4].

MNull matrix: This is a matrix with all zero elements.

00
For example, .
00

Square matrix: This is a matrix having the same number of rows and
columns. For example, G = [; g]
Diagonal matrix: This 1s a square matrix in which all the elements are

zero except the elements in the leading diagonal. For example,
Ve 8 0
lo 12) @

Unit matrix or Identity matrix: This is a diagonal or square matrix in
which the diagonal elements in the leading diagonal equal to 1.

1 0
For example, | = 2

Scalar matrix;: This is a square matrix whose clements in the main
diagonal are the same and the rest of the elements are zero.

’ = =21 0
or example, R = 0 _o1/f

2, Addition of Matrices: Two matrices A and B may be added provided they

are of the same order. Generally,

ok
If A=[: c] and E'-=["ir J.,I‘hen

d g i



| | || @ ]_—

A+B=[a ﬂ)+[f h]=[a+f c+ﬁ)_
b d g i b+g d+i

3. Subtraction of matrices:

Two matrices A and B may be subtracted provided they are of the same
order. Generally;

a c f h a-—f c—h
A= d B= ,then A —B= :
[b d] " [g i] . [b—g d—i]
4,  Multiplication of matrices:

Two matrices A and B may be multiplied if the number of columns of matrix
A 15 equal to the number of rows in matrix B. Generally;

If A:[” E] and B:[f h]; then
b d

g 1

=% ¢ f o\ (af +eg ah+ci
\b dllg i) \bf+de bh+di)
5. ldentity matrix for multiplication:

)y A non zero matrix A remains unchanged when it is multiply by an identity @
matrix.

1 0
If 1 =(ﬂ ; J, then Al = IA = A where A is any non zero matrix and [ is
the identity matrix.
3 : 4 a c
6. Determinant of a matrix, if A = [b d] then |A|=ad-bec.
7. (a) Singular matrix: This is the matrix whose determinant is equal to zero.

(b) Non — singular matrix: This is the matrix whose determinant is not
equal to zero.

(c) The inverse of a matrix A is denoted by A~

=
=
=
F
=
=
=
-
o
——
L
et
T
=
=
E
o
e
e
=
]
Sy
-
“d
Frm
Lt}
:“E

1 0
Generally, A"A=AA™ =1, where I= [{} 1]_

8. Forms of simultaneous equations in matrix.



9. Transformation equation for reflection matrix is given as:
% cos2a sinla x
[y')z[sinl‘cx —u:asza) ¥ [}.]
10. Transformation equation for rotation matrix is given as:
[f]z[msﬁ' —-siné?)x[x]_
¥ sin@ cosd y
11. Transformation equation for translation matrix by a vector (a, b) is given as:
x! x a
()-0)-G)

12.  Transformation equation for enlargement matrix is given as:

[f]a(k ﬂ] U}wherf:kis a non zero real number.
¥y o k

Revision exercise 7 (a)

Answer the following questions:

1. Find the sum of the matrices:
z X =352
B= and =
i =y

2. Find the values of x and y in each of the following:
(a) (x 2¥) (1 -8B

07 e o -3
(B) (x+3) (1

L L= |3

(€} (2x-y N
kﬂ‘*.?-’]_['"?’]

N © T

=
=
=
z
=
o
"

:
=
]
=]
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=
]
]
==
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3
o
=
=
L]
=
-




; : oA i
3.  Given matrices A= s B=
8 7 7

(a) A+(B+C) and (A+B)+C
(b) A+Band B+A
(¢) What 1s the relationship between matrices A and B 7

4.  Using the matrices in question 3, find:
(a) ABand BA (b) A(BC) and (AB)C

0 -1 ”
5. Given matrices A=[ J, B= Lo gy 0 1 | and
10 0 -l -1 0

Y

Complete the following multiplication table:

A|B|C|D
DA

o g lle=Ri-2 B

6. Find the determinant of each of the following matrices:

'
G el ‘] ®) a=(§ EJ © c:[f‘

-3 3 2 2
1. 2 10
d D= € E=
(d) 3 4] (e) ([} 1]
7. Indicate whether the mairix has an inverse or not for each of the following
maitrices:
I 1 1 2 x 3
e o E for
(a) P [1 1] (b) Q [9 E] (c) R [4 ﬁ]
-1 1 2 =3
d 5= ¢l T=
@ s=(7 1] @ 1=} )

8. Find the inverse of the matrices in question 6.
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10.

11.

12.

13.

Which matrices are singular among the following?

3 3 0 0 i 3
(a) F=[3 4] (b} G=(4 5] (c) E{=[2 .5]

1 0 4 2 315
) lz[u 1] (=3 J=[6 3] ® K=[4 2&]

|
® Lz{_l N

Use matrix method to solve each of the following pairs of simultaneous
equations:

(a) 3x—dyp=2 (b) -2y+2x=7 (€) 2x+5y=9
x+2y=3 4x+5y=2 x+3y=3
(d) 3x+y=6 (e) 3x-2y=I12 () 2x+3y-2=0
Sx+2y=11 2y+6x=10 Bx—-8y-1=0
Use matrix method to solve each of the following pairs of simultaneous @®
equations:
(a) 2x+y=7 (b) x+2y=0 (c) 2x+3y=3
4x+3y=17 Ix+35y=1 x+3y=0
(d)  4x—p=—5 (€) 10x+5y+3=0 (D 2x+3y-2=0

Use matrix method where possible to solve each of the following
simultaneous equations:

(a) 3x+4y=8 (b) 2x+3y=I138 (c) 2x—3y=4
2x+3y=13 Jx+5y=29 2x+3y=06
(d) 27x—-24y=9
18x—16y=6

In a class, there are ten more boys than girls. If there were one more girl,
there would be twice as many boys as girls. Use matrix method to find the
number of boys and girls in the class.

EE © A
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14. A student finds that it is possible to buy 12 pencils and 10 rulers for TSh 210.
Alternatively, it is possible to buy 20 pencils and 4 rulers for TSh 160 at the
same price per each unit item. What are the unit prices per pencil and ruler?

(Use matrix method).
15. Use matrix method to solve each of the following pairs of simultaneous
equations:
(a) 2x+6y=13 (b) x+3y=5
Bx+y=6 Tx—6y=44

16. Use matrix method to solve each of the following pairs of simultaneous

equations:
2 1
() F¥tzy=l (b) -7x+12y=11
3 1 50x+9y=47
—X—=3=1
5 90
(c) 6x—5y=3 (d) 3x-5y=21
Ix+11y=39 x—4y=3
17. If matrices A:(z DJ, B;[l 1} and CE[E n],ﬁnd: @
0 5 1 4 -4 2
(@) 4A +2B-6C (b) —4A-2B +6C
- 5 uid
18. If A= 1R and B= , find:
4 -5 5 4
@ (A" (b} (AB)"

6 0
19. If A= , find:
0 1
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(a) A’ (b) A’
20. Find the unknowns in each of the following:
2x 0O 6 2t
(a) =-128 (b) A= and |A| =50
—4x i 0
pal T BN suldll 8
(c) = sl and B is singular (d C= o Gy

where C is a singular matrix



Revision exercise 7 (b)

Answer the following questions:

1. Find the images of (4, &) under reflection in the line y = x.

(a) thex—axis (b) v=x
(c) they-— axis (d) y=—=x

followed by another reflection in the line y = —x.
anticlockwise about the origin.

(@) 90° (b) —~180°
®© (c) 270° (d) 360° about the origin

origin.

8  Find the image of the point (6, 5) under a rotation through:
(a) 90° followed by another rotation of 1807

(b) 180° followed by another rotation of —90°,

9. Write the general matrix of enlargement.

E
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2. Using the general matrix of reflechion, find the matrices ot reflection in;

3. Find the image of the point (5, 6) under a reflection in the line y = x.

4. Find the image of the point (5, 6) under a reflection in the line y = x.

5. Find R, [i] and Ry, [j] where R, stands for a rotation of 90°

6. Using the general matrix of rotation find the matrices of rotation through:

7. Find the image of the point (6, 5) under a rotation through 180° about the

10. Find the image of the point D(—6, 2) under the enlargement by a matrix



11.

12,

13.

14.

15.

16.

17.

3 0
What is the image of (1, 2) under the transformation matrix ( 0 3)

4 0
followed by 0 4 7

Find the image of the circle of radius 1 unit having its centre at (1, 1) under
an enlargement transformation by factor 5. Hence, draw the circle and its
image on the same xy — plane.

Find the transformation matrix § which will not change the size of the unit

6 0
circle after a transformation by the matrix T ={ﬂ 6}
A translation T takes the point (3, 5) to the point (5, 3). Find where it takes:
(a) the point (5, 5)
(b) the point (3, 3)

A translation by the vector (3, 4) is applied to the coordinates of the vertices
0O(0, 4), A(4, 0), and B(4, 5) of a right — angled triangle OAB. Find the
coordinates of the images of these vertices, hence sketch both AO’A'B’ and
AOARB on the same xy — plane.

A translation T shifts every point in the plane by 4 units upwards along the
line y =-x. Find the image of:

(a) the origin

(b) the point (4, 4) under this translation

Find the image of the line 2x—-7y+9 =0 under:
(a) areflection in the x — axis.

(b) arotation by 180° clockwise about the origin.
(c) a translation by the vector (1, 2).
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Chapter Eight

Linear programming " '

Introduction

Linear programming is a branch of Mathematics which refers to the analysis |
of mathematical problems in which a linear function {objective function) of l
several variables is to be optimized when the variables are subject to a number
af constrainis in the linear inequalities. In this chapter, you will learn how to
formulate and solve system of simultaneous equations graphically, formulate |
and find solution set of simultaneous linear inequalities graphically, formulate |
an objective function from word problems, locate corner points of the feasible
region, find the minimum and maximum values using the objective function, and
applying linear programming in solving real life problems. The competencies |
developed will be applied in various fields such as business, manufacturing,
@ transportation, investment planning, and optimum allocation of resources in ®
manufacturing of goods, and many other applications. |
——— e

Simultaneous equations

Activity 8.1: Solving simultaneous equations graphically
In a group or individually, perform the following tasks:

Consider two numbers such that five times the first number plus two times
the second number is twenty, and the first number minus six times the second
number is twelve. Find graphically the numbers by using the following steps:

1. Identify the variables (unknowns) from the word problem by letters.
2. Write system of linear equations with two unknowns.

3. Findx and y—intercepts.
4
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Plot intercepts of the first line on the xy — plane and join them using a ruler
and do the same for the second line.
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5. Determine the coordinates of the point of intersection, if the lines intersect.
This offers the solution of simultaneous equations.

6. Share your findings with your friends for more inputs.

Note: If the lines do not intersect, they are parallel. In this case, the
corresponding simultaneous equations have no solution.

EXlS 200 0 0

Solve the following system of simultaneous equations using graphical method

2x—y=1
3x+3y=6

Solution
Determine where the lines intercept the coordinate axes.

@& 2x—y =1 intercepts the coordinate axes at (%*ﬂ] and (ﬂ._— 1).

3x+3y =46 intercepts the coordinate axes at (0,2) and (2,0).
The following figure shows the solution of the system:
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The lines intersect at point P(1, 1).

Therefore, (x, v)=(1, 1) is the solution 10 the given system of simultaneous
equations, whichis: x=1 and y=1.

Check this solution by substituting the values in cach of the given equations.

Substituting x =1 and y=1 into the equation 2x — y = 1, gives:

21)-1=1
3q=1
1=1 (true)

Substituting x = 1 and y = 1 into the equation 3x + 3y = 6, gives:
() +3(1)=6
3+3=6
6 =6 (true)
Another way of checking the solution obtained using the graphical method is by
using elimination or substitution method. Then, for the system of simultaneous
equations in example 8.1, this can be done by using elimination method as follows:

2x—y=1 (N
Ix+3y=06 (2)
& Multiply equation (1) by 3 and equation (2) by | to make the coefficients of p o
in equation (1) and in equation (2) equal. We have the following equations:
bx—-3y=13 (3
Ix+3y=6 (4)

To eliminate y, add equation (3) and equation (4) because the signs of the
coefficient are different, which gives:
Ox=090
Hence, x =1.
Similarly, multiply equation (1) by 3 and equation (2) by 2 to make coefficients
of x in equation (1) and equation (2) equal.
6x-3y=13 (5)
bx+6y=12 (6)
To eliminate x, subtract equation (6) from equation (5) because the signs of the
coefhicients are the same, the resulting equation will be:
—OQyp=-0
Hence, y=1.
Therefore, (x. v)=(1, 1) as it can be read from the graph.
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Example 8.2

Solve the following system of simultaneous equations graphically and check
your answer using the substitution method.

x+y=1

x—=3y=3
Solution
x+ y =1 mtercepts the coordinate axes at (0, 1} and (1, 0).
x—3y=13 intercepts the coordinate axes at (0, -1) and (3, 0).

Draw the lines on xy — plane as shown in the following figure:

vh

The lines intersect at a point S[i %, _IE) :

Therefore, x = ]l and y= —% is the solution of the given system of
simultaneous equations,

AN
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Check the solution (x, y) = [Il —i—] by using the substitution method.

-

x+y=1 (1)

x—=3y=3 (2)
From equation (1), making y the subject of the equation, yields

y=ilre 3)
Substitute equation (3) into equation (2) to obtain x—3(1—x)=3 which on
rearrangement yields

dx =6

1
Hence, x =1—.
2

Substituting x = 1% in equation (3) gives:

11
=
Y 2= 73

@® Therefore, (x, y) = (l—lé- —%] as it can be read from the graph. @

Example 8.3 ‘

The average of two numbers is 7, and three times the difference between them
is 18. Find the numbers graphically.

Solution
Let the two numbers be x and 3, then the system of simultaneous equations are
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%1=? and 3(x— y)=18 which simplifies to x+y=14 and x— y=6.
x+ y =14 intercepts the coordinate axes at (14, 0) and (0, 14).
x—y =0 intercepts the coordinate axes at (6, 0) and (0, -6).

Then, draw the graph using the identified points as shown in the figure.
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@ In the figure, the two lines intersect at a point A(10, 4). Thatisx = 10 and y=4. @&
Therefore, the numbers are 10 and 4.

Exercise 8.1

Solve the following simultaneous equations graphically and check your answers
by a non — graphical method.
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1. x+2y=4 2. 3y=2x+3 3. 3ptdg=7
3.'&2—2]?:6 2 S5pt+6g=11
. i T
4 y—4x=9 5. y=2x+1 B. ?I+3_}’+]2=D
7. 4x-3y=19 8. 3x+4y=3 9. a+l=2b+2
bx+T7y=17 2x—5y+5=0 bat+3=2b+1
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10.

15

14.

15

2x+3y=4 1L Tx+4y=11 12. 2c+2d=c—d
6x+9y=10 1dx+3y=12 2d+2=¢+1

Ali paid 15 000 shillings for 10 oranges and 35 mangoes. Moshi went to the
same fruit market and paid 8 800 shillings for 16 oranges and 18 mangoes.
Find graphically the price for a mango and for an orange.

For his family of 3 adults and 2 children, Abdallah paid 5 800 shillings to
travel from town A to town B. Nyake paid a total sum of 6 800 shillings
for his 5 children, his wife and himself for the same journey. Using the
graphical method, find

(a) how much did a ticket for an adult cost?
(b) how much did Nyake pay for his five children?

The sum of the ages of a mother and her daughter is 52 vears. Eight years
ago, the mother was eight times as old as her daughter. Using the graphical
method, find their present ages.

Linear inequalities

1.
2.
o

4.
3,
6.

Activity 8.2: Solving linear inequalities graphically
In a group or individually, perform the following tasks:

Beatrice got a new job and her monthly income is 526 500 shillings. To qualify
to rent an apartment, her monthly income must be at least three times as much
as the rent. Find graphically the highest rent she will qualify for by using the
following steps: J

Identify the variables from this word problem.

Write down the linear inequalities.

Replace the inequality symbol with an equal sign to form the equations of
the boundary line.

Draw the graph and shade the region satisfying the inequalities.

Give the conclusion from graph drawn in task 4.

Share your findings with your neighbours for more inputs.

When a linear equation of the form ax+by+c =10 where a, b, and ¢ are real
numbers and (a, &) # (0, 0) is represented by a straight line on xy — coordinate
plane, it separates the plane into two disjoint sets called half - planes.
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The graph of a linear inequality of one or two vaniables is the set of all points in
the xy — plane which satisfies the inequality. The graph of a linear inequality has a
region of the plane whose boundary is a straight line.

Steps for graphing linear inequalities are:

1. Replacing the inequality symbol with equal sign to form the equation of the
boundary line.

2. Drawing the graph of the straight line that is the boundary, use solid line if

an equal sign (< or =) is included, or dotted line if an equal sign (< or =) is
not included.

3. Choosing any convenient test point which does not lie on the boundary line
and substitute it to the inequality.

4. Shading the region that does not satisly the test points or region that satisfies
the test points,

In Figure 8.1 the straight line represents the equation y =4 and all points on this

line have coordinates which satisfy the equation y = 4 . Points on the half — plane

above this straight line satisfy the inequality v =4, while those in the lower

half — plane sausfy the inequality y < 4. ®
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Figure B.1: Regions separated by liney = 4
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In Figure 8.2 the straight line represents the equation x = -1 and all points on this
line have coordinates which satisfy the equation x = —1. The half-plane on the
left hand side of the straight line x = —1 is defined by the inequality x < —1, while
the one on the right hand side of the line x = -1 is represented by the inequality

x ==l

L

Figure 8.2: Regions separated by fine x = -1

Shading of regions of linear inequalities

Activity 8.3: Slmdilu of the region of linear inequalities

Ina group or mﬁlwduallj, perform the following tasks:

Observe Flgwc 8.3 which shows the boundary lines for the set of inequalities
then perform the tasks as follows:

1. Write down all the set of inequalities from Figure 8.3.
2. Explain why the equations are drawn as dotted lines.
3. Share your findings with your neighbours for inputs.
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Boundaries of half — planes

Equations are used to describe the boundaries of half— planes. When inequalities

are written in the formx > 0, y > 0 or ax + by < ¢, where a, b, and ¢ are real
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numbers, the boundary lines are drawn as solid lines to include points on the
lines. When points aon the boundary line are not to be included the lines are drawn

as dotted lines.
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Example 8.4

Draw and show the half-planes represented by 8x+ 2y <16 and shade the
unwanted region.

Solution

First, replace the inequality sign with an equal sign to form 8x +2y =16, then
determine whether the line intercepts the coordinate axes.

8x+2y =16 intercepts the coordinate axes at (0, 8)and (2, 0).

Now, draw the line on the xy — coordinate plane as shown in the following figure:
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Feasible region

Consider the simultaneous inequalities 2x+3y > 12 and x— y > 2, whose
half-planes are shown in Figure 8.4

The following steps are useful when drawing the graphs showing feasible region:
1. Replace the inequality sign with an equal sign to form 2x+3y =12 and
x-y=2,
2. Determine where the lines intercepts the coordinate axes. i.e.,
2x+3y =12 mtercepts the coordinate axes at (0,4) and (6,0).
x—y=2 intercepts the coordinate axes at (0,-2) and (2,0).
3. Use the coordinates to draw the graph as shown in Figure 8.4.

Shade the unwanted region as shown in Figure §.4.
5. Label the feasible region as shown in Figure 8.4.
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Figure 8.4: The graphical representation of the feasible region
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Note that the two lines in Figure 84 divide the plane into four regions. All
points in the unshaded region have coordinates which satisfy both inequalities

2x+3v>=12 and x—y>2,
Therefore, all the sets of points in the feasible region are the solutions to the two
simultaneous inequalities. This region is called the feasible region.

Example 8.5

Draw the graph and show the feasible region which satisfies the following
simultaneous inequalities:

y+x23

x—2y=9
Solution
1. Replace the inequality sign with an equal signto formy +x=3andx - 2y=9,
2. Determine where the lines intercepts the coordinate axes. That is,

¥+ x =3 intercepts the coordinate axes at (0,3) and (3,0). ®
X — 2y = 9 intercepts the coordinate axes at [ﬂ, —4%] and (9, 0).

3. Use the coordinates in step 2 to draw the graph as shown in the following
figure.

4. By checking points above and below the lines, shade the unwanted region

for y+x=3 and x—2y =9 as shown in the following figure.

3. Label the feasible region as shown in the following figure.
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Example 8.6 |

Fatuma was given 250 000 shillings to buy oranges and mangoes. An orange
costs 100 shillings while a mango costs 500 shillings. If the number of oranges
bought is at least twice the number of mangoes, show graphically the feasible
region representing the number of oranges and mangoes she bought, assuming
that no fractions of oranges and mangoes are sold at the market,

Solution

Select suitable variables to represent different quantities mentioned in the
question. Let x be the number of oranges bought and y be the number of mangoes
bought. Form inequalities from the information provided in the question. Since
x oranges and y mangoes were bought, the amount of money paid for them was

100x 4+ 500y shillings. This amount could not be more than 250 000 shillings
because Fatuma had only this amount of money.

i




Thus: 100x+500y < 250 000 that is, she could have used all the money or
less than that. Then, number of oranges bought is at least twice the number of

mangoes bought. Thus, x =2y or x-2y=0.

The number of oranges and mangoes bought cannot be negative, but it can be

zero or any positive number. Hence, x =0 and y = 0.
Thus, the inegualities obtained from the question are: 100x + 500y < 250 000
which simplifies to x+5y < 2 500

x—2yv=0

xz0 y=20
Determine where the line x + 5y = 2500 intercepts the coordinated axes.
x + 5y = 2500 intercepts the coordinate axes at (2500, 0) and (0, 500).
Choose the scale to use when plotting the graph:
Horizontal scale, 1 unit: 500 oranges and
Vertical scale, 1 unit: 100 mangoes
Represent these inequalities on xy — plane (see the figure) and identify the
feasible region.
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From the figure, all points in the feasible region, including points on the boundary,

form the solution set for the problem. But, oranges and mangoes cannot be
obtained from the market in fractions, the solution set can only consist of points
whose coordinates are whole numbers. All points in the feasible region, including
points on the boundaries satisfy the set of inequalities.

Excrcise 8.2

Answer the following questions:

1. (a) Draw the graph of the equation 2x — y =7, Show which half - plane is
represented by 2x — y > 7 and another one represented by 2x—y < 7.

(b) Repeat question 1 (a) using the equation 2x + y =7 . Which half -
plane represents 2x+ y > 7 and which one represents 2x+ y<7?
(c) From the graphs drawn in 1 (a) and 1 (b) can it be predicted whether or

not the half — plane above the line always corresponds to the inequality
>"7 What determines this correspondence?

@ 2. Draw in separate graphs and show the regions representing each of the @
following inequalities: :
(a) y<2x-1 b N*3-x

(c) Sx<2y+2 (d 7x+3y+12<0

3. Shade the unwanted regions for the half — planes representing each of the
following simultaneous inequalities:

(8) y<2x-1, y>3-x
(b) p>2x-1, y<-1

Basic Mathemarics Form Four

(c) Sx<d4y+2, 4x+3v+12>0

(d y<2x-1, y>3-x, y>-1
() y=>2x-1, y<-1,4x+3y+12>0
() 3<x—y<2

@ Qi1 220 PM
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4. On the same coordinate axes draw the graphs of the following inequalities:
x+2y=2, y=x=1 and v =0, Which of the following points lic in the
graph of the three simultancous inequalities?

1
(a) (L 1) (b) (2,0 (c) (_5" 1)

I 1 1]
@ (1] © 0,0 o (-3-3

5. Ineach case, draw a graph and show the feasible region which is satisfied

by all of the following set of inequalities:
(a) x>0, 2x+y<4, 2x+3y=z8
by y=0, x+3y<9  x+y<10

Which, if any, of the inequalities can be omitted without affecting the answer?

6.  Find the points whose coordinales satisfy each of the following
simultaneous inequalities:

{a) x<4, 3y—x=6, Iy+2x>6
ap by 0=x<4, 0<3y—x<6, W

7. Draw a graph to show the set of points whose coordinates satisfy each of
the following inequalities:

(a) 2x—y=0 (b) y>-2 () x<3
8. Draw a graph of the set of points whose coordinates satisfy the following
inequalities:
5x+6y<60, x<6, x>0, and y=0
Use the graph to answer the following questions:

(a) Which point in the set has the greatest value of y?

Huasic Mathematios Form Four

(b} Which points in the set are both x and » integers and x =357

(c) What is the largest integer value of y so that the point (3, v) belong to
the set?

(d) What is the largest integer & such that the point (&, k) belongs to the set?

(e} If & 15 not an integer, find the largest value of & so that the point (& &)
15 in the set.

Mimih 4 (BOOK) (DUMMY) Aug 25 indb 343 o



9. Juma is thinking of two numbers. Two times the first number is at least three
and is also not less than three times the second number. Furthermore, three
times the first number is not more than the second number plus six. Find the
numbers graphically.

In questions 10 — 11, write down the inequalities satisfying the given information.

10. A post office has to transport 15 660 parcels using a lorry, which takes 2 700
parcels at a time, and a van which takes 1 080 parcels at a time. The cost of
each journey is 35 000 shillings by lorry and 28 000 shillings by van. The
van can make more trips than the lorry. The total cost should not exceed
308 000 shillings.

11. Bulls are scarce in region Y. At market A, each bull costs 420 000 shillings
but it is sold with a cow costing 180 000 shillings. At another B market a
bull costs 140 000 shillings with two cows each sold at 180 000 shillings.
A businessman 18 prepared to spend up to 5 040 000 shillings on bulls
and 4 140 000 shillings on cows.

The objective function

Activity 8.4: Finding the corner points of the feasible region

In a group or individually, perform the following tasks:

1. Draw a graph with equation x + y = 12, intersecting the y — axis at A and
the x — axis at C and intersecting the line x = 6 at B and another line
from D(0, 3) passing through point E which is the mid — point of AB
intersecting the line x = 6 at point F.

2. Find:

{(a) the coordinates of' point B, E, and F.
(b) the equation of the line DE.

3. If xand y are subject to the restrictions, ¥y =0,x>0, x=6,and x+ y =212,
by shading unwanted region, identify and label the feasible region.

4.  Write the coordinates of the corner points of the feasible region.

5. Deduce the minimum and maximum value of 2x+3y.

6. Compare the coordinates in task 2(a) and the coordinates of comner points
in task 4.

7. Share your findings with your neighbours for inputs.
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From activity §.4, the corner points are the vertices of the feasible region. They can
be obtained by either inspecting the coordinates of the comers of a well — drawn
feasible region or by solving for points of intersection of the boundary lines.
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Maximum and minimum values

The maximum or minimum values of a linear programming problem are obtained
by using the objective function.

Consider the following examples illustrating two situations which can be solved
by using the concept of maximum and minimum values.

The objective function is a linear function which is used to find the solution of a linear
programming problem by substituting the corner points of the feasible region.

Example 8.7

A petty businesswoman has 120 000 shillings to spend on exercise books. At
the school shop an exercise book costs 800 shillings and at a stationery store it
costs 1 200 shillings. The school shop has only 60 exercise books left and a petty
businesswoman wants to obtain the greatest number of exercise books possible
using the money she has.

(a) Formulate a linear programming problem.

(b) Find the greatest number of exercise books that a petty businesswoman

@ can buy. )
Solution

(a) Suppose a petty businesswoman wanis to obtain the maximum number of
exercise books using the money she has. Then, the first step is to express the
information in mathematical form by introducing unknowns or variables to
represent the different quantities in the problem.

So, let x be the number of exercise books bought at the school shop and y be
the number of exercise books bought at the stationery store. Then, x = 60,
since not more than 60 exercise books can be bought at the school shop.
800x + 1 200y < 120 000, since the price is 800 shillings at the school shop
and 1 200 shillings at the stationary store and a petty businesswoman can
either spend all the money she has or less than that.

(x + 1) gives the greatest number of exercise books bought alsox=0, y=0,
since exercise books can either be zero or any positive whole number but
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certainly not negative.
In this problem, a petty businesswoman has a limited or constrained amount

of money. Her objective is to attain the greatest number of exercise books
possible (x + ) for her limited amount of money.
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(b)

The linear equation f(x, ¥)=x+ y,where [ isany positive whole number
referred as the objective function for the problem. The linear inequalities are:
x =60, 800x + 1 200y < 120 000, x=0, and y>0.

These inequalities are called constraints of the problem. Therefore, the linear
programming problems can be formulated as follows:

Objective function is to maximize f(x, v)=x+y,

Subject to the constraints:

800x+1 200y =120 000 which simplifies to 2x+ 3y < 300

x <60

.IEU: _},30-

Determine where the line 2x+ 3y = 300 intercepts the coordinate axes.
2x+3y = 300 intercepts the coordinate axes at (150, 0) and (0, 100).
Choose the scale to use when plotting the graph:

Horizontal scale, 1 unit: 10 exercise books bought at the school shop and
Vertical scale, 1 unit: 10 exercise books bought at the stationery store
Plot the constraints on a graph as shown in following figure keeping in
mind to shade the unwanted region.
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Determine the feasible region and from it find a point which will give the greatest
value of the objective function. Even though there are other ways of finding
this point, it is easier to determine the coordinates of the comer points on the
boundary of the feasible region and substitute them in the objective function,
f(x,¥)=x+ y. The boundary region OABC is called the feasible region.

From the given figure, the corner points are: 0(0,0), A(0,100), B(60,60), and

C(60,0) .
The following table shows the procedure for testing corner points:
Corner points Maximize f(x, y) = x+y
0O(0, 0) 0
A(0, 100) 100
B(60, 60) 120
C(60, 0) 60

The point B(60, 60) offers the optimal value to the linear programming problem.

Therefore, the greatest number of exercise books that a petty businesswoman can
buy is 120. That is 60 exercise books from the school shop and 60 exercise books @
from the stationery store.

Note: A point in the feasible region which gives the optimal value of the
objective function is called an optimal point. An optimal value is a maximum
or minimum value of an objective function. Constraints are linear inequalities
defining limitations of decisions. They arise from various sources such as
limited resources.

The following are outlined steps for solving linear programming problems by
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graphical method:

Malke a summary in a tabular form showing all the given information.
Identify the decision variables.

Formulate the objective function from the linear programming problem.
Formulate the set of constraints according to the given conditions.
Draw the graph using the constraints to determine the feasible region.

T L o

Identify the feasible region and its corner points.
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7. By testing the coordinates of the corner points in the objective function,
determine the optimal value and optimal point.

8. Make the conclusion based on the requirements of the problem.

e

A nutritionist prescribes a special diet for patients containing the following
number of units of vitamins A and B per kg of two food types F, and F,. Food
type F, contains 20 units of vitamin A and 7 units of vitamin B while food type
F, contains 15 units of vitamin A and 14 units of vitamin B. If the minimum daily
intake required 15 120 units of vitamin A and 70 units of vitamin B, what is the
least total mass of food a patient must have enough of these vitamins?

Solution

Step 1: Make a summary in a tabular form as shown in the following table:

Nutrients
Food Vitamin A Vitamin B
b F, 20 7
E, 15 14
i ||

Step 2: Let x be number of units of food type F and y be number of units of
food type F,.

Step 3: The objective function is to minimize f(x, ¥)=x+ » (least total
mass of food).
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Step 4: Write down the constraints:

20x+15y =120 which simplifies to 4x+ 3y = 24, since the daily
minimum intake of vitamin A is 120 units,

Tx+14y =70 which simplifies to x+ 2y =10, since the daily
minimum intake of vitamin B 15 70 units.

x>0, y=0 which are non — negativity constraints.
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Determine where the lines 4x+ 3y =24 and x+ 2y = 10 intercepts the
coordinate axes as shown in the following tables:

The x and y intercepts for
4x+3y=24
X 0 6
¥ 8 0
The x and y intercepts for
x+2y=10
x 0 10
¥ 5 0

Step 5:  Plot the the graph using constraints as shown in the following figure

by shading unwanted region:
i
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Step 6: Identify the feasible region and read the coordinates of the comner
points on the boundary. From the graph the comer points are: A(0,8),
B(3.6,32), and C(10,0).

Step 7: The following table shows the procedure for testing the corner points.

Corner points | Maximize f(¥,y)=x+y
Af0, 8) 8
B(3.6, 3.2) 6.8
(10, 0) 10

The optimal value is 6.8 and the optimal is B(3.6, 3.2)

Step 8: From the table point B(3.6, 3.2) offers the optimal value to the linear
programming problem.

Therefore, the least total mass of food a patient must have is 6.8 units.

Nﬂiﬂ" In ::xanmle 8.7, ﬁ'lﬂ objectm': function ﬂ-f. he problem was to find the
) uS n '-.: WO 1 l'.'.ﬂ‘l.].l.d hﬂ}’
n was to be maximized.
The constraints formed used the “<™ signs, except the non — negative constraints
x=0andy > 0. These are examples of maximization problem. Example 8.8 isa
‘minimization problem where the ce?!gplgtx formed used the “>" signs.

Exercise 8.3

Answer the following questions:

1. Draw the graph of the equations 2x+3y =12 and 7x+4y =28, then
show the region satisfied by the following restrictions;

2x+3p=12, Tx+4y <28, x=0,and v20.
Find the maximum possible value of:

(a) S (I, J’) = x+¥ subject to given restrictions,

(b) F(x,»)=x+5y subjectto the given restrictions.




| Y | [ | <

2. Construct a polygonal region which contains the points whose coordinates
satisfy the following system of inequalities:

y=<2x,x26, v=2, and 2x+3y <30,

At which point does:

(a) »—xtakes a minimum value?

{(b) »—x takes a maximum value?
(e} Sy + 6x takes a minimum value?
(d) 4x + 6y takes a maximum value?

3. Show on a graph the feasible region under the following constraints:
xz0, v=0,2x+2y =11, 2x+ y =8, and 2x+ 5y =18,

{a) Under these constraints, minimize the following objective functions:
i S(xy)=2x+3y
(i) Sf(x.y)=3x+2y

(1) f[I-, }’_:l = x+3y and for each case state the coordinates of the
® points and the minimum value.

(b) Repeat (a) when both x and y are integers.

4. Afarmer wants to plant coffee and potatoes. Coffee needs 3 men per hectare
and potatoes need 3 men per hectare. He has 4% hired labourers available. To
maintain one hectare of coffee he needs 250 000 shillings while one hectare
of potatoes costs him 100 000 shillings. Find the greatest possible area of
land he can sow if he is prepared to use 2 300 000 shillings.

5. A technical school is planning to buy two types of machines. A lather
machine needs 3 m? of floor space and a drill machine requires 2 m? of floor
space. The total space available is 30 m”. The cost of one lather machine is
250 000 shillings, a drill machine costs 300 000 shillings, and the school
can spend not more than 3 000 000 shillings. Find the greatest number of
rmachines the school can buy.
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A farm is to be planted with wheat and maize while observing the
following constraints:

Wheat Maize Maximum total

_ﬁa}fs labour per hectare Z 1 10
Labour cost per hectare (shs) 60 000 | 60 000 | 420 00O
Cost of fertilizer per hectare (shs) | 40 000 | 40 000 | 240 000

(a) Find the greatest area that can be planted.

(b} If wheat yields a profit of 80 000 shillings per hectare while maize
yields 60 000 shillings per hectare, how should the area be planted?

The manufacturing company has two plants, which produce three types
of products namely SMALL, MEDIUM, and LARGE products. The first
plant can manufacture 3 units of SMALL product, 12 units of MEDIUM
product, and 12 units of LARGE product at the cost of 24 000 shillings
per hour. The second plant can manufacture 9 units of SMALL product, 15
units of MEDIUM product, and 3 units of LARGE product at the cost of 18
000 shillings per hour. The company has received an order of 204 units of
SMALL product, 690 units of MEDIUM product, and 330 units of LARGE
product.

(a) Formulate a linear programming problem to minimize cost.

(b) How many hours should be given to each plant in order to satisfy the

order at the least cost?

A doctor prescribes that in order to obtain an adequate supply of vitamins A
and C, his patient shall have portions of food 1 and food 2. The number of
units of vilamin A and vitamin C are given in the following table:

i C L MNutrients
Food Vitamin A Vitamin C
F, 3 2
F, 1 7

The doctor prescribes a minimum of 14 units of vitamin A and 21 units of
vitamin C. What are the least number of portion of food 1 and 2 that will
fit the doctor’s prescription?

T
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A bread dealer proposes to buy up to 110 loaves of bread. White bread costs
2 000 shillings per loaf and brown bread costs 2 500 shillings per loaf and
can spend up to 250 000 shillings. The profit on a single loaf of white bread
is 1 000 shillings and that of brown bread is 1 200 shillings. How many of
each type should he buy so as to get maximum profit?

Esther wants to use her farm to plant maize and millet. The farming of maize
costs 120 000 shillings per acre and millet costs 200 000 shillings per acre.
The funds available in farming the two crops is 2 400 000 shillings and there
are only 13 acres available. Maize requires 10 man hours per acre, while
millet requires 8 man hours per acre and there are 120 man hours available.
The profit per acre of maize is 125 000 shillings and the profit per acre of
millet is 110 000 shillings.

(a) How should she allocate her farm for maximum profit?
(b) What is the maximum profit?

Chapter summary 2.  Indrawing linear inequality graph.

1

Steps to be considered when (a) Draw a dotted line graph if
solving simultaneous equations the inequality is > or < and
graphically are: shade the unwanted region.

(a) Draw xand y—axison the (b) Draw a solid line graph if
graph paper. the inequality is = or < and

shade the unwanted region.
(b) Prepare the table of values

or find thecoordinates of 3.  When solving the linear

: R
intercepts on the coordinate FROSAMOIIE G, it

Then, draw the graph of following steps should be
. . < followed:

each equation on the.xy— plane. (a) Make a summary in a tabular

(c) Read the point of intersection form showing all the given
of the two line graphs. This informations.

point offers the solution of (b) Identify the decision

simultaneous equations. variables.

Ee
=
&
e
-
=
=
[
ol
o
-
=
ey
=
=
=
o
e
==
)
=
-~
kY
e
b
£
e2

s ———



=
=
=
=
-
=
=
P
iy
e
o
=
=
=
fa
_
=
=
-
Ba
"t
e
5

()

(d)

(e)

(f)

Formulate the objective
function.

Formulate constraints/
inequalities.

Draw the graph using the
constraints to determine the
feasible region.

Identify the feasible region
and its comer points. Here,
if the shaded region is the
unwanted, then the feasible
region is the area which is
clear after shading however,

Revision Exercise 8

(g)

(h)

if the shading have been
done on the wanted region,
then the feasible region
will be the region with the
overlapping shadings.

Use the cornerpoints and
objective fimction to determine
the optimal value and optimal
point.

Make the conclusion based
on the requirements of the
problem.

Solve the following simultaneous equations graphically and check your

answer by a non — graphical method:

(a)
(b)

x, ¥
2 2

2x—y=5 andx=1l-y

==2and 2x+3y=13

Draw and show the half — planes represented by each of the following:

(a) v+x=0
(c) 2x+3y<-6

by x+y=sl
(d) 8y=2x+16




3.

Write down four inequalities representing a feasible region in each of the

following figures:
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Plot a graph representing the
following inequalities: X = 0,
vyz0,3x+2y=18,and
2x+4y =16. List all the points
inside the region whose x and y
coordinates are both even numbers.

A school plans to buy goats. A
male goat costs 60 000 shillings
and a female one costs 75 000
shillings. The school wants to buy
not more than 4 male goats, If it is
prepared to spend up to 1 200 000
shillings, find the maximum
number of goats it can buy.

A choirmaster has 10 acres of land
on which he can grow either
mangoes or oranges. He has 59
working days available during
cultivation season. Mangoes require
5 days per acre of labour while
oranges requires ¥ days of labour
per acre. Net profit from mangoes
per acre is 30 000 shillings and

d y goats. He has fewer than four cows and more

that of oranges is 43 000 shillings.

How many acres of each crop

should he plant to maximize his

profit?

A manufacturer has 24, 36, and 18

tons of wood, plastics, and steel

respectively. To make product A,

it requires 1, 3, and 2 tons of wood,

plastic and steel respectively while

the product B requires 3, 3, and 1

tons of wood, plastic, and steel

respectively. Product A sells for

385 500 shillings and product B

sells for 475 500 shillings.

(a) Formulate a linear
programming problem to
maximize profit.

{b) How many units of each
products should the
manufacturer make to
obtain the maximum gross
income?

than two goﬁﬂg has enough room for maximum of ten animals in total.
Express -'@ ce conditions in 1 as inequalities.

Draw {é:\appmpnata pair of axes and label the feasible region which

satisfies all the inequalities.
State two possible combinations of cows and goats which he can have.

On graph paper using scales 1 cm for unit on each axis, mark clearly the
region for whichx 20, y20, x+y=4, 3<x<8, y=8, y<4, and
2x+3y < 24, Use graph to find the minimum and maximum values of
the function Q@ =x+2y.
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Answers to odd — numbered questions

CHAPTER ONE

Exercise 1.1

L@ § () -1 () —]il @ L
2 38
(e) _i (£ _H
2 ~23
3. @ y=3x-5 () y=2x-1 () ¥Y=3*" 3
5. (a) 4y-3x-21=0 (b) y+x-5=0

(c) 3x+11y=-35=0
(e) 2x+3y-T7=0

1

(d) Sy-x+19=0
(f) 82p+76x—-403=0

I1. x—intercept= —3=, y—intercept=35

3!

13. m:l, .:*:E
4 4

15, S5y-3x+5=0

17. y=5

19. (a) Gradient=3; y-intercept=-12

1
(b) Gradient =35; ¥ — intercept =%

(¢) Gradient=— E . ¥— intercept = —

=l o]

(d) Gradient=— E ; v—intercept = b
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Exercise 1.2

3
L (a) (53) (b) [& E] © (3,3
@ (-3,3) @) [i l] ® [zi,zl]
2°2 8 "4
3. (-5,7)
| |
5" _T: _2 L] _I! = | _4! _4_
-2 -g){+-43)
S P
9 x+y-5=0
Exercise 1.3
I (a) 13 (b) $ (©) N(r—p)+(s-q)
(d) 4 () Jspora2yiz () 133
i 3 Ezﬁzq‘lﬁ?um‘ta the triangle PQR is an isosceles triangle &
5. x=lor-7
7. (0,-2)
% 9 D30
“‘: Exercise 1.4
: I. (a) Notparallel (b) Not parallel
S (c) Not parallel (d) Parallel
< % wrdratigl 5 SrpidpeTed
7. (a) C=0 (b) C#£0, A=0,B+0
(c) C#£0, B=0, A#0 (d) A=B
23
: —, 0 1. y=-2
. (20) "y

M © i ol



i @ <0 ® - @ == @ =
' i 5 3 A
3. (a) AC and BC determine the right angle at C
(b) AB and BC determine the right angle at B
() AC and BC determine the right angle at C
3 x=4
9. y=—6x+13
Revision Exercise 1
1. (a) First (b) Fourth (c) Third (d) Second

9.

11.

13.

15.

17.

Have equal distance which is 4113 units of length.
(a) 2x+5y+4=0
(b) —Sx+2y+19=0

o 123). 53

x+dy+8=10

5

(13, 3)

2]

6 square units
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CHAPTERTWO

Exercise 2.1

l. h=6cm 3. A=60dm? 5. A=50cm?
7. BAC=00° 9, A=167cm’ 11. A=86.6cm’
13. 1 125 trees 15.(a) x=244cm (b) 8.4 cm’

Exercise 2.2

. §=342cm, p=308cm 5. 462c¢m

7. Bcm 9. s=37lcm, p=37.1lcm
11. 6:1

xercise 2.3

1. 72.31 ¢cm? 3. A =3-».ﬁ dm? 5. 15217 dm?
7. 5.95cm 9. 314.1 cm® 11. 111.25em’

Exercise 2.4

1. (a) 314cm (b} 20.lcm 3. 7.01 dm
5. 628cm? 7. 56 cm 9. 52 752 shillings
1l. 26.86cm

Exercise 2.5

1. 4:25 34 -5 5. 15cm; 18¢cm
7. Tsh.57 375 9. 2square units
11. (a)} 4:5 (b) 7.5em (¢) 64cm?

Revision exercise

1. 9 x” square units 3. 600 cm? 5. 12e¢m
7. 2400 cm? 9. 50cm? 4450 em

11.  166.28 cm? 13.  22092.02 cm? 15. 32 cm
17. 285cm?
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CHAFPTER THREE

Exercise 3.1

3. 5 faces, 9 edges, 6 vertices
9.  Triangular prism, rectangular pyramid
11. (a) Tnangular pyramid,

(b) Rectangular prism,

(c) Cubes

Exercise 3.2
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Exercise 3.3

1. (c¢) and (e)

3. (a) VO (b) UOT (c) VOS or UOV
5. (a)
ar
@
. (b)
S &
{c)
:l or i
__________ v !




a

7. {(a) Scm {(b) Scm

9. (a) TUV and PQR
() TVU and PRQ

Exercise 3.4

(c) ZIEr:m

(b) SPW and VOR
(d RSQ and UWV

1. (a) 3m (b) 438m
(c) 33°14' or 33.23° (d) 36°51" or 36.87°
3. (a) J116m (b) 48°
5 27°
Exercise 3.5
1. 52¢m? 3. 288 cm? 5. 180 cm?
7. 62.35 square units 9. 703.36cm’ 11. 6cm
13. 301.44¢m” 15. 96¢m’ 17. 615.44 ¢m?
19, 514 457 600 km?
Exercise 3.6 ,

1. (a) 40cm’ (b) 36 cm?
5. 20cm 7. 753 600 mm?
11. 431 cm? 13. 9%.125 dm®

Exercise 3.7

1. (a) 150.72 emd (b) 37.68 cm?
5. 360 cm?

7. 72 em?

9. (a) 60cm (b) 60.3 cm

3. 255com
9 100\3em’

15. 60 dm®
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Revision Exercise 3(a)

1. [ (a) (b)
d
I:C} ( )
@ b
. 3. (b) 8.25cm (c) 90°
a. (d) Yes () 56.30°
E 5. (a) AC =102cm (b) 35.26° or 35°16'
_E AG = 1043 cm
7. (a) 49.18° (b) 60°15'
=
9 10em
1. (a) 877m (b) 27°7 (c) 38°40
13. (a) 10.58cm (b) 61°51" (c) 70°31' (d) 56°12'

T I O




11.

13.

15.

17.

21em
(a) 108w cm?
73°10°

f154
—cm
Fra

1 017.4 cm?

(a) 528 c¢cm?
992 cm?

2.1856 dm

4.5cm’

() 64117 ¢cm?

(b) 480 cm’
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CHAPTER FOUR

fi. 2 3.4, 5.6}

1. (a)
(k)
(c)

(d)
(e)

3. (a)
(b)

(c)
(d)
(e)

fwin, draw, loose }

{January, February, March, April, May, June, July, August, September,

October, November, December}

iMonday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday}

{2, 4, 6, 8,10}

{February, March, April, May, August, September, October,
November, December}

{3, 7. 9, 11, 13}

(3, 4, 5, 6}
E = {a, c}
E =0

Exercise 4.2

1 (a)
3 2
5
7 (a) 35
1
9 3
1. f(a) —
3. (a) —
15 0.6

(b)

(b)

17.

— LRy | =
D|-.1 |

i~

(c)

19.

51
100

© =

0.541

13
d ket
(d) >
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4
5
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5. —
6
13. (a) 0.75

13.

(a) AL

(a) —

1
(a) 3

th | =—

(a)

(b)

(b)

(b)

|
(c) 1
© ~ @ o0
6
9. 12 pai . 2
: pairs L 6
391
© 200
15 17
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CHAPTER FIVE

Exercise 5.1

1. (a) Negative (b) Negative {c) Positive

(d) Negative (e) Positive (f) Positive
3. (a) sin50° (b) —sin30° (c) -sin50°
5. (a) —tan 40° {(b) tan40® (c) —tan40°

: 6
1. 3 3. tan =% 5. 0.3746 7. 0.8
1
i 5 13 V13 15. 1242 17. 1.428
6
19. 0.4663
@' Exercise 5.3 -
. (a) 0.3090 (b) —0.9397 (c) —0.6691
—0.9511 -0.3420 0.7431
5 —0.3249 2.748 -0.9004
E (d) —0.9511 (e) —0.3907 () 0.9063
g 0.3090 —0.9205 —0.4226
: -3.078 0.4245 ~2.1445
s 3. (a) -25°5% (b) -141°47 (c) —18°50°
= —154° 07 —321°47' —198° 50"
s. ﬁ 7. 2
4
9. (a) 27° (b) -168° () (d) -95°

i._
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Exercise 5.4

1. 135.8m
7. 61749

11. (a) 41°48’
() 11.18m

3. 13.8m 5. 33°46'
9. (a) 113m =g
(b) 5.6m

3. 107°28" and 252° 32

F.xercise 5.6

1. (a) b=28lcm, ¢c=3.61 cm, angle A = 76%
(b) d=388 cm, f=5.93cm, angle F =70

-,

(c) B=43°28, C=55°06', c=19.08 cm

@) Z=31°55, X=27°52, x=15.91 cm

3. 669m
5. (@ 57km
7. (@) 29°42

(b) 6.2 km
(b) 38 cm 45m
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Exercise 5.7

. (3 «=388m, B=56°, C=84°
(b) t=75cm, S§=20°8, U=37°52
(c) E=37°58, F=091°47, G =50°15"
(d J=38°25, K=49°1, L=92°34
(¢) P=120°52, Q=30°52, R=28°16
3. A=58°48' 5. 189cm 7. 16.65m

g B7cm

Exercise 5.9

3. SIN §COSE—SINECOS S 5,

—_—

T 2s8inAcosA 9,

Exercise 5.110)

Basre Wathematios Form Fonr

II,

ol
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Revision excrcise 5 i Dur
6 3
Y- (b) 4 © V2
2 4
1
(d) ‘[E*‘E} © 243 (f) 0
3. (a) -0.2079 (by —0.7193 (c) —0.8098
(d) —0.2588 € —0.6293 () 1.1918
5. (a) =-352° 55, =187° 36, 7°6', 172° 55
(b) —235° 24" —124° 36’, 124° 36, 235° 24'
(c) —340° 28", —160° 28°, 19° 32, 199= 32
7. {(a) —sin 58° (b) —cos 83° (c) —tan 36°
9. A=54°, AB=2098cm, BC=17.06cm ®

A

11. A=24°29', B=27°14", C=128"17"
13. 4.42 km
15. 51°6'

17, #81=17

19. (a) —0.866 (b) undefined (c) —0.7071 (d) 1
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CHAPTER SIX

Exercise 6.1

3. (a) (3.2) (b (6-7) (€} (1,4 (d (2,00 (e} (0,-3)

5. (a) OA=(3,4) (h) OB =(513)
(c) OC =(7,8) d) 0D =(u, 1)
T. r=xityf

Exercise 6.2

. (a) The magnitude ofa vector r =[x, ) is defined by H =fxt 4+
(b) 13 units, 0=202.6°

3 4
3. —and —
@ 5 5

5. (a) V2 units (b) NE units {c) 3 units
(d) 5 units (€) 14 units

Exercise 6.3

P P

%, A—B+B—C+a=ﬂ

L
=
]
=y
3
=
™
(5
-,
o
=
=
|
=
kb
=
=
-
.-'.
-
w
=

11. The vector opposite to the resultant is (—6, —9)

13. 6i+9j

N © TR



F.xercise 6.4

1. 2a+2b+4c=(8 29)
3. 3a-3b-6c=(5,-20)
7. q=-3a

9. (a) Hp-qg)=(6,6)

(b) 3(p+q)=(48,36)

Excreise 6.5

1. +2 N, directionis S45°W
3. Magnitude 154.2N, direction is 45.2°E

5. F =-5{3N, F,=25N

® 7. 643 kmvh @

Revision exercise 6

Frour

1. 3i-2j and {—5j

3. 4i+15)
5. 13 and V5+42

7. 7.8 N atan angle of 39.8% to the 6 N force

9. 250(v2+2); -5042i
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1. (a) 13 ®) =1, k=-I

13. 93.4 km/h at an angle of 50.9° upstream
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7. (a)

9. (a)

Exercise 7.2

6 8
®) [ 9 12 ]

|

I. (a) AB=18
(7 g 4 38
3. (@ 3L-2M=| ' (b) 4M+6N =| 3
L5 13 32 —44
(14 _34 20 5
6M—4aN =| 14 - d) S(L+ M) =
©) | 30 3% ] (@ SL+M) [ 0 30
10 15
S(L—M) =
@ SL-M) [m m]
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3. (a) A(B+C) =[

6

20 48

16

] (b) AB +AC ={ 20 43 ]
6 16

(c) YES; matrix multiplication under matrix addition is distributive.
4 3 —5 F
(b) (c)
[ 2 1 J [ 6 8 ]
-5 7 48 —-102 90 144
d e
[)[ﬁ E] (][4\'} —gﬁ]lm[ﬁﬂ gﬁJ

9. (@ () [2 ]
1

(b) No; matrices are not compatible.

7. (a) [

1. (a)

13, (a)
15.  (a)

(c)
7. (a)

—

4
2

'

b,

[
|

!

29 14
21 10

81 50
51 32

-117
21

-135

b
] ) [26 19 [c}[zs 15]
18 13 18 13

3
11 6
) o5k

20
—49

42

g -14

_ﬁ]“? ) (b) [

|
|

—428 J

) @(5) o)

('
=
=
)
P
—
=
=
=
L
=
—
-
(=4
e
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=
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=
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e
=

144 57
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Exercise 7.3
1. |A| = =10, A is non singular matrix.
3. |C] =-160, C is non singular matrix.
5. |El =0, E is singular matrix.
7. |G| =0, 15 singular matrix.
9. |[J| =-=730, ] is non singular matrix.
1l. (a) a=3 (b) =2 orx=-2 {c) x=0or x=3
Exercise 7.4
11
: : T I
1. |A] =32, Aisnon singular matrix, A = 1 {
P
3. |C] =0, C is singular matrix
@
0
& 5. |E| =48, E is non singular matrix, E*! = 6 ;
0 -
= 8
1
E 7. M|=384, M i$ non-singular matrix, M- = 321 4;3
= 16 24
b LU
9. |G| =2700, G is non-singular, G- = 45] 1?5“
18 54
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11. (a) 32

32

0. [-14 -ms]
108 58

Exercise 7.5

b casdpagred 3.

124 376

5. X = _”1,_].-’= T 7.

9. 20 chickens and 40 cows.

@
1 1
256 256
(b)
L. T 3
256 256
X I P=d
1
X = 31 VY= E

11. 100 shillings for a tomato and 200 shillings for an onion.

Exercise 7.6

13. (@) y=x (b)

= .ﬁ-‘-_

3y+4x-6=0
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L=
—
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>
L
e
=
£2

| 27 T2 N
5. Rip= £ ﬁ 7. (x,y)=(-5.3)
X

9. (x.y)=(5-3) 1. (#")=(12)
B2

3 % g

|2 L

3 @

Exercise 7.8

L (a (-811) ®  (-7.9)

3. @ (-7.77) ®  (-2,-2) () (2-3)
5. (2,-3)

7. (@) (23) () (10,10)

9. 4y+3x+28=0



Exercise 7.9

1. (x',y’) = (5, lﬂ} 3

0. @ (7.14) (b) (21.28)

Revision exercise 7(a)

[FBUPL ¢

(v¥)=(64) s [

=

44

(a) A+(B+C}=[[l} 2

(7%

]aml A+By+c= |0 2
3 1 3

(b) A+B=[[} ﬂ]and (B+ﬁ.}=[ﬂ ﬂ}
0 0 0 0

wl o[- RESEY
e R--Rk S
w (> O 0w
&\ [ [T

=Ryl B

7. (a) |P|=0;Phas no inverse

9. Singular matrices are G= [

K=[ 3 15]
4 20

Math F4 (BOCK] (DUMMY] Aug 5.t 379

(b) |Q| =-10; Q has an inverse
{c) |R|=0; R has no inverse (d) I8 =-2;8 has an inverse
(d) |T|=24; T has an inverse

o0 (13],.[42
4 5 2 6 6 3

|
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® (N | | —

11. (a) x=2 and y=3 (b) x=2 and y=-1
{(c) x=3 and y=-1 (d) x=-2 and y=-3

1 | |

= — = = — d = -

(e) x 5 and y=-1 (fy x 5 ang |y 3

13. 18boys and 8§ girls
1.5 {ﬂ.) I=% ﬂI]d}.*:I (b] I:ﬁ and J_J:_%

A% B
17. (a) 4A+2B-6C =
26 10

by 4A-2B+6C=| > 2
(b) mEBTOLS e b

, (360 ,_(216 0
9. @ A= | ® A= 5

Revision exercise 7(b)

1. . - [(a, B)] = (b a)

S . (6,5)

5. Ryeli]=j and Ry [j]=-i

I,

< 7. Rypl6, 5] =(-6,-5)

:_; 9. M =( ' ]; where kelR

< 0 k

= 1. (12, 24)
% 0

3. T=" 17. (a) 2x+Ty+9=0

W (b) -2x+7y+9=0

(€} 2x—Ty+21=0

_@ m1mm: —




CHAPTER EIGHT

Exercise 8.1

2 i
5 =—,y == 7 =4, y=-1
¥ =30 =3 X ¥
3 1
a=-=, p=_—
9 5 b 5
3
11, x==, y=12
7

13. An orange costs 100 shillings and a mango costs 400 shillings.
15. Age of mother is 40 years and age of daughter is 12 years.

@ Exercise 8.2 @

11. Letx be number of bulls bought at market A, and y be number of cows
bought at market B

Then,
420 000x + I4Dﬂﬂ[)y <5040 000 or 3x+y<36
180 000x + 360 000v =4 140000 or x + 2y =23

x20, y=0

Buasie Wathematios Form Fosr

Exercise 8.3

1. (a) 49 (b) 20

3. (a) (i) (3.2, 2.3), 13.3 () (i) (3,2),12
(i) (2.5,3),13.5 () (2,3),12
(i) (9,0),9 (i) (9,0),9




9

Optimal point is (7.5, 3.8), 8 lather machines and 3 drill machines or 7
leather machines and 4 drill machines. Therefore, the greatest number of
machines the school can buy s 11.

(a) Minimize f{x, y)= 24 000x + 18 000y
Subject to the constraints:
3x+ 9y =204

12 + 15y > 690
12x + 3y = 330
x=0, y=0

(b) 20 hours for the first plant and 30 hours for the second plant.

He should buy 50 loaves of white bread and 60 loaves of brown bread.

Revision exercise 8

1.
3.

=
=3
=
e
=
e
=
5
-
F
"o
-
=
v
F]
—
bt
—
=
=
=
-—
L]
e
=

5.

7.

(a) x=-1, y=5 (b) x=2, y=-1
(a) y=0, x24, Ix+2y<24.and x>0

(b) ¥y=20, y=x, Ix+5y<30, and x=0

17 goats; 4 male goats and 13 female goats.

(a) Letx be number of units of product A and y be mumber of units of

product B;
Objective function: maximize f{x, y') = 385 500x + 475 500y
Subject to the constraints:

x+3y=24
2x+y=18
Ix+3y<36
x=0, y=0

(b) The manufacturer should make 6 units of product A and 6 units of

product B to obtain the maximum gross income.

(ERTTERT
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